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Preface

Multi-Agent Systems are communities of problem-solving entities that can per-
ceive and act upon their environments to achieve their individual goals as well as
joint goals. The work on such systems integrates many technologies and concepts
in artificial intelligence and other areas of computing as well as other disciplines.

Agent-related concepts have recently increased their influence in the research
and development of Computational Logic based systems. Computational Logic
provides a plethora of well-defined, general, and rigorous frameworks for study-
ing syntax, semantics and operational models for individual agents and multi-
agent systems, for attending implementations, environments, tools, and stan-
dards, and for linking together specification and verification of properties of
individual agents and multi-agent systems.

The first workshop on Multi-Agent Systems in Logic Programming was held
in Las Cruces, New Mexico, USA, in December 1999, in conjunction with the Six-
teenth International Conference on Logic Programming, with the aim to explore
the application of Logic Programming to Multi-Agent Systems. This workshop
can be seen as a precursor of the First International Workshop on Computational
Logic in Multi-Agent Systems (CLIMA), which was held in July 2000 at Imperial
College London, UK, under the umbrella of CL’2000, co-located with other ma-
jor Computational Logic events. Ever since, CLIMA has been a forum to discuss
techniques for representing, programming, and reasoning formally about agents
and multi-agent systems, by means of Computational Logic-based techniques.

CLIMA is now in its sixth edition. It received 30 submissions, of which only
16 were selected for presentation and inclusion in the present volume. Among the
topics covered by this year’s programme, we find agent reasoning and reasoning
about knowledge and belief, social and normative aspects of multi-agent systems,
coordination of multi-agent reasoning, planning, verification.

We feel that the important results achieved at the intersection of Computa-
tional Logic and Multi-Agent Systems have now reached a “critical mass” and,
in order to start promoting their dissemination in a systematic way, CLIMA
VI is also hosting a tutorial programme, covering a broad range of topics, from
rational agent programming to normative and social reasoning and verification,
and a number of formalisms, from temporal logics to logic programming to deon-
tic logic and beyond. The tutorial programme is offered with the aims to intro-
duce Computational Logic-based agent programming environments, to introduce
novices to state-of-the-art Computational Logic-based research in Multi-Agent
Systems, and to provide guidelines to researchers and practitioners interested in
logic-based agent technologies. It includes the following topics:

– BDI agent programming in AgentSpeak, through an overview of the features
available with the agent programming language Jason;

– rational agent groups programming, and how to implement individual agents
through the direct execution of a formal description of individual (rational)



agent behaviour given, using a combination of temporal logic and logics
concerning belief and ability;

– multi-agent systems programming based on the multi-threaded and dis-
tributed logic programming framework Qu-Prolog ;

– representation of norms of behaviour and institutional aspects of (human or
computer) societies, using the language (C/C+)++;

– agent specifications in abductive logic programming and logic programming
with priorities, i.e., the KGP model of agency;

– theory and practice of design, specification, verification and testing of inter-
action protocols for open agent societies, using SOCS -SI.

Fostering dissemination of results is important, but needs to be accompanied by
establishing evaluation criteria that can serve as milestones for testing new ap-
proaches and techniques. To this end, similarly to what is being done in various
parts of artificial intelligence (theorem proving, planning, operations research,
constraint programming, robo-cup etc.) and, lately, also in specialised areas in
agent systems (trading agents), we decided to promote a CLIMA contest, where
original, innovative, and effective application of Computational Logic-based tech-
niques can be confronted in solving specific multi-agent issues. CLIMA VI is
thus also hosting the First CLIMA Contest, organised by Mehdi Dastani, from
the University of Utrecht, and Jürgen Dix, from the Technical University of
Clausthal. In order to render the aims of the contest concrete, we opted for a
particular scenario that serves as a basis for such a contest. The formulation of
such a scenario has turned out to be a very hard task. We hope that this initiative
will be a first step towards the definition of paradigms and measuring standards
that can further logic-based intelligent agent research and its application.

In addition to hosting the first CLIMA tutorial proramme and the first
CLIMA contest, CLIMA VI is also collocated with the final dissemination work-
shop of the SOCS project, a 42 months EU-funded research project which in-
volved 6 European academic partners and whose purpose was to produce a
Computational Logic model for the description, analysis and verification of global
and open societies of heterogeneous agents, called computees (standing for com-
putational logic-based agents). The collocation of the two events is motivated
by the research scope of SOCS being well within CLIMA’s scope. The SOCS
dissemination event will consist of 2 tutorials (on the KGP model and on the
SOCS -SI framework, both outcomes of SOCS), and of a number of talks, aimed
at presenting and discussing the main research challenges and achievements of
the project. The talks will span a range of topics, from the motivations to adopt
formal approaches to programming Multi-Agent Systems, to the kind of results
to be expected from such research, from the problems of combining different
Computational Logic frameworks into a single agent framework, to the issues of
evaluating and testing rational agent systems.

Finally, we are very proud to introduce Robert Kowalski as the CLIMA VI
keynote speaker. His talk will advocate the need of decision theoretic features
in logic-based agents. It will also motivate the need for a pre-activity feature
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in agent systems, in addition to the conventional reactivity and pro-activity
features.

This volume collects the proceedings of the CLIMA VI workshop, the final
SOCS dissemination event, the first CLIMA tutorial programme and the first
CLIMA contest. Therefore, besides the regular CLIMA papers and the abstract
of the invited talk, it contains 5 short papers describing the 4 accepted contest
entries and the contest itself, and the abstracts of the tutorials and of the talks
of the SOCS dissemination event.

We hope that this rich programme will stimulate interesting discussions and
will help promoting research in the area.

We would like to express our gratitude to the invited tutorialists: Rafael
Bordini, from the University of Durham, Federico Chesani from the University
of Bologna, Keith Clark, Silvana Zappacosta-Amboldi, Fariba Sadri, and Marek
Sergot, all from Imperial College London, Michael Fisher, from the University of
Liverpool, Marco Gavanelli, from the University of Ferrara, and Kostas Stathis,
from City University London, and to the keynote speaker, Robert Kowalski, from
Imperial College London.

We are also thankful to the organizers of the contest: Jürgen Dix, from the
Technical University of Clausthal, and Mehdi Dastani, from the University of
Utrecht, to Kostas Stathis for the management of local organisation and for the
prompt solution of innumerable logistic problems, and to the technical staff for
the web support.

Our thanks also go to the authors who responded to our call with very
high quality submissions, and to the members of the CLIMA VI Programme
Committee for their valuable work in the limited time available for reviewing
and discussing the submitted articles.

Finally, we are greateful to our sponsors: the EU-funded SOCS Project, IST-
2001-32530, AgentLink III, and the Association for Logic Programming, for sup-
porting the attendance to CLIMA of 18 among students and young researchers
coming from all over the world.

We hope that CLIMA VI will provide an inspiring forum to present state-
of-the-art research and further promote Computational Logic in Multi-Agent
Systems, and to discuss and confront techniques and approaches to Computa-
tional Logic/Multi-Agent Systems problem modelling and solving.

June 2005 Francesca Toni
Paolo Torroni
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Combining logic-based agents and decision
theory

Robert A. Kowalski

Department of Computing
Imperial College London

180 Queen’s Gate
London SW7 2BZ, United Kingdom

rak@doc.ic.ac.uk

Proactive and reactive thinking are different ways of generating candidate ac-
tions. Proactive thinking generates actions by reducing goals to sub-goals, and
reactive thinking generates actions in response to observed changes in the envi-
ronment. Both kinds of thinking can be combined in logic-based agent models.
Deciding what actions to perform is a separate activity, which might involve the
use of logic or not.

Decision theory and game theory, in contrast, focus on the problem of decid-
ing between alternative candidate actions, assuming the alternatives are already
given, together with their alternative expected outcomes and their probabilities
and utilities. Normally, there is no logic involved.

It is straight-forward, therefore, to combine logic-based agent models and
decision theory, by simply using logic to generate candidate actions and using
decision theory to decide what actions to perform. However, this does address
the problem of generating the expected outcomes of actions and their associated
probabilities and utilities. In this talk I will show how logic can be used for some
of these purposes. The resulting agent model combines proactive and reactive
thinking with a kind of “preactive thinking,” which can be characterised as
“thinking before you act”.



BDI Agent Programming in AgentSpeak using
Jason

Rafael H. Bordini

Department of Computer Science
University of Durham

Durham DH1 3LE, United Kingdom
R.Bordini@durham.ac.uk

The BDI agent architecture has been a central theme in the multi-agent sys-
tems literature since the early 90’s. After a period of relative declination, it seems
BDI agents are back in vogue, with various conference papers referring again to
elements of the BDI theory. Arguably, that theory provides the grounding for
some of the essential features of autonomous agents and multi-agent systems, so
it will always have an important role to play in the research in this area. Besides,
the software industry is beginning to use technologies that clearly derived from
the academic work on BDI-based systems.

AgentSpeak is one of the most elegant and coherent attempts to define a
logic programming language based on the BDI architecture. However, in its
original definition, AgentSpeak was not but an abstract programming language.
For these reasons, our effort in developing Jason was very much directed towards
using AgentSpeak as the basis, but also providing various extensions that are
required for the practical development of multi-agent systems.

This tutorial aims at giving an overview of the various features available
with Jason. The elegance of the AgentSpeak core of the language interpreted
by Jason makes it an interesting tool both for teaching multi-agent systems
as well as the practical development of multi-agent systems (in particular in
association with existing agent-oriented software engineering methodologies for
BDI-like systems). Jason is implemented in Java and is available Open Source
at http://jason.sourceforge.net.



The KGP Model of Agency

Fariba Sadri1 and Kostas Stathis2
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The KGP model of agency has been designed with the aim of specifying
situated agents that can

- deal with dynamic environments
- adapt to changes in their environment
- dynamically decide their goals
- plan for their goals and interleave action execution with partial planning
- make and record observations from the environment
- react to these observations, where necessary, by re-examining their goals or

adjusting their goals and plans
- communicate with other agents.

The model is highly modular and hierarchical. First there is collection of
capabilities, including planning, reactivity, goal decision, temporal reasoning and
sensing. These are then utilised within transitions that change the state of the
agent. The transitions, in turn, are regulated within dynamic context-dependent
cycle theories. There is a modular collection of knowledge bases that are used
by the capabilities and which record the observations the agent makes.

All the components of the model, including its control theory, are defined
using computational logic, some are defined using abductive logic programming,
and others, logic programming with priorities. The declarative model is equipped
with a provably correct computational model, which is implemented within what
is called the PROSOCS platform. The model has been used in applications
including combinatorial auctions and negotiation.

In this tutorial we will give an overview and demonstrate some of the main
features of the model.



Programming Rational Agent Groups using
Executable Logics

Michael Fisher
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Computational power is increasing, and increasingly available, for example
via the development of ubiquitous computing. Once large numbers of computa-
tional elements can communicate with each other, via wireless networks or the
World-Wide Web, then new problems arise in engineering software for such sys-
tems. By representing these computational elements as agents, we can provide a
simple and intuitive metaphor for both individual computation and that within
multi-agent systems. However, software designers need to have appropriate and
semantically clear mechanisms for controlling not only how individual agents
adapt and evolve, but also how agents interact and combine to form new sys-
tems. Without this control not only will the practical development of complex
multi-agent systems remain difficult, but agents themselves will not be trusted
for use in critical applications.

In this tutorial, I will outline our work on developing an agent programming
languages based upon executable temporal logic. In particular, I will describe:

1. the implementation of individual agents through the direct execution of a
formal description of individual (rational) agent behaviour given using a
combination of temporal logic and logics concerning belief and ability;

2. the core notion of agent groups and how such groups relate to individual
agents;

3. the ways in which (ubiquitous/pervasive) multi-agent applications might be
developed, by utilising the combination of executable logic (as in 1) and
group evolution (as in 2).

This tutorial covers work carried out over a number of years, where we have
attempted to use intuitive logical aspects to provide a simple, but effective, mech-
anism for describing agent computation. It is our assertion that computational
logic in general (and executable temporal logics in particular) can provide an ap-
propriate tool for studying not only verifiable agent descriptions, but also novel
concepts that can form the basis for the future programming of agent-based
systems.

The work presented in this tutorial can be traced back to previous work
produced with a number of co-authors on executable temporal logics [1, 2], pro-
gramming rational agents [3, 4] and programming multi-agent computation [5–8].
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The definition of the agent interaction space is one of the key aspects of multi-
agent systems design. Agent interaction specification has several facets: syntax,
semantics, conformance verification and proof of properties. In open societies,
heterogenous agents can participate without showing any credentials. Access to
their internals or their knowledge bases is typically not permitted, which makes
it impossible to know a-priori whether or not agents will behave according to
the society interaction rules. On the other hand, when specifying such rules, it is
important to know what properties hold in the society when all agents comply
with them.

Social Integrity Constraints are the core element of a language proposed
within the SOCS project as a means to define interactions in open societies. The
proposed language and its abductive interpretation allows the designer to define
open, extensible and not over-constrained protocols. Along with the definition
language, the SCIFF proof-procedure and a software tool, named SOCS-SI,
have been developed with the purposes of supporting execution-time verification
of agent behaviour with respect to the defined protocols, and proof of protocol
properties.

In this tutorial we introduce the theory and the tools (in particular SOCS-SI)
that can be used to design, define and test interaction protocols in open agent
societies. An introduction to SOCS-SI is included in the paper “Compliance
Verification of Agent Interaction: a Logic-Based Tool”.
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The action language C+ of Giunchiglia, Lee, Lifschitz, McCain, and Turner
is a formalism for specifying and reasoning about the effects of actions and the
persistence (inertia) of facts over time. An action description in C+ is a set of
C+ laws which define a labelled transition system of a certain kind.

(C+)++ is an extended form of C+ designed for representing norms of be-
haviour and institutional aspects of (human or computer) societies. There are
two main extensions. The first is a means of expressing counts as relations be-
tween actions, also referred to as conventional generation. The second extension
is a way of specifying the permitted (acceptable, legal) states of a transition
system and its permitted (acceptable, legal) transitions. There are implementa-
tions supporting a wide range of temporal reasoning and planning tasks (based
on the Causal Calculator for C+ from the University of Texas), for obtaining
event calculus like computations with C+ and (C+)++ action descriptions, and
for using C+ and (C+)++ with standard model checking systems for verifying
system properties expressed in temporal logics such as CTL.



Programming Multi-Agent Systems in
Qu-Prolog
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Qu-Prolog is a multi-threaded and distributed version of Prolog with support
for high-level communication communication between the threads. Agents can
communicate using a thread-to-thread term messages, a publish and subscribe
event notification system, or via the the shared Prolog dynamic database. The
first two allow threads in different Qu-Prolog process any where on the internet
to communication, the last one is restricted to threads in the same process.

The tutorial will introduce the three styles of communication and illustrate
them using at least two multi-agent applications. Qu-Prolog is used at Imperial
College as the programming language for practicals in a Multi-agent systems
course. The tutorial is based on our experience of its use on the course.

An introduction to some of the features and uses of Qu-Prolog is included in
the paper at: http://www.doc.ic.ac.uk/~klc/qp.html.
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The SOCS project is concerned with a computational logic model for the de-
scription, analysis and verification of global and open Societies Of heterogeneous
ComputeeS, where computees are computational entities, that is agents realised
in computational logic.

SOCS is funded by the European Commission under the Fifth Framework,
Future and Emerging Technologies programme, within the Global Computing
proactive initiative. The SOCS consortium is composed of six European part-
ners, based in Italy, UK, and Cyprus. These are, respectively, the universities of
Pisa, Bologna and Ferrara (Italy), Imperial College London and City University
London (UK), and Cyprus University. The project is coordinated by Imperial
College London. The project started in January 2002 and will finish in June
2005. Its aims are:

– To provide a computational logic model for the description, analysis and ver-
ification of global and open societies of heterogeneous computees, intended
as abstractions of the entities that populate open and global computing en-
vironments.

– To provide prototype implementations of computees and their societies.
– To run experiments based on various scenaria to ground and test the model.

Details of the project can be found at the project web-site: http://lia.
deis.unibo.it/research/socs/

The project aims at using Logic Programming (LP) techniques, such as Ab-
ductive Logic Programming (ALP), Constraint Logic Programming (CLP) and
Logic Programming with Priorities (LPP), all appropriately extended and inte-
grated to deal with agent problems and Global Computing challenges. We are
at the end of the project and we have so far developed an agent model and a
society model, both with computational counterparts, together with prototype
implementations of both, and we have worked on the formal specification and
verification of properties of the models and experimentation with the prototypes.
The aim of this SOCS project dissemination event is to give an overview of the
project, its main challenges and outcomes.



1 Logic Programming-based Operational Models for
Agents and Multi-Agent Systems

We will give an overview of the operational models for individual KGP agents and
for societies of agents proposed by the SOCS project. These models are heavily
based upon proof procedures for (various extensions of) logic programming. In
particular, the operational model for KGP agents relies upon CIFF, a proof
procedure for abductive logic programming with constraints, and Gorgias, for
logic programming with priorities. The operational model for agent societies
instead relies upon SCIFF, a proof procedure for abductive logic programming
with arbitrarily quantified variables, CLP constraints, dynamic event handling
and reasoning with expectations.

These procedures have been obtained by adapting and suitably extending
two existing proof procedures for logic programming, namely Fung and Kowal-
ski’s IFF procedure for abductive logic programming, for CIFF and SCIFF, and
Kakas and Toni’s argumentation-based procedure for negation as failure in logic
programming, for Gorgias.

The overall operational models are sound and (in some cases) complete with
respect to the abstract KGP model and model for societies of agents, respec-
tively, and form a solid bridge between the models and their implementations
within the PROSOCS platform. We discuss the motivations for the new proof
procedures, arising from the needs of the KGP agent model and the open so-
cieties model of Global Computing, as well as current deficiencies and possible
future improvements.

2 Formal Properties of Agents and Agent Systems

A great deal of the project activities has been devoted to formalising and study-
ing properties of agents and agent systems. The SOCS approach to properties is
formal, and it aims at exploiting the potential of the declarative programming
paradigm for giving a precise specification of properties and for allowing their
formal verification. Moreover, the double declarative and operational reading
of Computational Logic supports both an abstract description of systems and
their (expected) properties, and mechanisms to implement them. Descriptions
and mechanisms are closely related to each other so that properties enjoyed by
the models are easy to be reflected into implementations.

The kinds of properties investigated span over a relatively broad range. They
can roughly be classified into four categories: (1) properties of proof procedures
(2) properties of individual computees (3) properties of the social infrastructure,
and (4) properties related to protocol conformance. These properties help show-
ing the effectiveness of the computational logic approach in modelling computees
and societies, in the sense of facilitating formalisation of properties and predic-
tion of behaviour without the need to resort to empirical methods. They also
help exploring the consequences of our design choices.
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3 Evaluating Intelligent Systems of Reasoning Agents

The problem of evaluating a project’s outcomes is not a trivial one. We have
seen how properties can serve to draw some considerations on the effectiveness
of the SOCS approach. Indeed, the possibility to specify and verify properties,
and a direct relationship between declarative model and implementation, are
very important points in favour. However, by pursuing research on computa-
tional logic-based multi-agent systems, we situate our work at the intersection
of foundational and applied research. The broad and relatively young multi-agent
systems community has not yet reached the stage where there are universally
accepted benchmark and evaluation criteria, and it is hard to imagine that they
will be there in the near future. There exist some attempts in this direction,
like robo-cup and the trading agent competition, but they rather aim at ad-
dressing a specific problem, and do not define measures for agent autonomy,
pro-activeness, reactivity, situatedness, social abilities: all distinguishing aspects
of the agent metaphor. On the other hand, computational logic is also a broad
research area, but comparatively more focussed in terms of expected results, in
that soundness, termination, and sometimes completeness are clearly aims that
are common to most proposals in literature.

How do these two perspectives and experiences combine, when it comes to
evaluating formal, logic-based research on multi-agent systems? In the context of
the SOCS project, born in and motivated by the global computing vision of open
societies of heterogeneous agents, beside an evaluation of logic tools (declarative
models and proof-procedures) in terms of formal properties, mainly as it concerns
specification and verifiability, we considered openness and heterogeneity as two
important criteria. We did not define a measure for agent autonomy and other
aspects of agency, but we rather tried to define scenarios, where intelligent and
social behaviour is required to achieve particular goals. The performance of the
PROSOCS implementation has been thoroughly tested through specialised and
integrated experiments, in diverse settings such as combinatorial auctions and
collaborative problem solving. In this final part of the SOCS dissemination event,
we will present the project evaluation setting, and aim to foster a discussion
about logic-based multi-agent systems evaluation.
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Abstract. In open multi-agent systems agent interaction is usually ruled
by public protocols defining the rules the agents should respect in mes-
sage exchanging. The respect of such rules guarantees interoperability.
Given two agents that agree on using a certain protocol for their interac-
tion, a crucial issue (known as “a priori conformance test”) is verifying if
their interaction policies, i.e. the programs that encode their communica-
tive behavior, will actually produce interactions which are conformant to
the agreed protocol. An issue that is not always made clear in the exist-
ing proposals for conformance tests is whether the test preserves agents’
capability of interacting, besides certifying the legality of their possi-
ble conversations. This work proposes an approach to the verification
of a priori conformance, of an agent’s conversation policy to a protocol,
which is based on the theory of formal languages. The conformance test
is based on the acceptance of both the policy and the protocol by a
special finite state automaton and it guarantees the interoperability of
agents that are individually proved conformant. Many protocols used in
multi-agent systems can be expressed as finite state automata, so this
approach can be applied to a wide variety of cases with the proviso that
both the protocol specification and the protocol implementation can be
translated into finite state automata. In this sense the approach is gen-
eral. Easy applicability to the case when a logic-based language is used
to implement the policies is shown by means of a concrete example, in
which the language DyLOG, based on computational logic, is used.

1 Introduction

Multi-agent systems (MASs) often comprise heterogeneous components, that
differ in the way they represent knowledge about the world and about other
agents, as well as in the mechanisms used for reasoning about it. Protocols rule
the agents’ interaction. Therefore, they can be used to check if a given agent can,
or cannot, take part into the system. In general, based on this abstraction, open

? This research is partially supported by MIUR Cofin 2003 “Logic-based develop-
ment and verification of multi-agent systems” national project and by the European
Commission and by the Swiss Federal Office for Education and Science within the
6th Framework Programme project REWERSE number 506779.



systems can be realized, in which new agents can dynamically join the system.
The insertion of a new agent in an execution context is determined according
to some form of reasoning about its behaviour: it will be added provided that it
satisfies the body of the rules within the system, intended as a society.

In a protocol-ruled system of this kind, it is, however, not necessary to check
the interoperability (i.e. the capability of actually producing a conversation) of
the newly entered agent with the other agents in the system if, as long as the
rules are satisfied, the property is guaranteed. The problem which amounts to
verify if a given implementation (an agent interaction policy) respects a given
abstract protocol definition is known as conformance testing. A conformance
test can, then, be considered as a tool that, by verifying that agents respect a
protocol, should certify their interoperability. In this perspective, we expect that
two agents which conform to a protocol will produce a conversation, that is legal
(i.e. correct w.r.t. the protocol), when interacting with one another.

The design and implementation of interaction protocols are crucial steps in
the development of a MAS [18, 19]. Following [17], two tests must be executed
in the process of interaction protocol engineering. One is the already mentioned
conformance test, the other is the validation test, which verifies the consistency of
an abstract protocol definition w.r.t. the requirements, derived from the analysis
phase, that it should embody. In the literature validation has often been tackled
by means of model checking techniques [7, 6, 22], and two kinds of conformance
verifications have been studied: a priori conformance verification, and run-time
conformance verification (or compliance) [9, 10, 15]. If we call a conversation a
specific interaction between two agents, consisting only of communicative acts,
the first kind of conformance is a property of the implementation as a whole
–intuitively it checks if an agent will never produce conversations that violate
the abstract interaction protocol specification– while the latter is a property of
the on-going conversation, aimed at verifying if that conversation is legal.

In this work we focus on a priori conformance verification, defining a confor-
mance test, based on the acceptance, of both the agent’s policy and the public
protocol, by a special finite state automaton. Many protocols used in multi-
agent systems can be expressed as finite state automata, so this approach can
be applied to a wide variety of cases with the proviso that both the protocol
specification and the protocol implementation (policy) can be translated into
finite state automata. In this sense the approach is general.

The test that we defined guarantees agent interoperability (see Theorem 1
in Section 3). The communicative behavior of an agent (the decision of which
specific action to take) normally relies also on information like the private state
of the agent and the social commitments. We will see that our notion of confor-
mance is orthogonal to the framework in which one reasons about communica-
tion (mentalistic or social [15]). So, our approach works on sets of conversations
without caring about the information used to obtain them.

The application of our approach is particularly easy in case a logic-based
declarative language is used to implement the policies. In logic languages indeed
policies are usually expressed by Prolog-like rules, which can be easily converted
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in a formal language representation. In Section 4 we show this by means of a
concrete example where the language DyLOG [5], based on computational logic,
is used for implementing the agents’ policies. On the side of the protocol specifi-
cation languages, currently there is a great interest in using informal, graphical
languages (e.g. UML-based) for specifying protocols and in the translation of
such languages in formal languages [8, 11]. By this translation it is, in fact, pos-
sible to prove properties that the original representation does not allow. In this
context, in [4] we have shown an easy algorithm for translating AUML sequence
diagrams to finite state automata thus enabling the verification of conformance.

In [4] we already faced the problem of a priori conformance verification as a
verification of properties of formal languages, but proposing a different approach
with some limitations due to focussing on the legality issue. In fact, interpreting
(as we did) the conformance test as the verification that all the conversations,
allowed by an agent’s policy, are also possible according to the protocol speci-
fication, does not entail interoperability. The next section is devoted to explain
the expected relations among conformance and the crucial interoperability issue.

2 Conformant and interoperable agents

A conversation policy is a program that defines the communicative behavior of
a specific agent, implemented in some programming language. A conversation
protocol specifies the desired communicative behavior of a set of agents and it
can be specified by means of many formal tools, such as (but not limited to)
Petri nets, AUML sequence diagrams, automata.

In this work we face the problem of conformance verification and interpret
a priori conformance as a property that relates two formal languages, the lan-
guage of the conversations allowed by the conversation policy of an agent, and
the language of the conversations allowed by the specification of a communi-
cation protocol. They will respectively be denoted by L(paglang) and L(pspec),
where spec is the specification language, lang is the language in which the pol-
icy executed by agent ag is written, and p is the name of the policy or of the
protocol at issue. The assumption that we make throughout this paper is that
the two languages are regular sets. This choice restricts the kinds of protocols to
which our proposal can be applied, because finite state automata cannot repre-
sent concurrent operations, however, it is still significant because a wide family
of protocols (and policies) of practical use can be expressed in a way that can
be mapped onto such automata. Moreover, the use of regular sets ensures de-
cidability. Another assumption is that the conversation protocol encompasses
only two agents. The extension to a greater number of agents will be tackled as
future work. Notice that when the MAS is heterogeneous, the agents might be
implemented in different languages.

A conversation protocol specifies the sequences of speech acts that can pos-
sibly be exchanged by the involved agents, and that we consider as legal. In
agent languages that account for communication, speech acts often have the
form m(ags, agr, l), where m is the performative, ags (sender) and agr (receiver)
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are two agents and l is the message content. It is not restrictive to assume that
speech acts have this form and to assume that conversations are sequences of
speech acts of this form. Depending on the semantics of the speech acts, the
conversation will take place in a framework based either on the mentalistic or on
the social state approach [12, 21, 14]. The speech acts semantics, actually, does
not play a part in our proposal, which fits both the approaches.

In the following analysis it is important to distinguish the incoming messages,
w.r.t. a specific agent ag of the MAS, from the messages uttered by it. We
respectively denote the former, where ag plays the role of the receiver, by m(←−ag),
and the latter, where ag is the sender, by and m(−→ag). We will also simply write
←−m (incoming message) and −→m (outgoing message) when the agent that receives
or utters the message is clear from the context. Notice that these are just short
notations, that underline the role of a given agent from the individual perspective
of that agent. So, for instance, m(ags, agr, l) is written as m(←−agr) from the point
of view of agr, and m(−→ags) from the point of view of the sender but the three
notions denote the same object.

A conversation, denoted by σ, is a sequence of speech acts that represents a
dialogue of a set of agents. We say that a conversation is legal w.r.t. a protocol
specification if it respects the specifications given by the protocol. Since L(pspec)
is the set of all the legal conversations according to p, the definition is as follows.

Definition 1 (Legal conversation). We say that a conversation σ is legal
w.r.t. a protocol specification pspec when σ ∈ L(pspec).

We are now in position to explain, with the help of a few simple examples,
the intuition behind the terms “conformance” and “interoperability”, that we
will, then, formalize.

Interoperability is the capability of an agent of actually producing a con-
versation when interacting with another.

Often the introduction of a new agent in an execution context is determined ac-
cording to some form of reasoning about its behaviour: it will be added provided
that it satisfies the body of the rules within the system, intended as a society.
As long as the rules are satisfied, the property is guaranteed and it will not be
necessary to verify interoperability with the single components of the system.
This can be done by checking the communicative behavior of the agent against
the rules of the society, i.e. against an interaction protocol. Such a proof is known
as conformance test. Intuitively, this test must guarantee the following definition
of interoperability. This work focuses on it.

We expect that two agents, that conform to a protocol, will produce a
legal conversation, when interacting with one another.

Let us begin with considering the following case: suppose that the communicative
behavior of the agent ag is defined by a policy that accounts for two conversations
{m1(−→ag)m2(←−ag),m1(−→ag)m3(←−ag)}. This means that after uttering a message m1,
the agent expects one of the two messages m2 or m3. Let us also suppose that
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the protocol specification only allows the first conversation, i.e. that the only
possible incoming message is m2. Is the policy conformant? According to Def.
1 the answer should be no, because the policy allows an illegal conversation.
Nevertheless, when the agent will interact with another agent that is conformant
to the protocol, the message m3 will never be received because the other agent
will never utter it. So, in this case, we would like the a priori conformance test
to accept the policy as conformant to the specification.

Talking about incoming messages, let us now consider the symmetric case, in
which the protocol specification states that after the agent ag has uttered m1, the
other agent can alternatively answer m2 or m4 (agent ag’s policy, instead, is the
same as above). In this case, the expectation is that ag’s policy is not conformant
because, according to the protocol, there is a possible legal conversation (the one
with answer m4) that can be enacted by the interlocutor (which is not under the
control of ag), which, however, ag cannot handle. So it does not comply to the
specifications.

As a first observation we expect the policy to be able to handle any in-
coming message, foreseen by the protocol, and we ignore those cases in
which the policy foresees an incoming message that is not supposed to
be received at that point of the conversation, according to the protocol
specification.

Let us, now, suppose that agent ag’s policy can produce the following conversa-
tions {m1(←−ag)m2(−→ag), m1(←−ag)m3(−→ag)} and that the set of conversations allowed
by the protocol specification is {m1(←−ag)m2(−→ag)}. Trivially, this policy is not con-
formant to the protocol because ag can send a message (m3) that cannot be
handled by any interlocutor that is conformant to the protocol.

The second observation is that we expect a policy to never utter a message
that, according to the specification, is not supposed to be uttered at that
point of the conversation.

Instead, in the symmetric case in which the policy contains only the conversation
{m1(←−ag)m2(−→ag)} while the protocol states that ag can answer to m1 alternatively
by uttering m2 or m3, conformance holds. The reason is that at any point of its
conversations the agent will always utter legal messages. The restriction of the set
of possible alternatives (w.r.t. the protocol) depends on the agent implementor’s
own criteria. However, the agent must foresee at least one of such alternatives
otherwise the conversation will be interrupted. Trivially, the case in which the
policy contains only the conversation {m1(←−ag)} is not conformant.

The third observation is that we expect that a policy always allows the
agent to utter one of the messages foreseen by the protocol at every point
of the possible conversations. However, it is not necessary that a policy
envisions all the possible alternatives.

To summarize, at every point of a conversation, we expect that a conformant
policy never utters speech acts that are not expected, according to the proto-
col, and we also expect it to be able to handle any message that can possibly
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be received, once again according to the protocol. However, the policy is not
obliged to foresee (at every point of conversation) an outgoing message for every
alternative included in the protocol (but it must foresee at least one of them).
Incoming and outgoing messages are, therefore, not handled in the same way.

These expectations are motivated by the desire to define a minimal set of con-
ditions which guarantee the construction of a conformance test that guarantess
the interoperability of agents. Let us recall that one of the aims (often implicit)
of conformance is, indeed, interoperability, although sometimes research on this
topic restricts its focus to the legality issues. We claim –and we will show– that
two agents that respect this minimal set of conditions (w.r.t. an agreed protocol)
will actually be able to interact, respecting at the same time the protocol. The
relevant point is that this certification is a property that can be checked on the
single agents, rather than on the agent society. This is interesting in application
domains (e.g. web services) with a highly dynamic nature, in which agents are
searched for and composed at the moment in which specific needs arise.

3 Conformance test

In order to decide if a policy is conformant to a protocol specification, it is not
sufficient to perform an inclusion test; instead, as we have intuitively shown
by means of the above examples, it is necessary to prove mutual properties
of both L(paglang) and L(pspec). The method that we propose, for proving such
properties, consists in verifying that both languages are recognized by a special
finite state automaton, whose construction we are now going to explain. Such an
automaton is based on the automaton that accepts the intersection of the two
languages. All the conversations that belong to the intersection are certainly
legal. This, however, is not sufficient, because there are further conditions to
consider, for instance there are conversations that we mean to allow but that
do not belong to the intersection. In other words, the “intersection automaton”
does not capture all the expectations reported in Section 2. We will extend
this automaton in such a way that it will accept the converations in which the
agent expects messages that are not foreseen by the specification as well as those
which include outgoing messages that are not envisioned by the policy. On the
other hand, the automaton will not accept conversations that include incoming
messages that are not expected by the policy nor it will accept conversations
that include outgoing messages, that are not envisioned by the protocol (see
Fig. 1).

3.1 The automaton Mconf

If L(paglang) and L(pspec) are regular, they are accepted by two (deterministic)
finite automata, that we respectively denote by M(paglang) and M(pspec), that we
can assume as having the same alphabet (see [16]). An automaton is a five-tuple
(Q,Σ, δ, q0, F ), where Q is a finite set of states, Σ is a finite input alphabet,
q0 ∈ Q is the initial state, F ⊆ Q is the set of final states, and δ is a transition
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function mapping Q × Σ to Q. In a finite automaton we can always classify
states in two categories: alive states, that lie on a path from the initial state to
a final state, and dead states, the other ones. Intuitively, alive states accept the
language of the prefixes of the strings accepted by the automaton.

For reasons that will be made clear shortly, we request the two automata to
show the following property: the edges that lead to the same state must all be
labelled either by incoming messages or by outgoing messages w.r.t. ag.

Definition 2 (IO-automaton). Given an automaton M = (Q,Σ, δ, q0, F ), let
Eq = {m | δ(p,m) = q} for q ∈ Q. We say that M is an IO-automaton iff
for every q ∈ Q, Eq alternatively consists only of incoming or only of outgoing
messages w.r.t. an agent ag.

Notice that an automaton that does not show this property can always be trans-
formed so as to satisfy it, in linear time w.r.t. the number of states, by splitting
those states that do not satisfy the property. We will denote a state q that is
reached only by incoming messages by the notation←−q (we will call it an I-state),
and a state q that is reached only by outgoing messages by −→q (an O-state).

Finally, let us denote by M×(paglang, pspec) the deterministic finite automa-
ton that accepts the language L(paglang) ∩ L(pspec). It is defined as follows. Let
M(paglang) be the automaton (QP , Σ, δP , qP0 , F

P ) and M(pspec) the automaton
(QS , Σ, δS , qS0 , F

S):

M×(paglang, pspec) = (QP ×QS , Σ, δ, [qP0 , qS0 ], FP × FS)

where for all qP inQP , qS inQS , andm inΣ, δ([qP , qS ],m) = [δP (qP ,m), δS(qS ,m)].
We will briefly denote this automaton by M×.

Notice that all the conversations that are accepted by M× are surely con-
formant (Def. 1). For the so built automaton, it is easy to prove the following
property.

Proposition 1. M×(paglang, pspec) is an IO-automaton if M(paglang) and M(pspec)
are two IO-automata.

Definition 3 (Automaton Mconf). The finite state automaton Mconf (paglang,
pspec) is built by applying the following steps to M×(paglang, pspec) until none is
applicable:

(a) if ←−q = [
←−
aP ,
←−
dS ] in Q is an I-state, such that

←−
aP is an alive state and

←−
dS is

a dead state, we set δ(←−q ,m) =←−q for every m in Σ, and we put ←−q in F ;
(b) if ←−q = [

←−
dP ,
←−
aS ] in Q is an I-state, such that

←−
dP is dead and

←−
aS is alive, we

set δ(←−q ,m) =←−q for every m in Σ, without modifying F ;
(c) if −→q = [

−→
aP ,
−→
dS ] in Q is an O-state, such that

−→
aP is alive and

−→
dS is dead, we

set δ(−→q ,m) = −→q for every m in Σ (without modifying F );
(d) if −→q = [

−→
dP ,
−→
dS ] in Q is an O-state, such that

−→
dP is dead and

−→
dS is alive, we

set δ(−→q ,m) = −→q for every m in Σ, and we put −→q in F .
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−→m3

←−m4

[aP , aS ]

←−m1
[qP0 , q

S
0 ] [fP , fS ]

[
−→
aP ,
−→
dS ] [

−→
dP ,
−→
aS ]

[
←−
dP ,
←−
dS ] [

←−
aP ,
←−
dS ]

−→m2

Fig. 1. A general schema of the Mconf automaton. From bottom-right, anticlockwise,
cases (a), (b), (c), and (d).

These four transformation rules can, intuitively, be explained as follows. Rule
(a) handles the case in which, at a certain point of the conversation, according
to the policy it is possible to receive a message that, instead, cannot be received
according to the specification (it is the case of message ←−m1 in Fig. 1). Actu-
ally, if the agent will interact with another agent that respects the protocol, this
message can never be received, so we can ignore the paths generated by the
policy from the message at issue onwards. Since this case does not compromise
conformance, we want our automaton to accept all these strings. For this reason
we set the state as final. Rule (b) handles the symmetric case (Fig. 1, message
←−m4), in which at a certain point of the conversation it is possible, according to
the specification, to receive a message, that is not accounted for by the imple-
mentation. In this case the state at issue is turned into a trap state (a state that
is not final and that has no transition to a different state); by doing so, all the
conversations that are foreseen by the specification from that point onwards will
not be accepted by Mconf . Rule (c) handles the cases in which a message can
possibly be uttered by the agent, according to the policy, but it is not possible
according to the specification (Fig. 1, message −→m3). In this case, the policy is
not conformant, so we transform the current state in a trap state. By doing so,
part of the conversations possibly generated by the policy will not be accepted
by the automaton. The symmetric case (d) (Fig. 1, message −→m2), instead, does
not prevent conformance, in fact, an agent is free not to utter a message fore-
seen by the protocol. However, the conversations that can be generated from
that point according to the specification are to be accepted as well. For this
reason the state is turned into an accepting looping state. Finally, since a policy
is expected to envision at least one of the messages forseen by the protocol, we
require that for those states qS ∈ QS , that emit edges labelled with outgoing
messages, w.r.t. ag, which are part of strings accepted by M(pspec) (legal con-
versations according to the protocol specification), there is at least one m(−→ag)
such that δS(qS ,m(−→ag)) = pS and pS is an alive state. We will denote by MessqS
the set of all such messages. In this case, we say the automaton is complete.
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Definition 4 (Complete automaton). We say that the automaton Mconf is
complete iff for all states of form [qP , qS ] of Mconf , such that MessqS 6= ∅, there
is a message m(−→ag)′ ∈ MessqS such that δ([qP , qS ],m(−→ag)′) is a state of Mconf

composed of two alive states.

One may wonder if the application of rules (b) and (c) could prevent the
reachability of states, that have been set as accepting states by the other two
rules. Notice that their application, cannot prevent the reachability of alive-alive
accepting states, i.e. those that accept the strings belonging to the intersection of
the two languages, because all the four rules only work on dead states. If a state
has been set as a trap state (either by rule (b) or (c)), whatever conversation is
possibly generated after it by the policy is illegal w.r.t. the specification. So it is
correct that the automaton is modified in such a way that the policy language
is not accepted by it and that the final state cannot be reached any more.

3.2 Conformance and interoperability

We can now discuss how to check that an agent conforms to a given protocol.
The following is our definition of conformance test. It guarantees the expectations
that we have explained by examples in Section 2.

Definition 5 (Policy conformance test). A policy paglang is conformant to a
protocol specification pspec iff the automaton Mconf (paglang, pspec) is complete and
it accepts both languages L(paglang) and L(pspec).

We are now in position to state that a policy that passes the above test can
carry on any conformant conversation it is involved in.

Proposition 2. Given a policy paglang that is conformant to a protocol specifi-
cation pspec, according to Def. 5, for every prefix σ′ that is common to the two
languages L(pspec) and L(paglang), there is a conversation σ = σ′σ′′ such that σ
is in the intersection of L(paglang) and L(pspec).

Proof. (sketch) If σ’ is a common prefix, then it leads to a state of the automaton
Mconf of the kind [aP , aS ] (see Figure 1). If there is a conversation σ = σ′σ′′

in L(paglang), then this must be a legal conversation. In fact, let us consider the
general schema of Mconf in Figure 1. If paglang is conformant, L(paglang) is accepted

by Mconf . Then, by construction Mconf does not contain any state [
−→
aP ,
−→
dS ]

due to illegal messages uttered by the agent nor it contains any state [
←−
dP ,
←−
aS ]

due to incoming messages that are not accounted for by the policy. Obviously,
no conversation σ in L(paglang) can be accepted by states of the kind [

−→
dP ,
−→
aS ]

because the agent does not utter the messages required to reach such states.
Finally, no conversation produced by the agent will be accepted by states of the
kind [

←−
aP ,
←−
dS ] if the interlocutor is also conformant to the protocol, because the

latter cannot utter illegal messages. Now, at every step after the state [aP , aS ]
mentioned above, due to policy conformance all the incoming messages (w.r.t.
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the agent) must be foreseen by the policy. Moreover, due to the completeness of
Mconf , in the case of outgoing messages, the policy must foresee at least one of
them. Therefore, from [aP , aS ] it is possible to perform one more common step.
q.e.d.

Notice that the intersection of L(paglang) and L(pspec) cannot be empty because of
policy conformance, and also that Proposition 2 does not entail that the two lan-
guages coincide (i.e. the policy is not necessarily a full implementation of the pro-
tocol). As a consequence, given that the conversation policies of two agents ag1

and ag2, playing the different roles of an interaction protocol pspec, are confor-
mant to the specification according to Def. 5, and denoting by I the intersection
∩i=1,2
agi L(pagilangi

), we can prove ag1 and ag2 interoperability. The demonstration
is similar to the previous one. Roughly, it is immediate to prove that every pre-
fix, that is common to the two policies, also belongs to the protocol, then, by
performing reasoning steps that are analogous to the previous demonstration,
it is possible to prove that a common legal conversation must exist when both
policies satisfy the conformance test given by Def. 5.

Theorem 1 (Interoperability). For every prefix σ′ that is common to the two
languages L(pag1

lang1
) and L(pag2

lang2
), there is a conversation σ = σ′σ′′ such that

σ ∈ I.

Starting from regular languages, all the steps that we have described that lead
to the construction of Mconf and allow the verification of policy conformance,
are decidable and the following theorem holds.

Theorem 2. Policy conformance is decidable when L(paglang) and L(pspec) are
regular languages.

Notice that if we do not require Mconf to be complete, we could not guarantee
the third expectation reported in Section 2, which requires that, at every state
of the conversation, if a role is supposed to utter a message out of a set of
possibilities, the agent’s policy envisions at least one of them. Thus, we could
not guarantee that the two agents, playing the two roles of a same protocol,
would be able to lead to an end their conversations. On the other hand, the
definition would be sufficient to satisfy the first two expectations. In other words,
we can prove that whatever conversation is in the intersection I, it is legal, but
we cannot prove that I is not empty.

Proposition 3. All the conversations that a policy paglang, that is conformant
according to Def. 5 (without requiring Mconf to be complete) to a protocol spec-
ification pspec, will produce when it interacts with any agent that is equally con-
formant to pspec, are always legal w.r.t. this protocol, according to Def. 1.

4 The DyLOG language: a case study

In this section we show how the presented approach particularly fits logic lan-
guages, using as a case of study the DyLOG language [5], previously developed
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in our group. The choice is due to the fact that this language explicitly supplies
the tools for representing communication protocols and that we have already
presented an algorithm for turning a DyLOG program in a regular grammar
(therefore, into a finite state automaton) [4]. This is, however, just an example.
The same approach could be applied to other logic languages. For this reason
we will confine its description to the strict necessary.

DyLOG [5] is a logic programming language for modeling rational agents,
based upon a modal logic of actions and mental attitudes, in which modalities
represent actions as well as beliefs that are in the agent’s mental state. It accounts
both for atomic and complex actions, or procedures, for specifying the agent
behavior. DyLOG agents can be provided with a communication kit that specifies
their communicative behavior [3]. In DyLOG conversation policies are represented
as procedures that compose speech acts (described in terms of their preconditions
and effects on the beliefs in the agent’s mental state). They specify the agent
communicative behavior and are expressed as prolog-like procedures of form:

p0 is p1; p2; . . . ; pm

where p0 is a procedure name, the pi’s in the body are procedure names, atomic
actions, or test actions, and ‘;’ is the sequencing operator.

Besides speech acts, protocols can also contain get message actions, used
to read incoming communications. From the perspective of an agent, expect-
ing a message corresponds to a query for an external input, thus it is natural
to interpret this kind of actions as a special case of sensing actions. As such,
their outcome, though belonging to a predefined set of alternatives, cannot be
predicted before the execution. A get message action is defined as:

get message(agi, agj , l) is
speech act1(agj , agi, l) or . . . or speech actk(agj , agi, l)

On the right hand side the finite set of alternative incoming messages that the
agent agi expects from the agent agj in the context of a given conversation. The
information that is actually received is obtained by looking at the effects that
occurred on agi’s mental state.

From the specifications of the interaction protocols and of the relevant speech
acts contained in the domain description, it is possible to trigger a planning ac-
tivity by executing existential queries of form Fs after p1; p2; . . . ; pm, that intu-
itively amounts to determine if there is a possible execution of the enumerated
actions after which the condition Fs holds. If the answer is positive, a conditional
plan is returned. Queries of this kind can be given an answer by a goal-directed
proof procedure that is described in [3].

The example that we consider involves a reactive agent. The program of its
interlocutor is not given: we will suppose that it adheres to the public protocol
specification against which we will check our agent’s conformance. The example
rephrases one taken from the literature, that has been used in other proposals
(e.g. [13]) and, thus, allows a better comprehension as well as comparison. We
just set the example in a realistic context. The agent is a web service [2] that
answers queries about the movies that are played. Its interlocutor is the requester
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Fig. 2. AUML sequence diagram.

of information (that we do not detail supposing that it respects the agreed
protocol). This protocol is described in Fig. 2 as an AUML sequence diagram
[20]. It is very simple: the agent that plays the role “cinema” waits for a request
from another agent (if a certain movie is played), then, it can alternatively
send the requested information (yes or no) or refuse to supply information; the
protocol is ended by an acknowledgement message from the customer to the
cinema. Hereafter, we consider the implementation of the web service of a specific
cinema, written as a DyLOG communication policy. This program has a different
aim: it allows answering to a sequence of information requests from the same
customer and it never refuses an answer.

(a) get info movie(cine, customer) is
get request(cine, customer, available(Movie));
send answer(cine, customer, available(Movie));
get info movie(cine, customer)

(b) get info movie(cine, customer) is get ack(cine, customer)

(c) send answer(cine, customer, available(Movie)) is
Bcinemaavailable(Movie)?; inform(cine, customer, available(Movie))

(d) send answer(cine, customer, available(Movie)) is
¬Bcinemaavailable(Movie)?; inform(cine, customer,¬available(Movie))

(e) get request(cine, customer, available(Movie)) is
request(customer, cine, available(Movie)

(f) get ack(cine, customer, ack) is inform(customer, cine, ack)

The question that we try to answer is whether this policy is conformant
to the given protocol, and we will discuss whether another agent that plays
as a customer and that is proved conformant to the protocol will actually be
able to interoperate with this implementation of the cinema service. For what
concerns the AUML sequence diagram, we have proved in [4] that diagrams
containing only message, alternative, loop, exit, and reference to a subprotocol
operators can be represented as a right-linear grammar, that generates a regular
language. The automaton reported in Fig. 3(b) is obtained straightforwardly
from this grammar. For what concerns the implementation, by applying the
results reported in [4] it is possible to turn a DyLOG program in a context-free
language. This grammar captures the structure of the possible conversations
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disregarding the semantics of the speech acts. When we have only right-recursion
in the program, then, the obtained grammar is right-linear. So also in this case
a regular language is obtained, hence the automaton in Fig. 3(a). Notice that all
the three automata are represented from the perspective of agent cine, so all the
short notation for the messages are to be interpreted as incoming or outgoing
messages w.r.t. this agent.

qS0 qS3

(b)

qS1 qS2

inform(
←−−
cine)

inform(
−−→
cine)

refuse(
−−→
cine)

qP0 qP2

inform(
−−→
cine)

qP1

(a)

inform(
←−−
cine)

request(
←−−
cine)request(

←−−
cine)

(c)

[qP1 , q
S
1 ]

[dP , qS2 ]

[qP0 , q
S
2 ] [qP2 , q

S
3 ]

inform(
←−−
cine)inform(

−−→
cine)

[qP0 , q
S
0 ]

refuse(
−−→
cine)

request(
←−−
cine)

inform(
←−−
cine)

request(
←−−
cine)

[dP , qS2 ]

[qP2 , d
S ]

Fig. 3. (a) Policy of agent cine; (b) protocol specification; (c) Mconf automaton. Only
the part relevant to the discussion is shown.

The protocol allows only two conversations between cine and customer (the
content of the message is not relevant in this example, so we skip it): request(cus-
tomer, cine) inform(cine, customer) inform(customer, cine) and request(customer,
cine) refuse(cine, customer) inform(customer, cine). Let us denote this protocol
by get info movieAUML (AUML is the specification language).

Let us now consider an agent (cine), that is supposed to play as cinena.
This agent’s policy is described by the above DyLOG program. The agent has a
reactive behavior, that depends on the message that it receives, and its policy
allows an infinite number of conversations of any length. Let us denote this
language by get info moviecineDyLOG. In general, it allows all the conversations that
begin with a (possibly empty) series of exchanges of kind request(←−−cine) followed
by inform(−−→cine), concluded by a message of kind inform(←−−cine).

To verify its conformance to the protocol, and then state its interoperabil-
ity with other agents that respect such protocol, we need to build the Mconf

24



automaton for the policy of cine and the protocol specification. For brevity, we
skip its construction steps and directly report Mconf in Fig. 3(c).

Let us now analyse Mconf for answering our queries. Trivially, the automaton
is complete and it accepts both languages (of the policy and of the specification),
therefore, get info moviecineDyLOG is policy conformant to get info movieAUML. More-
over, when the agent interacts with another agent customer whose policy is con-
formant to get info movieAUML, the messages request(←−−cine) and inform(←−−cine) will
not be received by cine in all the possible states it expects them. The reason is
simple: for receiving them it is necessary that the interlocutor utters them, but
by definition (it is conformant) it will not. The fact that refuse(−−→cine) is never
uttered by cine does not compromise conformance.

5 Conclusions and related work

In this work we propose an approach to the verification of the conformance of
an agent’s conversation policy to a public conversation protocol, which is based
on the theory of formal languages. Differently than works like [1], where the
compliance of the agents’ communicative behavior to the protocol is verified at
run-time, we tackled the verification of a priori conformance, a property of the
policy as a whole and not of the on-going conversation only.

This problem has been studied by other researchers, the most relevant anal-
ysis probably being the one by Endriss et al. and reported in [10]. Here, the
problem was faced in a logic framework; the authors introduce three degrees
of conformance, namely weak, exhaustive, and robust conformance. An agent is
weakly conformant to a protocol iff it never utters any dialogue move which is
not a legal continuation (w.r.t. the protocol) of any state of the dialogue the
agent might be in. It is exhaustively conformant to a protocol iff it is weakly
conformant to it and, for every received legal input, it will utter one of the
expected dialogue moves. It is robustly conformant iff it is exhaustively confor-
mant and for any illegal input move received it will utter a special dialogue move
(such as not-understood) indicating this violation. Under the assumption that
in their conversations the agents strictly alternate in uttering messages (ag1 tells
something to ag2 which answers to ag1 and so on), Endriss and collegues show
that by their approach it is possible to prove weak conformance in the case of
logic-based agents and shallow protocols 1.

Our Policy conformance (Def. 5) guarantees that an agent, at any point of
its conversations, can only utter messages which are legal w.r.t. the protocol,
because of the Mconf construction step, given by rule (c). In this respect it
entails weak conformance [10], however, our notion of conformance differs from
it because it also guarantees that whatever incoming message the agent may
receive, in any conversation context, its policy will be able to handle it.

The second very important property that is guaranteed by our proposal is
that, given two policies each of which is conformant to a protocol specification,
1 A protocol is shallow when the current state is sufficient to decide the next action

to perform. This is not a restriction.
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their interoperability is guaranteed. In other words, we captured the expectation
that conformance, a property of the single policy w.r.t. the public protocol,
should in some way guarantee agents (legal) interoperability. Interoperability is
not mentioned by Endriss et al., who do not formally prove that it is entailed
by (all or some of) their three definitions.

Moreover, we do not limit in any way the structure of the conversations
(in particular, we do not require a strict alternation of the uttering agents)
nor we focus on a specific class of implementation or specification languages.
One further characteristic is that, according to Def. 5, a policy may also expect
incoming messages, that are not expected by the protocol specification, for this
does not prevent the correct interaction with another conformant agent, and it
is not requested to implement a whole set of alternative outgoing messages that
are considered possible by the protocol.

This work is, actually, a deep revision of the work that the authors presented
at [4], where the verification of a priori conformance was faced only in the specific
case in which DyLOG [5] is used as the policy implementation language and
AUML [20] is used as the protocol specification language. Basically, in that work
the idea was to turn the problem into a problem of formal language inclusion.
The two considered languages are the set of all the possible conversations foreseen
by the protocol specification, let us denote it by L(pAUML), and the set of all
the possible conversations according to the policy of agent ag, let us denote it by
L(pagdylog). The conformance property could then be expressed as the following
inclusion: L(pagdylog) ⊆ L(pAUML). The current proposal is more general than
the one in [4], being independent from the implementation and specification
languages. Moreover, as we have explained in the introduction, the interpretation
of conformance as an inclusion test is too restrictive, on a hand, and not sufficient
to express all the desiderata connected to this term, which are, instead, well-
captured by our definitions of policy conformance.

Finally, to the best of our knowledge, in those works that address the prob-
lem of verifying the conformance in systems of communicating agents by using
model checking techniques (e.g. [13]), the issue of interoperability is not tackled
or, at least, this does not clearly emerge. For instance, Giordano, Martelli and
Schwind [13] based their approach on the use of a dynamic linear time logic.
Protocols are specified, according to a social approach, by means of temporal
constraints representing permissions and commitments. Following [15] the paper
shows how to prove that an agent is compliant with a protocol, given the program
executed by the agent, by assuming that all other agents participating in the
conversation are compliant with the protocol, i.e. they respect their permissions
and commitments. However, this approach does not guarantee interoperability.
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Abstract. In complex multi agent systems, the agents may be hetero-
geneous and possibly designed by different programmers. Thus, the im-
portance of defining a standard framework for agent communication lan-
guages (ACL) with a clear semantics has been widely recognized. The
semantics should meet two important objectives: verifiability and flex-
ibility. Classical proposals (mentalistic semantics and social semantics)
fail to meet these objectives.
In this paper we propose a semantics for ACL which is both verifiable
and flexible. That semantics is social in nature since it is based on com-
mitments. Two kinds of commitments can be distinguished: i) the com-
mitments made by the agent itself during the dialogue such as promises,
and ii) the commitments made by the others to the agent such as requests
or questions. To these commitments, we associate two kinds of penalties
for sanctioning the agents which do not respect its commitments. The
first kind of penalty ensures that the agent is honest whereas the second
kind of penalty ensures that the agent is cooperative. These penalties
make the semantics verifiable.
Moreover, our semantics is flexible since it is not given on the basis
of particular speech acts, but on the well-known categories of speech
acts identified by Searle in [11, 12]. This makes it more general than the
existing ones.

Key words: Agent Communication Languages, Commitment, Penalties.

1 Introduction

When building multi-agent systems, we take for granted the fact that the agents
which make up the system will need to communicate and to engage in the dif-
ferent types of dialogue identified by Walton and Krabbe in [15], using a com-
munication language (ACL).
The definition of an ACL from the syntactic point of view (the different speech
acts1 that agents can perform during a dialogue) poses no problems. The sit-
uation is different when semantics is taken into account. Any communication
1 The speech acts are also called elsewhere illocutionary acts or performatives.



language must have a well-defined semantics. Given that agents in a multi-agent
system may be independently designed by different programmers, a clear un-
derstanding of semantics is essential. Moreover, the semantics should meet two
important properties: verifiability and flexibility.
Although a number of agent communication languages have been developed, ob-
taining a suitable formal semantics for ACLs which satisfies the above objectives
remains one of the greatest challenges of multi-agent theory.
There are mainly two categories of semantics: the mentalistics semantics and the
social ones. The mentalistic semantics, used in KQML [7] and FIPA [8], is based
on a notion of speech act close to the concept of illocutionary act as developed
in speech act theory [4, 12]. The basic idea behind this semantics is to define
the conditions under which a given speech act can be played. Unfortunately,
the conditions are based on the mental states of the agents and this makes the
semantics not verifiable since one cannot access to those mental states to check
whether the conditions are really satisfied or not. Consequently, such category
of approaches violates one of the important properties of a semantics.

In the second category of semantics, called social and developed in [5, 13, 14],
primacy is given to the interactions among the agents. The semantics is based on
social commitments brought about by performing a speech act. For example, by
affirming a data, the agent commits on the truth of that data. After a promise,
the agent is committed carrying it out. There are several weak points of this
approach and the most relevant one is the fact that the concept of commitment
itself is ambiguous and its semantics is not clear. According to the performa-
tive act, the semantics of the commitment differs. (See section 5 for more details)

Another limitation of both approaches is the fact that they are neither modular
nor general. Since they are defined on particular speech acts, if a new speech act
is needed for a particular dialogue, then the semantics should be extended.

Our aim is to define a semantics which prevents the shortcomings of the ex-
isting approaches while keeping their benefits. Thus, we propose a semantics
which satisfies the two main properties. Our approach is social in nature since
it is based on the notion of commitments. An agent may have two kinds of
commitments:

1. The commitments made by the agent itself during the dialogue such as
promises and that it should respect. Such commitments allow the evalua-
tion of the degree of honesty of the agent. Indeed, an agent which respects
its commitments is said honest.

2. The commitments for replying to requests made by the other agents. For
instance if the agent receives a question from another agent, then it should
answer. Such commitments ensures the cooperativity of the agent.

From a syntactic point of view, these commitments are modelled via a notion of
commitment store as originally defined by MacKenzie in [9]. Indeed, each agent
is supposed to be equipped with a commitment store which will keep track of the
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different commitments of the agent. These stores are accessible for all the agents.

The semantics of a commitment is unique and is given by the sanction, called
penalty, associated to a commitment in case it is not respected by the agent.

Another interesting feature of our semantics is the fact that it is defined on
the well-known categories of speech acts defined by Searle in [11, 12]. Indeed,
Searle has defined five categories of performatives: the assertives, the directives,
the commissives and finally the expressives. We will show that we can define
a semantics for each category without worrying about the different speech acts
it may contain. This makes our semantics flexible and more general than the
existing ones.

The proposed semantics is also verifiable since the penalty associated to a move
is computed directly from its category and the agent commitment store which
is visible to all agents; so there is no need to know what the agent really be-
lieves, only the category of the moves and previous moves are taken into account.

The paper is organized as follows: Section 2 introduces the logical language
that will be used throughout the paper. In section 3 we present the basic con-
cepts of our semantics. In particular, we define the two kinds of commitments
of an agents as well as the two corresponding penalties. In section 4, we define
the semantics of the four categories of speech acts defined by Searle (we do not
consider the expressive category). Section 5 compares our approach to existing
semantics and finally, section 6 concludes with some remarks and perspectives.

2 Background

In this section we start by presenting the logical language which will be used
throughout this paper. We will distinguish among action variables (AV) and
non-actions variables (NAV). AV and NAV are supposed to be disjoint (i.e.
AV ∩ NAV = ∅).

L will denote a propositional language built from AV ∪ NAV. ` denotes classi-
cal inference and ≡ denotes logical equivalence.

Arg(L) will denote the set of all the arguments that can be constructed from
L. An argument is a pair (Γ, φ) where Γ is a set of formulas of L, called the
support of the argument and φ ∈ L is its conclusion. In [6], Dung has presented
a powerful argumentation framework which takes as input a set of arguments
and the different conflicts which may exist between them, and returns among all
the arguments the “good” ones, called the acceptable arguments.

Let A = {a1, . . . , an} denote the set of agents. A communication language is
based on a set of speech acts. In what follows, S denotes the set of speech acts
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of a given communication language. In [2], a communication language has been
defined using the following set of speech acts: {Question, Challenge, Assert,
Accept, Refuse, Request, Promise, Retract, Argue }. Assert allows the ex-
change of information such as “the weather is beautiful” and “It is my intention
to hang a picture”. Request is invoked when an agent cannot, or prefer not to,
achieve its intentions alone. The proposition requested differs from an asserted
proposition in that it cannot be proved true or false. The decision on whether
to accept it or not hinges upon the relation it has to the agent’s intentions. An
agent will make a Promise when it needs to request something from another,
and has something it doesn’t need which can offer in return. In replying to an
assertion, a request or a promise, an agent can accept, refuse or ask a question
such as ”is it the case that p is true ?”. Another kind of question is called a chal-
lenge. It allows an agent to ask another agent why it has asserted a proposition
or requested something, for example “why newspapers can’t publish the infor-
mation X?”. The answer to a challenge should be an argument. Argue allows
agents to exchange arguments, and Retract allows them to retract propositions
previously asserted or requested.

In [11, 12], Searle has identified five categories of speech acts according to what
he calls their illocutionary purpose, their psychological direction to the world,
their expressed state, and their propositional content. The five categories are as
follows:

Assertive speech acts: The speaker claims that some proposition is true. This
category contains speech acts like “inform” or “assert”. For instance, Inform:
the sky is blue or Inform: it is my intention to hang a mirror. In what follows,
we will refer to the set of all speech acts of this category by S1.

Directive speech acts: The speaker attempts to get the hearer to do some-
thing. This category includes speech acts like “Request”, “Question” and
“Challenge”. For instance, Request: clean your room!, Question: is p true. In
what follows, we will refer to the set of all speech acts of this category by
S2.

Commissive speech acts: The speaker commits to some future course of ac-
tion. An example of a commissive speech act is “promise”, for instance
Promise: I will do it. In what follows, we will refer to the set of all speech
acts of this category by S3.

Expressive speech acts: The speaker expresses some psychological state. For
instance, an agent can say Im sorry.

Declarative speech acts: The speaker brings about a different state of the
world. For instance, “Propose”, “Accept”, “Refuse”, “Retract” are declar-
atives. In what follows, we will refer to the set of all speech acts of this
category by S4.

In this paper, we are more concerned with setting a semantics for dialogues
between artificial agents. Thus, the category of expressive speech acts will not
be considered here.
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S1,S2,S3,S4 is seen as a partition of the set S of speech acts. This means that
∀i, j ∈ [1, 4], i 6= j ⇒ Si∩Sj = ∅ and S1∪S2∪S3∪S4 = S. Hence, every speech
act symbol belongs to one and only one of the four categories S1 or S2 or S3 or
S4.

Definition 1 A move is a formula a : x where a ∈ S is a speech act and x is
either a propositional formula (x ∈ L) or an argument (x ∈ Arg(L)). Let M be
the set of moves.

For instance, Question : sky blue is a move meaning that the agent asks whether
the sky is blue or not. Here, “Question” is a speech act and sky blue is a propo-
sitional formula (whose value is true or false).

3 The semantics

3.1 Commitment

In the scientific literature, one can find proposals where the semantics of an ACL
is defined in terms of commitments. Examples of these are given by Colombetti
[5] and Singh [13, 14]. The authors argued that agents are social entities, involved
in social interactions, then they are committed to what they say.
In recent years, it has been argued that informal logic has much to offer to
the analysis of inter-agent communication. Central in these approaches are the
notions of dialogue games and (social) commitments. One rather influential di-
alogue game is DC, proposed by MacKenzie [9] in the course of analysing the
fallacy of question-begging. DC provides a set of rules for arguing about the
truth of a proposition. Each player has the goal of convincing the other, and
can assert or retract facts, challenge the other player’s assertions, ask whether
something is true or not, and demand that inconsistencies be resolved.
Associated with each player is a commitment store, which holds the commitments
of the players during the dialogue. Commitments here are the information given
by the players during the dialogue. There are then rules which define how the
commitment stores are updated. Take for instance the assertion, it puts a propo-
sitional statement in the speaker’s commitment store. What this basically means
is that, when challenged, the speaker will have to justify his claim. But this does
not presuppose that the challenge will come at the next turn in the dialogue.
For our purpose, we adopt this presentation of commitments. In this paper we are
not interested in modeling the agent’s reasoning, we only consider what is said
by each agent. Our purpose is to provide a semantics for the dialogue without
worrying about the mental states of the agents.
Each agent is supposed to be equipped with a commitment store, accessible to
all agents, which will contain its commitments made during the dialogue. The
union of the commitment stores of all agents at turn t can be viewed as the state
of the dialogue at turn t. We adopt a commitment store much more structured
than the one presented in previous works on dialogue [1, 3]. It keeps tracks of
two kinds of commitments:
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– The commitments made in the dialogue by the agent itself such as assertions
and promises.

– The commitments made by other agents, such as requests, challenges and
questions. For instance if an agent ai makes a request r to another agent aj ,
the request (r) is stored in the commitment store of aj . Hence, aj is said
committed to satisfy this request.

More formally, for each agent ai, we denote CSi its commitment store, containing
statements and issues to be resolved.

Definition 2 A commitment store CSi associated to an agent ai is a pair:

CSi = 〈Ai, Oi〉

where

– Ai ⊆ M stands for the set of moves of agent ai whose speech acts are in
{S1,S3,S4}.

– Oi ⊆ M stands for the set of moves received by agent ai and whose speech
acts are in S2.

The disctinction between the two kinds of commitments is necessary because
statements expressed by the agent itself commit its honesty whereas statements
expressed by other agents commit its cooperativity. They are the different by
nature and, in our opinion, should not be mixed.
From the above definition, it is also clear that assertive, commissive and declar-
ative speech acts are related to the first kind of commitments (honesty), whereas
directive speech acts are related to the second kind of commitments.

3.2 Penalties

Each time an agent makes a speech act, it makes a commitment. So, it is natural
to associate to each commitment a penalty which sanctions the agent if it does
not respect this commitment. For the sake of simplicity, we consider that the
cost associated to a move depends only of its category.

Definition 3 (Penalty) Let α1, α2, α3 and α4 be numbers in [0,+∞] associ-
ated respectively to the categories S1, S2, S3 and S4.
A penalty associated with a category Si is the number αi.

We distinguish between two kinds of bad behaviors: i) to not be honest, and ii)
to not cooperate. Hence, to each commitment store a pair of costs is defined.
Formally, the cost associated to the commitment store CSi = 〈Ai, Oi〉 of agent
ai at time t, is a pair 〈c(Ai), c(Oi)〉, where c(Ai) is the cost associated to the
statements of agent ai which are violated, and c(Oi) is the cost associated to
the requests made by other agents and to which agent ai has not answered yet.
These costs are computed by summing penalties of moves. Deciding which moves
are to take into account depends on their categories.
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With such a semantics for an agent communication language, a “rational” pro-
tocol should be defined in such a way that each agent aims to minimize the costs
associated to its commitment store. This notion of protocol is beyond the scope
of this paper.

4 The semantics of the categories of speech acts

In this section we will examine how the penalty associated to a move of each
category can be computed, i.e., we will describe when a given commitment is
violated by the agent.

4.1 Categories: Assertives (S1) and Declaratives (S4)

The assertives and the declaratives behave exactly in the same way, but apply
on two distinct languages. Indeed, for the assertives, the content of the moves
are formulas of L built only on the set of non-action variable (NAV), whereas
the ones of declaratives are built on action variables (AV).
During a dialogue, an agent may claim that some statement is true. This agent is
then, not allowed to contradict itself during all the dialogue otherwise it should
pay a penalty.

Storage All the assertive moves are stocked in the commitment store of the
agent, exactly in the part Ai. When an assertive move comes as a response to a
question or a challenge, for instance, this question or challenge is removed from
the set Oi. However, if it is rather a response to a kind of commissive speech act
like a promise, then the promise is removed from Ai.
∀a ∈ S1, there are two cases, either the associated assertion is a formula or it is
an argument:

– ∀x ∈ L, if agent ai commits a : x then
• a : x is added to Ai, and
• ∀(a′ : y) ∈ Oi, such that a′ ∈ S2 and y ∈ L and x ` y, a′ : y is removed

from Oi, and
• ∀(a′ : y) ∈ Ai, such that a′ ∈ S3 and y ∈ L and x ` y, a′ : y is removed

from Ai.
– ∀x = 〈Γ, ϕ〉 ∈ Arg(L), if agent ai commits a : x then

• a : x is added to Ai, and
• ∀(a′ : y) ∈ Oi, such that a′ ∈ S2 and y ∈ L and ϕ ` y, a′ : y is removed

from Oi, and
• ∀(a′ : y) ∈ Ai, such that a′ ∈ S3 and y ∈ L and ϕ ` y, a′ : y is removed

from Ai
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Associated Cost: Costs associated to assertives concern non-honesty. An as-
sertive move a : x, where a ∈ S1 and x ∈ L ∪Arg(L), is a violated commitment
if the part Ai of agent ai’s commitments store allows to deduce that the formula
x is false or to deduce that one formula of the support of the argument x is false.
Hence, the cost associated to an assertive is given by:
∀(a : x) ∈ Ai, if a ∈ S1, there are two cases, either the assertion x is a formula
or it is an argument:

– ∀x ∈ L, c(a : x) =
{
α1 if Ai ` ¬x,
0 otherwise

– ∀x = 〈Γ, ϕ〉 ∈ Arg(L), c(a : x) =
{
α1 if ∃ϕ ∈ Γ,Ai ` ¬ϕ,
0 otherwise

4.2 Category S2: Directives

The agent attempts to get another agent to do something. For instance, Request,
Question, Challenge are Directives.

Storage Directives of Agent ai towards Agent aj are stored in the part Oj of
the commitment store of agent aj , if there is not already an answer to it in Aj
(which can be either assertive or declarative):
∀a ∈ S2, the directive a : x of Agent ai towards Agent aj is added to Oj if
6 ∃(a′ : y) ∈ Aj , such that a′ ∈ S1 ∪ S4 and:

– y ∈ L and y ` x
– or y = 〈Γ, ϕ〉 ∈ Arg(L) and ϕ ` y.

Associated Cost Costs associated to directives are only penalties of non-
cooperativity. It means that a directive is violated if it is in the part Oi of
Agent ai (agent ai has not already answered to it).
∀(a : x) ∈ Oi if a ∈ S2,∀x ∈ L, c(a : x) = α2

4.3 Category S3: Commissives

The agent commits to some future course of action. For instance, Promise is in
the Commissives. The most general form of promise is “if ϕ is true then I swear
that ψ will be true”, “if you do that, I will kill you”. It can be encoded by the
move Promise : ϕ→ ψ.

Storage Commissives of Agent ai are stored in the part Ai of its commitment
store if the associated formula is not already true in Ai (either because there is
an assertive or a declarative move which makes it true):
∀a ∈ S3, the commissive a : x of Agent ai is added to Ai if 6 ∃(a′ : y) ∈ Ai, such
that a′ ∈ S1 ∪ S4 and:

– y ∈ L and y ` x
– or y = 〈Γ, ϕ〉 ∈ Arg(L) and ϕ ` y.
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Associated Cost Costs associated to commissives are only costs of non-honesty.
As long as a commissive is in the commitment store, it costs a penalty since it
means that this commissive has not been made.
∀(a : x) ∈ Ai If a ∈ S3,∀x ∈ L, c(a : x) = α3

4.4 Summary

To sum up, the penalties associated to a commitment store CSi of an agent ai
at turn t are:

cooperation penalty:

pc(CSi) =
∑

(a:x)∈Oi

α2

honesty penalty:

ph(CSi) =
∑

(a:x)∈Ai s.t. a∈S1(resp.S4) and x=〈Γ,ϕ〉∈Arg(L) and ∃ψ∈Γ s.t. Ai`¬ψ

α1(resp.α4)

+
∑

(a:x)∈Ai s.t. a∈S1(resp.S4) and x∈L and Ai`¬x

α1(resp.α4)

+
∑

(a:x)∈Ai s.t. a∈S3

α3

Or equivalently, (since we suppose that c(a : x) only depends on the category of
a):

pc(CSi) =
∑

(a:x)∈Oi,a∈S2

c(a : x)

and

ph(CSi) =
∑

(a:x)∈Ai


or

s.t. a ∈ S1 ∪ S4

and

{
or
x = 〈Γ, ϕ〉 ∈ Arg(L) and ∃ψ ∈ Γ s.t. Ai ` ¬ψ
x ∈ L and Ai ` ¬x

s.t. a ∈ S3

c(a : x)
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5 Related work

The first standard agent communication language is KQML [7]. It has been de-
veloped within the Knowledge Sharing Effort, a vast research program funded by
DARPA (the US Defense Advanced Research Projects Agency). More recently,
the Foundation for Intelligent Physical Agents (FIPA) has proposed a new stan-
dard, named ACL [8]. Both KQML and ACL have been given a mentalistics
semantics. The semantics is based on a notion of speech act close to the concept
of illocutionary act as developed in speech act theory [4, 12].
Such semantics assumes, more or less explicitly, some underlying hypothesis in
particular, that the agents are sincere and cooperative. While this may be well
fitted for some special cases of interactions, it is obvious that some dialogue types
listed by Walton and Krabbe in [15] are not cooperative. For example, assuming
sincerity and cooperativity in negotiation may lead to poor negotiators. Another
more important limitation of this approach is the fact that it is not verifiable
since it is based on the mental states of the agents. Our semantics does not refer
at all to the mental states of the agents. Moreover, it does not treat particular
speech acts as it is the case with this mentalistic approach.

In the second approach, called social and developed in [5, 13, 14], primacy is
given to the interactions among the agents. The semantics is based on social
commitments brought about by performing a speech act. For example, by af-
firming a data, the agent commits on the truth of that data. After a promise,
the agent is committed carrying it out. There are several weak points of this
approach and we summarize them in the three following points:
1. The definition of commitments complicates the agent architecture in the sense
that it needs an ad hoc apparatus. The commitments are introduced especially
for modeling communication. Thus agents should reason not only on their be-
liefs, etc but also on the commitments. In our approach, we didn’t introduce
any new language to treat commitments. We call a commitment any informa-
tion stocked in a commitment store. Handling these commitments (to add a new
commitment, to retract a commitment, to achieve a commitment, to violate a
commitment) is done directly on the commitment store.
2. The level at which communication is treated is very abstract, and there is a
considerable gap to fill in order to bring the model down to the level of imple-
mentation. However, the semantics presented in this paper can be implemented
easily.
3. The concept of commitment is ambiguous and its semantics is not clear. Ac-
cording to the speech act, the semantics of the commitment differs. For example:

Inform: by affirming a data, the agent commits on the truth of that data. The
meaning of the commitment here is not clear. It may be that the agent can
justify the data or can defend it against any attack, or the agent is sincere.

Request: According to Colombetti [5] after a request, the receiver precommits
to carry it out. This idea is in our opinion drawn from the notion of protocol.
The protocol specifies for each act the set of allowed replies. So after a
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request, generally the receiver can accept it, reject it or propose another
alternative.

The last approach developed by Pitt and Mandani in [10] is based on the notion of
protocol. A protocol defines what sequences of moves are conventionally expected
in the dialogue. The meaning of a speech act then equates with the set of the
possible following answers.
However, protocols are often technically finite state machines. This turns out to
be too rigid in several circumstances. Current research aims at defining flexible
protocols, which rely more on the state of the dialogue, and less on dialogue
history. This state of dialogue is captured through the notion of commitment.

6 Conclusion

This paper has introduced a general semantics of any agent communication
language. The semantics is general in the sense that it can be used with any
set of speech acts since it is defined on categories of speech acts rather than
the speech acts themselves. Indeed, for the first time, we have a semantics of an
ACL which is defined independently from the syntax of that ACL. This makes
the semantics flexible and general.
The new semantics is social in nature and is based on the notion of commit-
ments. However, our modeling of this notion is very different from the existing
approaches. Indeed, the commitments are modeled as in MacKenzie’s system DC
[9]. A commitment is any information stocked in the commitment store of the
agent. Two kinds of commitments have been distinguished: the commitments
to satisfy or to respect what the agent has already said, promised, etc. and the
commitments to answer to other agents.
Unlike in the existing approaches, the semantics of a commitment is unique and
is given via the notion of penalty that should be paid if an agent does not respect
that commitment.
Our semantics goes somewhat beyond the existing approaches in giving an oper-
ational, verifiable and flexible semantics. An extension of this work would be to
simplify the protocols by extending our semantics by rules which were generally
defined in the protocol itself. For instance, in the semantics, we can sanction
agents which repeat, the same move several times during a dialogue. Another
extension would be to refine the penalties by introducing granularity in the cat-
egories of speech acts. The idea is, maybe, to associate different penalties for the
speech acts in order to capture the idea that some commitments are harder to
violate than others. The same idea applies also to the content of the moves.
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Abstract. Modal logic programming is one of appropriate approaches
to deal with reasoning about epistemic states of agents. We specify here
the least model semantics, the fixpoint semantics, and an SLD-resolution
calculus for modal logic programs in the multimodal logic KD4Ig5a,
which is intended for reasoning about belief and common belief of agents.
We prove that the presented SLD-resolution calculus is sound and com-
plete. We also present a formalization of the wise men puzzle using a
modal logic program in KD4Ig5a. This shows that it is worth to study
modal logic programming for multi-agent systems.

1 Introduction

Reasoning is an important aspect of agents. In order to be able to make right
actions, an agent should have general knowledge of the field it works on, infor-
mation about the environment, and abilities to interact with the environment, to
make inferences, and to revise its knowledge base. In multi-agent systems, agents
should be able to communicate, collaborate, and sometimes compete with each
other. For this aim, an agent should have knowledge about other agents in the
system and be able to reason about their epistemic states. It is not that an agent
can have all information it wants or can reason exactly as the others, but at least
it can simulate epistemic states of the other agents, using some assumptions. The
wise men puzzle introduced by McCarthy [17] is an example of reasoning about
epistemic states of agents. We will study it in Section 3.

Modal logics and logic programming are useful instruments for multi-agent
systems. Using modal logics is a natural way to represent and reason about
knowledge and belief of agents (see, e.g., [10, 28, 27, 14, 7, 1]). Logic programming
is also useful because logical implication is probably the inference form humans
use most and want to adopt for multi-agent systems. Thus, one can think about
modal logic programming as an approach to deal with reasoning about epistemic
states of agents.

Modal logic programming has been studied in a number of works (see the
earlier surveys [24, 12] and the later works [23, 5, 19, 22]). There are two ap-
proaches: the direct approach [11, 3, 5, 19, 22] and the translation approach [8,
23]. The first approach directly uses modalities, while the second one translates



modal logic programs to classical logic programs. In this paper we will use the
direct approach. This approach is justifiable, as the direct approach deals with
modalities more closely, and modalities allow us to separate object-level and
epistemic-level notions nicely.

In [19], we developed a fixpoint semantics, the least model semantics, and an
SLD-resolution calculus in a direct way for modal logic programs in all of the
basic serial monomodal logics. In that work we do not assume any special restric-
tion on occurrences of 2 and 3 in programs and goals. In [22], we generalized
the methods of [19] and gave a general framework for developing fixpoint seman-
tics, the least model semantics, and SLD-resolution calculi for logic programs in
normal multimodal logics whose frame restrictions consist of the conditions of
seriality and some classical first-order Horn formulas.

In this work, we instantiate the above mentioned framework for the multi-
modal logic KD4Ig5a, which was introduced in [20] for reasoning about belief
and common belief. We prove that the obtained SLD-resolution calculus is sound
and complete. We also give a purely logical formalization of the wise men puzzle
using a modal logic program in KD4Ig5a.

The rest of this paper is structured as follows. In Section 2, we give def-
initions for multimodal logics, define the multimodal logic KD4Ig5a and the
modal logic programming language MProlog. In Section 3, we recall the wise
men puzzle and formalize it by an MProlog program in KD4Ig5a. In Section 4,
we instantiate the framework given in [22] for KD4Ig5a in order to specify the
least model semantics, the fixpoint semantics, and an SLD-resolution calculus
for MProlog programs in KD4Ig5a. Soundness and completeness of the obtained
SLD-resolution calculus is proved in Section 5. (Due to the lack of space we do
not present proofs involving with the fixpoint semantics and the least model
semantics.) Finally, Section 6 contains some concluding remarks.

2 Preliminaries

2.1 Syntax and Semantics of Quantified Multimodal Logics

A language for quantified multimodal logics is an extension of the language of
classical predicate logic with modal operators 2i and 3i, for 1 ≤ i ≤ m (where
m is fixed). The modal operators 2i and 3i can take various meanings. For
example, 2i can stand for “the agent i believes” and 3i for “it is considered
possible by agent i”. The operators 2i are called universal modal operators,
while 3i are called existential modal operators. Terms and formulas are defined
in the usual way, with an emphasis that if ϕ is a formula then 2iϕ and 3iϕ are
also formulas.

A Kripke frame is a tuple 〈W, τ,R1, . . . , Rm〉, where W is a nonempty set of
possible worlds, τ ∈ W is the actual world, and Ri is a binary relation on W ,
called the accessibility relation for the modal operators 2i, 3i. If Ri(w, u) holds
then we say that the world u is accessible from the world w via Ri.

A fixed-domain Kripke model with rigid terms, hereafter simply called a
Kripke model or just a model, is a tuple M = 〈D,W, τ,R1, . . . , Rm, π〉, where

41



D is a set called the domain, 〈W, τ,R1, . . . , Rm〉 is a Kripke frame, and π is an
interpretation of constant symbols, function symbols and predicate symbols. For
a constant symbol a, π(a) is an element of D, denoted by aM . For an n-ary
function symbol f , π(f) is a function from Dn to D, denoted by fM . For an
n-ary predicate symbol p and a world w ∈ W , π(w)(p) is an n-ary relation on
D, denoted by pM,w.

A model graph is a tuple 〈W, τ,R1, . . . , Rm,H〉, where 〈W, τ,R1, . . . , Rm〉 is
a Kripke frame and H is a function that maps each world of W to a set of
formulas.

Every model graph 〈W, τ,R1, . . . , Rm,H〉 corresponds to a Herbrand model
M = 〈U ,W, τ,R1, . . . , Rm, π〉 specified by: U is the Herbrand universe (i.e. the set
of all ground terms), cM = c, fM (t1, . . . , tn) = f(t1, . . . , tn), and ((t1, . . . , tn) ∈
pM,w) ≡ (p(t1, . . . , tn) ∈ H(w)), where t1, . . . , tn are ground terms. We will
sometimes treat a model graph as its corresponding model.

A variable assignment V w.r.t. a Kripke model M is a function that maps
each variable to an element of the domain of M . The value of tM [V ] for a term
t is defined as usual.

Given some Kripke model M = 〈D,W, τ,R1, . . . , Rm, π〉, some variable as-
signment V , and some world w ∈W , the satisfaction relation M,V,w � ψ for a
formula ψ is defined as follows:

M,V,w � p(t1, . . . , tn) iff (tM1 [V ], . . . , tMn [V ]) ∈ pM,w;
M,V,w � 2iϕ iff for all v ∈W such that Ri(w, v), M,V, v � ϕ;
M,V,w � ∀x.ϕ iff for all a ∈ D, (M,V ′, w � ϕ),

where V ′(x) = a and V ′(y) = V (y) for y 6= x;

and as usual for other cases (treating 3iϕ as ¬2i¬ϕ, and ∃x.ϕ as ¬∀x.¬ϕ). We
say that M satisfies ϕ, or ϕ is true in M , and write M � ϕ, if M,V, τ � ϕ for
every V . For a set Γ of formulas, we call M a model of Γ and write M � Γ if
M � ϕ for every ϕ ∈ Γ .

If as the class of admissible interpretations we take the class of all Kripke
models (with no restrictions on the accessibility relations) then we obtain a
quantified multimodal logic which has a standard Hilbert-style axiomatization
denoted by Km. Other normal (multi)modal logics are obtained by adding cer-
tain axioms to Km. Mostly used axioms are ones that correspond to a certain
restriction on the Kripke frame defined by a classical first-order formula using
the accessibility relations. For example, the axiom (D) : 2iϕ→ 3iϕ corresponds
to the frame restriction ∀x∃y Ri(x, y).

For a normal modal logic L whose class of admissible interpretations can
be characterized by classical first-order formulas of the accessibility relations,
we call such formulas L-frame restrictions, and call frames with such properties
L-frames. We call a model M with an L-frame an L-model. We say that ϕ is L-
satisfiable if there exists an L-model of ϕ, i.e. an L-model satisfying ϕ. A formula
ϕ is said to be L-valid and called an L-tautology if ϕ is true in every L-model.
For a set Γ of formulas, we write Γ �L ϕ and call ϕ a logical consequence of Γ
in L if ϕ is true in every L-model of Γ .

42



2.2 The Multimodal Logic KD4Ig5a

Suppose that there are n agents and m = 2n−1. Let g be an one-to-one function
that maps every natural number less than or equal to m to a non-empty subset
of {1, . . . , n}. Suppose that an index 1 ≤ i ≤ m stands for the group of agents
whose indices form the set g(i). To capture belief and common belief of agents,
we can extend Km with the following axioms

– (D) : 2iϕ→ ¬2i¬ϕ (belief is consistent),
– (4) : 2iϕ→ 2i2iϕ (belief satisfies positive introspection),
– (Ig) : 2iϕ → 2jϕ if g(i) ⊃ g(j) (if i indicates a supergroup of a group j

then every common belief of i is also a common belief of j).
– (5a) : ¬2iϕ→ 2i¬2iϕ if g(i) is a singleton (belief of a single agent satisfies

negative introspection).

Thus, for reasoning about belief and common belief, we can use:

KD4Ig5a = Km + (D) + (4) + (Ig) + (5a)

Here we want to catch the most important properties of belief and common
belief, and the aim is not to give an exact formulation of belief or common belief.
The logic KD4Ig5a was introduced in [20]1. It is different in the nature from
the well-known multimodal logic of common knowledge. It also differs from the
modal logic with mutual belief [1].

The given axioms correspond to the following frame restrictions:

Axiom Corresponding Condition
(D) ∀u ∃v Ri(u, v)
(4) ∀u, v, w (Ri(u, v) ∧Ri(v, w)→ Ri(u,w))
(Ig) Rj ⊆ Ri if g(i) ⊃ g(j)
(5a) ∀u, v, w (Ri(u, v) ∧Ri(u,w)→ Ri(w, v)) if g(i) is a singleton

For further reading on epistemic logics, see, e.g., [10, 28, 7, 1].

2.3 Modal Logic Programs

A modality is a (possibly empty) sequence of modal operators. A universal modal-
ity is a modality which contains only universal modal operators. We use 4 to
denote a modality and � to denote a universal modality. Similarly as in classi-
cal logic programming, we use a clausal form �(ϕ ← ψ1, . . . , ψn) to denote the
formula ∀(�(ϕ ∨ ¬ψ1 . . . ∨ ¬ψn)). We use E to denote a classical atom and A,
B1, . . . , Bn to denote formulas of the form E, 2iE, or 3iE.

A program clause is a formula of the form �(A← B1, . . . , Bn), where n ≥ 0.
� is called the modal context, A the head, and B1, . . . , Bn the body of the program
clause. An MProlog program is a finite set of program clauses.
1 The propositional version of KD4Ig5a is decidable. However, we do not have com-

plexity result for it yet. Hopefully, it will be available in the next version of this
paper.
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An MProlog goal atom is a formula of the form �E or �3iE. An MProlog
goal is a formula written in the clausal form ← α1, . . . , αk, where each αi is an
MProlog goal atom. The empty goal (i.e. the empty clause) is denoted by �.

In KD4Ig5a, if g(i) is a singleton then we have the equivalence ∇i∇′
iϕ ≡ ∇′

iϕ
for any modal operators ∇i and ∇′

i with the same modal index i. For this reason,
we adopt some restrictions to simplify the form of MProlog programs and goals
in KD4Ig5a. An MProlog program is called a KD4Ig5a-MProlog program if the
modal contexts of its program clauses do not contain subsequences of the form
2i2i if g(i) is a singleton. An MProlog goal is called a KD4Ig5a-MProlog goal
if each of its goal atoms 4E satisfies the condition that 4 does not contain
subsequences of the form 2i2i or 2i3i if g(i) is a singleton.

Let P be an KD4Ig5a-MProlog program and G = ← α1, . . . , αk be an
KD4Ig5a-MProlog goal. An answer θ for P∪{G} is a substitution whose domain
is the set of all variables of G. We say that θ is a correct answer in KD4Ig5a for
P ∪ {G} if θ is an answer for P ∪ {G} and P �KD4Ig5a ∀((α1 ∧ . . . ∧ αk)θ).

It is shown in [20] that MProlog has the same expressiveness power as the gen-
eral Horn fragment in normal modal logics. Moreover, the restrictions adopted
for KD4Ig5a-MProlog do not reduce expressiveness of the language (see [20]).

3 The Wise Men Puzzle

Before considering technical details of semantics of KD4Ig5a-MProlog, we give
a formalization of the three wise men puzzle in MProlog. The puzzle is a famous
benchmark introduced by McCarthy [17] for AI. It can be stated as follows
(cf. [15]). A king wishes to know whether his three advisors (A, B, C) are as
wise as they claim to be. Three chairs are lined up, all facing the same direction,
with one behind the other. The wise men are instructed to sit down in the order
A, B, C. Each of the men can see the backs of the men sitting before them (e.g. C
can see A and B). The king informs the wise men that he has three cards, all
of which are either black or white, at least one of which is white. He places one
card, face up, behind each of the three wise men, explaining that each wise man
must determine the color of his own card. Each wise man must announce the
color of his own card as soon as he knows what it is. All know that this will
happen. The room is silent; then, after a while, wise man A says “My card is
white!”.

The wise men puzzle has been previously studied in several works (e.g., [17,
15, 9, 6, 2, 23, 4]). McCarthy [17] directly used possible worlds to formalize the
puzzle. Konolige [15], Nonnengart [23], and Baldoni [4] also used modal logics
for the puzzle. Konolige [15] focused on limited reasoning, Nonnengart [23] used
semi-functional translation for modal logic programming, and Baldoni [4] used
a prefixed tableau system. Both McCarthy [17] and Nonnengart [23] used some
feature of mutual belief, but they did not define it purely. Baldoni [4] adopted
too strong versions of axioms 4 and 5, which are not suitable for the puzzle. As
other approaches for the wise men puzzle, Elgot-Drapkin [9] used step-logics,
while Cimatti and Serafini [6], Attardi and Simi [2] studied reasoning in belief-
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contexts. Our formalization of the wise men puzzle given below uses KD4Ig5a-
MProlog. It is more elegant than the above-mentioned formalizations, as it uses
a modal logic with a clear semantics of common belief in a direct way.

As reported in [21], we have designed and implemented a modal logic
programming system, also called MProlog. In that system, SLD-resolution
calculi for MProlog can be specified according to the theoretical framework
given in [22]. An instantiation of that framework for KD4Ig5a is presented
in the next section. Its implementation (of SLD-resolution) is denoted by
ccKD4Ig5a. In that implementation, bel denotes belief and pos denotes possi-
bility, and modalities are represented by lists, e.g. 2i〈X〉j3kq(a) is represented
by [bel(I), pos(J,X), pos(K)] : q(a). The implemented calculus requires defini-
tions of predicates singleton group/1, subgroup/2, and union group/3. Denote
the wise men by a, b, c, and the possible groups by gAB, gAC, gBC, gABC,
where, e.g., gABC = {a, b, c}. Thus, [bel(gABC)] : ϕ means that ϕ is a common
belief of the group {a, b, c}. Define the mentioned required predicates in the usual
way. The three wise men problem can be formalized by the following program:

:- calculus ccKD4Ig5a.

% If Y sits behinds X then X’s card is white if Y considers this as possible.
[bel(gABC)]: (white(X) :-

member(X, [a,b,c]), member(Y, [a,b,c]), X @< Y, [pos(Y)]:white(X)).

% The following formula is “dual” to the above formula.
[bel(gABC)]: ([bel(Y)]:black(X) :-

member(X, [a,b,c]), member(Y, [a,b,c]), X @< Y, black(X)).

% At least one of the wise men has a white card.
[bel(gABC)]: (white(a) :- black(b), black(c)).
[bel(gABC)]: (white(b) :- black(c), black(a)).
[bel(gABC)]: (white(c) :- black(a), black(b)).

/* Each of B and C does not know the color of his own card. In particular, each
of the men considers that it is possible that his own card is black. */
[bel(gABC),pos(b)]:black(b).
[bel(gABC),pos(c)]:black(c).

The question is whether A believes that his card is white. It is passed to the
interpreter as mcall([bel(a)] : white(a)) and solved in less than 1 second2 using
certain option settings.

The above program uses the syntax of the implemented system. We give
below a version using the purely logical formalism of MProlog. For clarity, instead
of numeric indices we use a, b, c, ab, ac, bc, abc with the meaning that g(a) = {a},
g(b) = {b}, g(c) = {c}, . . . , and g(abc) = {a, b, c}. Let Pwise men be the following
program:

ϕ1 = 2abc (white(a)← 3b white(a))
ϕ2 = 2abc (white(a)← 3c white(a))

2 on TravelMate 230X, 1.7GHz-M
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ϕ3 = 2abc (white(b)← 3c white(b))
ϕ4 = 2abc (2b black(a)← black(a))
ϕ5 = 2abc (2c black(a)← black(a))
ϕ6 = 2abc (2c black(b)← black(b))
ϕ7 = 2abc (white(a)← black(b), black(c))
ϕ8 = 2abc (white(b)← black(c), black(a))
ϕ9 = 2abc (white(c)← black(a), black(b))
ϕ10 = 2abc3b black(b)
ϕ11 = 2abc3c black(c)

The goal is ← 2awhite(a). We will continue this example in Section 4.5.
For a formalization of the puzzle with n wise men, see [22].

4 Semantics of KD4Ig5a-MProlog Programs

In this section, we present the least model semantics, the fixpoint semantics and
an SLD-resolution calculus for KD4Ig5a-MProlog programs. For abbreviation,
from now on we use L to denote KD4Ig5a.

4.1 Labeled Modal Operators

When applying the direct consequence operator TL,P for an MProlog program
P in L, if we obtain an “atom” of the form 43iE, then to simplify the task we
label the modal operator 3i. Labeling allows us to address the chosen world(s)
in which this particular E must hold. A natural way is to label 3i by E to obtain
〈E〉i. On the other hand, when dealing with SLD-derivation, we cannot change
a goal ← 3i(A ∧ B) to ← 3iA,3iB. But if we label the operator 3i, let’s say
by X, then we can safely change ← 〈X〉i(A ∧B) to ← 〈X〉iA, 〈X〉iB.

We will use the following notations:

– > : the truth symbol, with the usual semantics3;
– E, F : classical atoms (which may contain variables) or >;
– X, Y , Z : variables for classical atoms or >, called atom variables;
– 〈E〉i, 〈X〉i : 3i labeled by E or X;
– ∇ : 2i, 3i, 〈E〉i, or 〈X〉i, called a modal operator;
– 4 : a (possibly empty) sequence of modal operators, called a modality;
– � : a universal modality;
– A, B : formulas of the form E or ∇E, called simple atoms;
– α, β : formulas of the form 4E, called atoms;
– ϕ, ψ : (labeled) formulas (i.e. formulas that may contain 〈E〉i and 〈X〉i).

We use subscripts beside ∇ to indicate modal indexes in the same way as for
2 and 3. To distinguish a number of modal operators we use superscripts of the
form (i), e.g. 2(1), 2(2), ∇(i), ∇(i′).

3 i.e. it is always true that M, V, w � >
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A ground formula is a formula with no variables and no atom variables. A
modal operator is said to be ground if it is 2i, 3i, or 〈E〉i with E being >
or a ground classical atom. A ground modality is a modality that contains only
ground modal operators. A labeled modal operator is a modal operator of the
form 〈E〉i or 〈X〉i.

Denote EdgeLabels = {〈E〉i | E ∈ B ∪ {>} and 1 ≤ i ≤ m}, where B is
the Herbrand base (i.e. the set of all ground classical atoms). The semantics
of 〈E〉i ∈ EdgeLabels is specified as follows. Let M = 〈D,W, τ,R1, . . . , Rm, π〉
be a Kripke model. A 3-realization function on M is a partial function σ :
W × EdgeLabels → W such that if σ(w, 〈E〉i) = u, then Ri(w, u) holds and
M,u � E. Given a 3-realization function σ, a world w ∈ W , and a ground
formula ϕ, the satisfaction relation M,σ,w � ϕ is defined in the usual way,
except that M,σ,w � 〈E〉iψ iff σ(w, 〈E〉i) is defined and M,σ, σ(w, 〈E〉i) � ψ.
We write M,σ � ϕ to denote that M,σ, τ � ϕ. For a set I of ground atoms, we
write M,σ � I to denote that M,σ � α for all α ∈ I; we write M � I and call
M a model of I if M,σ � I for some σ.

4.2 Model Generators

We define that a modality∇(1)
i1
. . .∇(k)

ik
is in the L-normal form if for all 1 ≤ j < k

if g(ij) is a singleton then ij 6= ij+1. (Note that if g(i) is a singleton then
∇i∇′

iϕ ≡ ∇′
iϕ is KD4Ig5a-valid.) A modality is in L-normal labeled form if it

is in L-normal form and does not contain modal operators of the form 3i or
〈>〉i. An atom is in L-normal (labeled) form if it is of the form 4E with 4 in
L-normal (labeled) form. An atom is in almost L-normal labeled form if it is of
the form 4A with 4 in L-normal labeled form.

A model generator is a set of ground atoms not containing 3i, 〈>〉i, >. An
L-normal model generator is a model generator consisting of atoms in L-normal
labeled form.

We will define the standard L-model of an L-normal model generator I so
that it is a least L-model of I (where a model M is less than or equal to a model
M ′ if for every positive ground formula ϕ without labeled operators, if M � ϕ
then M ′ � ϕ). In the construction we will use the operator ExtL defined below.

A forward rule is a schema of the form α → β, while a backward rule is a
schema of the form α ← β. A rule can be accompanied with some conditions
specifying when the rule can be applied.

The operator ExtL is specified by the corresponding forward rules given in
Table 1. Given an L-normal model generator I, ExtL(I) is the least extension
of I that contains all ground atoms in L-normal labeled form that are derivable
from some atom of I using the rules specifying ExtL. Note that ExtL(I) is an
L-normal model generator if so is I.

Denote SerialL = {�〈>〉i> | 1 ≤ i ≤ m and �〈>〉i is in L-normal form}.
Let I be an L-normal model generator. The standard L-model of I is con-

structed by building an L-model for ExtL(I) ∪ SerialL according to the se-
mantics of ground labeled modal operators, and formally is defined as fol-
lows. Let W ′ = EdgeLabels∗ (i.e. the set of finite sequences of elements of
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L = KD4Ig5a, L-MProlog

�L is defined in page 10.
The L-normal form of modalities is defined in page 8.

Rules specifying operators ExtL, SatL, NFL, rNFL, rSatL:
(Both sides of each rule are in almost L-normal labeled form.)

ExtL 42iα→42jα if g(i) ⊃ g(j) (1)
42iα→42i2iα (2)

SatL the rules specifying ExtL plus
4〈F 〉iE →42i3iE if g(i) is a singleton (3)
4∇∇′E →43iE if 3i �L ∇ and 3i �L ∇′ (4)

NFL 4∇i∇′
iE →4∇′

iE if g(i) is a singleton and
∇′

i is of the form 2i or 〈E〉i (5)

rNFL 4∇iE ←4〈X〉i∇iE if g(i) is a singleton,
∇i is of the form 2i or 〈E〉i, and X is a fresh atom variable (6)

rSatL 43iE ←4〈X〉iE for X being a fresh atom variable (7)
4∇iα←42jα if g(i) ⊆ g(j) (8)
43iE ←43jE if g(i) ⊃ g(j) (9)
42i2iα←42iα (10)
4∇i3iE ←43iE if g(i) is a singleton (11)
43iE ←4〈X〉j3iE if g(i) ⊇ g(j) and

X is a fresh atom variable (12)

Table 1. A schema for semantics of KD4Ig5a-MProlog

{〈E〉i | E ∈ B ∪ {>} and 1 ≤ i ≤ m}), τ = ε, H(τ) = ExtL(I) ∪ SerialL. Let
R′

i ⊆W ′ ×W ′ and H(u), for u ∈W ′, u 6= τ , be the least sets such that:

– if 〈E〉iα ∈ H(w), then R′
i(w,w〈E〉i) holds and {E,α} ⊆ H(w〈E〉i);

– if 2iα ∈ H(w) and R′
i(w,w〈E〉i) holds, then α ∈ H(w〈E〉i).

Let Ri, for 1 ≤ i ≤ m, be the least4 extension of R′
i such that {Ri | 1 ≤ i ≤ m}

satisfies all the L-frame restrictions except seriality (which is cared by SerialL).
Let W be W ′ without worlds not accessible directly nor indirectly from τ via
the accessibility relations Ri. We call the model graph 〈W, τ,R1, . . . , Rm,H〉
the standard L-model graph of I, and its corresponding model M the standard
L-model of I. {R′

i | 1 ≤ i ≤ m} is called the skeleton of M . By the standard 3-

4 the least extension exists due to the assumption that all L-frame restrictions not
concerning seriality are classical first-order Horn formulas
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realization function on M we call the 3-realization function σ defined as follows:
if R′

i(w,w〈E〉i) holds then σ(w, 〈E〉i) = w〈E〉i, else σ(w, 〈E〉i) is undefined.
It can be shown that the standard L-model of an L-normal model generator

I is a least L-model of I.

4.3 Fixpoint Semantics

We now consider the direct consequence operator TL,P . Given an L-normal model
generator I, how can TL,P (I) be defined? Based on the axioms of L, I is first
extended to the L-saturation of I, denoted by SatL(I), which is a set of atoms.
Next, L-instances of program clauses of P are applied to the atoms of SatL(I).
This is done by the operator T0L,P . The set T0L,P (SatL(I)) is a model generator
but not necessary in L-normal form. Finally, the normalization operator NFL

converts T0L,P (SatL(I)) to an L-normal model generator. TL,P (I) is defined as
NFL(T0L,P (SatL(I))).

To compare modal operators we define �L to be the least reflexive and
transitive relation between modal operators such that 3i �L 〈E〉i �L 2i,
3i �L 〈X〉i �L 2i, and if g(i) ⊆ g(j) then 2i �L 2j and 3j �L 3i.

An atom ∇(1) . . .∇(n)α is called an L-instance of an atom ∇(1′) . . .∇(n′)α′

if there exists a substitution θ such that α = α′θ and ∇(i) �L ∇(i′)θ for all
1 ≤ i ≤ n (treating ∇(i′) as an expression). For example, if g(1) ⊆ g(2) then
2132E is an L-instance of 22〈F 〉1E.

A modality 4 is called an L-instance of 4′, and we also say that 4′ is equal
to or more general in L than4 (hereby we define a pre-order between modalities),
if 4E is an L-instance of 4′E for some ground classical atom E.

Let � and �′ be universal modalities in L-normal form. We say that � is an
L-context instance of �′ if �′ϕ→ �ϕ is L-valid (for every ϕ). (It can be shown
that the propositional version of the logic L is decidable. So, the problem of
checking whether a given universal modality is an L-context instance of another
one is also decidable.)

Let � and �′ be universal modalities in L-normal form, ϕ and ϕ′ be program
clauses with empty modal context. We say that �ϕ is an L-instance of (a program
clause) �′ϕ′ if � is an L-context instance of �′ and there exists a substitution
θ such that ϕ = ϕ′θ.

For example, if g(1) ⊆ g(2) then 2221 is an L-context instance of 22 and
2221(p(a)← q(a)) is an L-instance of 22(p(x)← q(x)).

We now give definitions concerning SatL, T0L,P , and NFL.
The saturation operator SatL is specified by the corresponding forward

rules given in Table 1. Given an L-normal model generator I, SatL(I) is the
least extension of I that contains all ground atoms in almost L-normal la-
beled form that are derivable from some atom in I using the rules specifying
SatL. For example, if g(1) is a singleton and g(2) is not, then 22222131p(a) ∈
SatL({22〈q(b)〉1 p(a)}).

When computing the least fixpoint of a modal logic program, whenever an
atom of the form 43iE is introduced, we “fix” the 3 by replacing the atom by
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4〈E〉iE. This leads to the following definition. The forward labeled form of an
atom α is the atom α′ such that if α is of the form 43iE then α′ = 4〈E〉iE,
else α′ = α. For example, the forward labeled form of 31s(a) is 〈s(a)〉1s(a).

Let P be an L-MProlog program. The operator T0L,P is defined as follows:
for a set I of ground atoms in almost L-normal labeled form, T0L,P (I) is the
least (w.r.t. ⊆) model generator such that if �(A ← B1, . . . , Bn) is a ground
L-instance of some program clause of P and 4 is a maximally general5 ground
modality in L-normal labeled form such that 4 is an L-instance of � and 4Bi is
an L-instance of some atom of I (for every 1 ≤ i ≤ n), then the forward labeled
form of 4A belongs to T0L,P (I).

For example, if g(1) ⊆ g(2) and P contains the clause 22(31p(x) ←
q(x), r(x), 21s(x), 32t(x)) and I = {〈q(a)〉1q(a), 〈q(a)〉1r(a), 2222s(a),
22〈t(a)〉1t(a)}, then 〈q(a)〉1〈p(a)〉1p(a) ∈ T0L,P (I).

The normalization operator NFL is specified by the corresponding forward
rules given in Table 1. Given a model generator I, NFL(I) is the set of all
ground atoms in L-normal labeled form that are derivable from some atom
of I using the rules specifying NFL. For example, if g(1) is a singleton then
NFL({〈q(a)〉1〈p(a)〉1p(a)}) = {〈p(a)〉1p(a)}.

Define TL,P (I) = NFL(T0L,P (SatL(I))). By definition, the operators SatL,
T0L,P , and NFL are all increasingly monotonic and compact. Hence the operator
TL,P is monotonic and continuous. By the Kleene theorem, it follows that TL,P

has the least fixpoint TL,P ↑ω =
⋃ω

n=0 TL,P ↑n, where TL,P ↑0 = ∅ and TL,P ↑n
= TL,P (TL,P ↑(n− 1)) for n > 0. Denote the least fixpoint TL,P ↑ω by IL,P and
the standard L-model of IL,P by ML,P .

It can be shown that for an L-MProlog program P , ML,P is a least L-model
of P . See also Lemma 1 given in Section 5.

4.4 SLD-Resolution

The main work in developing an SLD-resolution calculus for L-MProlog is to
specify a reverse analogue of the operator TL,P . The operator TL,P is a com-
position of SatL, T0L,P , and NFL. So, we have to investigate reversion of these
operators.

A goal is a clause of the form ← α1, . . . , αk, where each αi is an atom.
The following definition concerns reversion of the operator T0L,P .
Let G = ← α1, . . . , αi, . . . , αk be a goal and ϕ = �(A ← B1, . . . , Bn) a

program clause. Then G′ is derived from G and ϕ in L using mgu θ, and called
an L-resolvent of G and ϕ, if the following conditions hold:

– αi = 4′A′, with 4′ in L-normal labeled form, is called the selected atom,
and A′ is called the selected head atom;

– 4′ is an L-instance of a universal modality �′ and �′(A ← B1, . . . , Bn) is
an L-instance of the program clause ϕ;

– θ is an mgu of A′ and the forward labeled form of A;

5 w.r.t. the pre-order between modalities described earlier for L
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– G′ is the goal ← (α1, . . . , αi−1,4′B1, . . . ,4′Bn, αi+1, . . . , αk)θ.

For example, if g(1) ⊆ g(2) then ← 2132q(x),21r(x) is an L-resolvent of
← 21p(x) and 22(p(x)← 32q(x), r(x)) (here, � = 22 and 4′ = �′ = 21).

As a reverse analogue of the operator SatL, we provide the operator rSatL,
which is specified by the corresponding backward rules given in Table 1. We say
that β = rSatL(α) using an rSatL rule α′ ← β′ if α← β is of the form α′ ← β′.
We write β = rSatL(α) to denote that “β = rSatL(α) using some rSatL rule”.

As a reverse analogue of the operator NFL, we provide the operator rNFL,
which is specified by the corresponding backward rules given in Table 1. We
say that β =θ rNFL(α) using an rNFL rule α′ ← β′ if θ is an mgu such
that αθ ← β is of the form α′ ← β′. We write β =θ rNFL(α) to denote that
“β =θ rNFL(α) using some rNFL rule”. For example, if g(1) is a singleton then
we have 〈Y 〉1〈E〉1E =θ rNFL(〈X〉1E) with θ = {X/E} and Y being a fresh
atom variable.

Let G = ← α1, . . . , αi, . . . , αk be a goal. If α′i = rSatL(αi) using an rSatL
rule ϕ, then G′ = ← α1, . . . , αi−1, α

′
i, αi+1, . . . , αk is derived from G and ϕ, and

we call G′ an (L-)resolvent of G and ϕ, and αi the selected atom of G.
Similarly,G′ is derived fromG and an rNFL rule ϕ using an mgu θ, and called

an (L-)resolvent of G and ϕ, if αi is called the selected atom, α′i =θ rNFL(αi)
using ϕ, and G′ = ← α1θ, . . . , αi−1θ, α

′
i, αi+1θ, . . . , αkθ.

For example, resolving ← 2121p(x) with the rule 42i2iα← 42iα results
in ← 21p(x), since 4 is instantiated to the empty modality, i is instantiated
to 1, and α is instantiated to p(x).

Observe that rSatL rules and rNFL rules are similar to program clauses and
the way of applying them is similar to the way of applying classical program
clauses, except that we do not need mgu’s for rSatL rules.

We now define SLD-derivation and SLD-refutation.
Let P be an L-MProlog program and G a goal. An SLD-derivation from

P ∪ {G} in L consists of a (finite or infinite) sequence G0 = G,G1, . . . of goals,
a sequence ϕ1, ϕ2, . . . of variants of program clauses of P , rSatL rules, or rNFL

rules, and a sequence θ1, θ2, . . . of mgu’s such that if ϕi is a variant of a program
clause or an rNFL rule then Gi is derived from Gi−1 and ϕi in L using θi, else
θi = ε (the empty substitution) and Gi is derived from Gi−1 and (the rSatL
rule variant) ϕi. Each ϕi is called an input clause/rule of the derivation.

We assume standardizing variables apart as usual (see [16]).
An SLD-refutation of P ∪ {G} in L is a finite SLD-derivation from P ∪ {G}

in L with the empty clause as the last goal in the derivation.
Let P be an L-MProlog program and G a goal. A computed answer θ in L

of P ∪ {G} is the substitution obtained by restricting the composition θ1 . . . θn

to the variables of G, where θ1, . . . , θn is the sequence of mgu’s used in an SLD-
refutation of P ∪ {G} in L.

4.5 Example

We give here an SLD-refutation of Pwise men ∪ {← 2awhite(a)} in KD4Ig5a,
where Pwise men is the KD4Ig5a-MProlog program given in Section 3.
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Goals Input clauses/rules MGUs
← 2a white(a)
← 2a3b white(a) ϕ1

← 2a〈X2〉b white(a) (7)
← 2a〈X2〉b3c white(a) ϕ2

← 2a〈X2〉b〈X4〉c white(a) (7)
← 2a〈X2〉b〈X4〉c black(b),2a〈X2〉b〈X4〉c black(c) ϕ7

← 2a〈X2〉b black(b),2a〈X2〉b〈X4〉c black(c) ϕ6

← 2a〈black(b)〉b〈X4〉c black(c) ϕ10 {X2/black(b)}
� ϕ11 {X4/black(c)}

5 Soundness and Completeness

In this section, we prove soundness and completeness of the SLD-resolution
calculus given for KD4Ig5a-MProlog, which is stated as follows.

Theorem 1. Let P be an KD4Ig5a-MProlog program and G an KD4Ig5a-
MProlog goal. Then every computed answer in KD4Ig5a of P ∪ {G} is a cor-
rect answer in KD4Ig5a of P ∪ {G}. Conversely, for every correct answer θ in
KD4Ig5a of P ∪{G}, there exists a computed answer γ in KD4Ig5a of P ∪{G}
which is more general than θ (i.e. θ = γδ for some substitution δ).

In [22], we presented a general framework for developing fixpoint semantics,
the least model semantics, and SLD-resolution calculi for logic programs in mul-
timodal logics, and proved that under certain expected properties of a concrete
instantiation of the framework for a specific multimodal logic, the SLD-resolution
calculus is sound and complete. The semantics of KD4Ig5a-MProlog presented
in the previous section and summarized in Table 1 is based on and compatible
with the framework given in [22].

By the results of [22], to prove soundness and completeness of SLD-resolution
of KD4Ig5a-MProlog, we can prove Expected Lemmas 4 – 10 of [22] (w.r.t. the
schema given in Table 1). The Expected Lemma 6 is trivial, and the Expected
Lemmas 7 – 10, which concern properties of the operators SatL, NFL, rSatL,
and rNFL, can be verified in a straightforward way. The remaining Expected
Lemmas 4 and 5 are renumbered respectively as Lemmas 1 and 2 given below.

A model generator I is called an L-model generator of P if TL,P (I) ⊆ I.

Lemma 1. Let P be an L-MProlog program and I an L-model generator of P .
Then the standard L-model of I is an L-model of P .

Lemma 2. Let I be an L-normal model generator, M the standard L-model
of I, and α a ground L-MProlog goal atom. Suppose that M � α. Then α is an
L-instance of some atom of SatL(I).

To prove these lemmas we need Lemmas 3 and 4 given below.
If a modality 4 is obtainable from 4′ by replacing some (possibly zero) ∇i

by 2i then we call 4 a 2-lifting form of 4′. If 4 is a 2-lifting form of 4′ then
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we call an atom 4α a 2-lifting form of 4′α. For example, 21〈p(a)〉122q(b) is a
2-lifting form of 〈X〉1〈p(a)〉132q(b).

Lemma 3. Let I be an L-normal model generator and M =
〈W, τ,R1, . . . , Rm,H〉 the standard L-model graph of I. Let w = 〈E1〉i1 . . . 〈Ek〉ik

be a world of M and 4 = w be a modality. Then for α not containing >,
α ∈ H(w) iff there exists a 2-lifting form 4′ of 4 such that 4′α ∈ ExtL(I).

This lemma can be easily proved by induction on the length of 4.
The following lemma is labeled Expected Lemma 2 in [22]. It states that the

standard L-model of I is really an L-model of I.

Lemma 4. Let I be an L-normal model generator, M the standard L-model of
I, and σ the standard 3-realization function on M . Then M is an L-model and
M,σ � I.

Proof. By the definition, M is an L-model. Let {R′
i | 1 ≤ i ≤ m} be the skeleton

of M . We prove by induction on the length of α that for any w ∈W , if α ∈ H(w)
then M,σ,w � α. The cases when α is a classical atom or α = 〈E〉iβ are trivial.
Consider the remaining case when α = 2iβ. Let u be a world such that Ri(w, u)
holds. Because ExtL(I) contains only atoms in L-normal form and 2iβ ∈ H(w),
there does not exist v such that R′

i(v, w) holds. Consequently, since Ri(w, u)
holds, there exist worlds w0 = w, w1, . . . , wh−1, wh = u and indices j1, . . . , jh
with h ≥ 1 such that R′

j1
(w0, w1), . . . , R′

jh
(wh−1, wh), and g(k) ⊆ g(i) for all

k ∈ {j1, . . . , jh}. Since 2iβ ∈ H(w), by Lemma 3, there exists a 2-lifting form
4′ of 4 = w such that 4′2iβ ∈ ExtL(I). By the rules specifying ExtL, it
follows that 4′2j1 . . .2jh

β ∈ ExtL(I). Hence, by Lemma 3, β ∈ H(u). By the
inductive assumption, M,σ, u � β. Hence M,σ,w � 2iβ.

Proof of Lemma 1 Let M be the standard L-model of I and σ the standard
3-realization function on M . By the definition of L-instances of program clauses
and the construction of M , it is sufficient to prove that for any ground L-instance
�(A ← B1, . . . , Bn) of some program clause of P , for any w ∈ W being an
L-instance of �, M,w � (A ← B1, . . . , Bn). Suppose that M,w � Bi for all
1 ≤ i ≤ n. We show that M,w � A.

Let 4 = w = 〈E1〉i1 . . . 〈Ek〉ik
. We first show that for any ground simple

atom B of the form E, 2iE, or 3iE, if M,w � B then 4B is an L-instance of
some atom from SatL(I). Suppose that M,w � B. If k ≥ 1 and i = ik and g(i)
is a singleton, then let v = 〈E1〉i1 . . . 〈Ek−1〉ik−1 , else let v = w.

If B = E, then by Lemma 3, some 2-lifting form of 4B belongs to ExtL(I),
and hence 4B is an L-instance of some atom from SatL(I).

Now suppose that B = 2iE. Let u = v〈>〉i and 4′ = v2i. We have Ri(w, u),
and hence M,u � E. By Lemma 3, it follows that some 2-lifting form of 4′E
belongs to ExtL(I). Hence, 4B is an L-instance of some atom from SatL(I).

Next, suppose that B = 3iE. Consider the case w 6= v (i.e. i = ik and g(i) is
a singleton). Since M,w � B, there exists F such that v〈F 〉i is a world of M and
M,v〈F 〉i � E. Let4′ = v〈F 〉i. By Lemma 3, some 2-lifting form of4′E belongs
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to ExtL(I). Hence, by the rules (2) and (3) of SatL,4B is an L-instance of some
atom from SatL(I). Now consider the case w = v (i.e. k = 0 or i 6= ik or g(i)
is not a singleton). Since M,w � 3iE, there exists u = w〈F1〉j1 . . . 〈Fh〉jh

such
that M,u � E, h ≥ 1, and g(l) ⊆ g(i) for all l ∈ {j1, . . . , jh}. By Lemma 3, some
2-lifting form of w〈F1〉j1 . . . 〈Fh〉jh

E belongs to ExtL(I). It follows that some
2-lifting form of 4〈F1〉j1 . . . 〈Fh〉jh

E belongs to SatL(I). By the rules of SatL,
some 2-lifting form of 43iE belongs to SatL(I). Hence 4B is an L-instance of
some atom from SatL(I).

Since M,w � Bi for 1 ≤ i ≤ n, it follows that 4Bi is an L-instance of
some atom from SatL(I). Consequently, 4A is an L-instance of some atom α
from T0L,P (SatL(I)). Let α′ be the L-normal form of α, i.e. NFL({α}) = {α′}.
We have α′ ∈ TL,P (I) ⊆ I. By Lemma 4, M,σ � α′. If α′ = α then we can
derive from M,σ � α′ that M,w � A. Suppose that α′ 6= α. Thus, α is of the
form 4′′∇i∇′

iE, where 4′′∇i = 4, g(i) is a singleton, and ∇′
i is 2i or 〈E〉i. If

∇′
i = 〈E〉i then A = 3iE. We have that α′ = 4′′∇′

iE. Since M,σ � α′ and g(i)
is a singleton, it follows that M,σ � 4′′2iA. Hence M,w � A. This completes
the proof.

Proof of Lemma 2 Let 〈W, τ,R1, . . . , Rm,H〉 be the standard L-model graph
of I, � = 2i1 . . .2ik

be a modality, and w = 〈>〉i1 . . . 〈>〉ik
. Suppose that α

is of the form �E. Since M � α, we have M,w � E. Hence, by Lemma 3,
�E ∈ ExtL(I), and we also have �E ∈ SatL(I). Now suppose that α is of
the form �3iE with the property that if g(i) is a singleton then i 6= ik. Since
M � α, we have M,w � 3iE. Hence there exists u = w〈F1〉j1 . . . 〈Fh〉jh

such
that E ∈ H(u), h ≥ 1, and g(l) ⊆ g(i) for all l ∈ {j1, . . . , jh}. By Lemma 3, some
2-lifting form of w〈F1〉j1 . . . 〈Fh〉jh

E belongs to ExtL(I). It follows that some
2-lifting form of �〈F1〉j1 . . . 〈Fh〉jh

E belongs to ExtL(I) and SatL(I). Hence
�3iE is an L-instance of some atom from SatL(I).

We have proved Lemmas 1 and 2, which completes the proof of Theorem 1.

6 Conclusions

Our contributions in this paper are: the schema for semantics of KD4Ig5a-
MProlog given in Table 1, proofs of the soundness and completeness of SLD-
resolution for KD4Ig5a-MProlog, and a formalization of the wise men puzzle
in the purely logical formalism of KD4Ig5a-MProlog together with its SLD-
refutation.

In this text, we recalled a large number of definitions and constructions from
[22] (which in turn is an extension of [19]) in order to make the paper self-
contained and understandable. This does not reduce the originality of the above-
mentioned contributions.

The SLD-refutation given in Section 4.5 for the wise men puzzle does not
uses rules or properties involving with axiom (5a). Consequently, the puzzle can
be solved in the logic KD4Ig = Km +(D)+(4)+(Ig). The choice of KD4Ig5a is
justified as one of possible multimodal logics of belief and common/mutual belief
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that can be used to formalize the wise men puzzle. Our framework for modal
logic programming [22] is applicable for a wide class of multimodal logics and it
can be extended for other Kripke model semantics (e.g. with varying domain or
non-rigid terms).

This paper considers only one of different aspects of multi-agent systems. In
particular, we did not consider temporal dimension, actions, and events. Thus
the current version of MProlog is not yet an agent programming language like
AgentSpeak(L) [25], 3APL [13], and KARO [18]. To deal with the mentioned
aspects, possible solutions are to adopt CTL like the BDI-architecture [26], (con-
current) dynamic logic like the KARO system [18], or discrete linear temporal
logic. Extending MProlog with dynamic logic or discrete linear temporal logic is
possible, because such logics can be treated as modal logics. However, this is still
not sufficient for practical multi-agent systems. There remain a lot of problems
to be solved. In our opinion, multi-agent planning deserves for more attention.
Also, perhaps we should use rewards and penalties for cooperative and com-
petitive6 multi-agent systems to deal with negotiation and cooperation. But in
that case, it seems not easy to adopt logics for specification and verification of
multi-agent systems.

In summary, this paper is on reasoning about common/mutual belief (which
was also considered in the paper [18] on KARO, but neglected in [26, 25, 13]). It
shows that the wise men puzzle can be nicely formalized in a multimodal logic of
belief using modal logic programming. Our system is goal-driven and we focused
on theoretical aspects like soundness and completeness.
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Institute of Mathematics and Informatics
Akademijos 4, Vilnius 08663, LITHUANIA

{regis, aida}@ktl.mii.lt

Abstract. A deduction-based decision procedure for a fragment of mutual be-
lief logic with quantified agent variables (MBQL) is presented. A language of
MBQL contains variables and constants for agents. The language ofMBQL is
convenient to describe properties of rational agents when the number of agents is
not known in advance. The multi-modal logicKD45n extended with restricted
occurrences of quantifiers for agent variables is a component ofMBQL. For this
logic loop-check-free sequent calculus is proposed. This calculus corresponds to
contraction-free calculus and does not require to translate sequents in a certain
normal form. Another new point of presented decision procedure is existentially
invertible separation rules. For a sequent containing occurrences of mutual belief
modality two type of loop-check can be used: for positive occurrences of mutual
belief modality loop-check can be used to find non-logical (loop-type) axioms,
and for negative ones — to establish a non-derivability criterion.

1 Introduction

Mutual belief (common knowledge) logics are multi-modal logics extended
with mutual belief (common knowledge) and everybody believes (everybody
knows) modalities. Sequent-like calculi (with analytic cut rule instead of loop-
type axioms) and Hilbert-style calculi for propositional common knowledge
logics (based on finite set of agents) are constructed in several works (see, e.g.,
[1], [4], [11]). In [6] Hilbert-style calculus for common knowledge logic with in-
finite set of agents is presented. This calculus involves some restrictions on car-
dinality of set of agents and contains rather complex axiom for everybody knows
operator. Propositional Hilbert-type calculus for mutual belief logic (based on
finite set of agents) is constructed in several works (see, e.g., [2]).

Propositional agent-based logics are often insufficient for more complex
real world situations. First-order extensions of these logics are necessary when-
ever a cardinality of an application domain and/or the number of agents are not
known in advance. In [14] it is described a rich logicLORA (Logic of Ratio-
nal Agents), based on a three-sorted first-order logic (containing variables for
agents, actions and other individuals), multi-agentBDI logic, and a dynamic



logic. In [10] a logicQLB (quantified logic for belief) with Barcan axiom con-
taining variables for agents and other individuals is presented. The same idea as
in [10] and [14], namely,use of term as an agent, is utilized in term-modal log-
ics [5]. In [13] a decision procedure for a fragment of temporal logic of belief
and actions with restricted occurrences of quantified agent and action variables
is presented.

In this paper, a fragment of mutual belief logic with quantified agent vari-
ables (MBQL) is considered. Different from [5], [10] and [14], the language of
MBQL does not contain function symbols. The aim of this paper is to present
a deduction-based decision procedure forMBQL. The presented decision pro-
cedure is based on sequent-like calculusMBQ with invertible rules (in some
sense). Separation rules is an important point of presented decision procedure.
These existentially invertible rules incorporate “bad” quantifier rules for agent
variables, the rules for everybody believes modality, and rules for belief modal-
ities. Some deduction tools similar to separation rules are used informally in
[12] for propositional (single agent)BDI logic. A decision procedure for logic
KD45n extended with restricted occurrences of quantifiers for agent variables
is another important point. For this logic loop-check-free sequent calculus is
proposed. This calculus corresponds to contraction-free sequent calculus. How-
ever, loop-check-free type sequent calculusdiffers from contraction-free se-
quent calculus. In contraction-free sequent calculus (see [3], [7]) duplication of
the main formula in the premise of a rule iseliminated at all. In loop-check-free
sequent calculus duplication of the main formula in the premise of a rule isnot
eliminatedbut applications of rules containing such duplications arerestricted.
It allows to eliminate loop-check and does not require to translate sequents in a
certain normal form as in [7]. For a sequent containing occurrences of mutual
belief modality two type of loop-check can be used: for positive occurrences of
mutual belief modality loop-check can be used to find non-logical (loop-type)
axioms, and for negative ones – to establish a non-derivability criterion.

Here a procedural approach of decidable logical calculi is used and we as-
sume that the notions of a decidable calculus and a deduction-based decision
procedure are identical.

The paper is organized as follows. In Section 2, the language and the seman-
tics of theMBQL are presented. In Section 3, auxiliary tools for the presented
decision procedure are described. In Section 4, a decision algorithm is presented
relying on the sequent calculusMBQ and some examples demonstrating the
presented algorithm are given. In Section 5, a foundation of the decision algo-
rithm is given.
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2 Language and semantics ofMBQL

TheMBQL consists of the multi-modal logicKD45n (doxastic logic or weak-
S5n) extended with restricted occurrences of quantifiers for agent variables and
logic containing mutual belief and everybody believes modalities [2].

The languageof MBQL contains: (1) a set of propositional symbolsP ,
P1, . . ., Q, Q1, . . .; (2) a set of agent constantsi, i1, . . ., a1, . . . , b1, . . . , (i, il,
aj , bj ∈ {1, . . .}); (3) a set of agent variablesx, x1, . . . , y, y1, . . .; (4) a set
of belief modality of the shapeB(t), wheret is an agent term, i.e., an agent
constant or an agent variable; everybody believes modalityEB; mutual belief
modality MB; (5) logical operators:⊃, ∧, ∨, ¬, ∀, ∃.

Formula of MBQL is defined inductively as follows: every propositional
symbol is formula; ifA, B are formulas, thenA ⊃ B, A∧B, A∨B, ¬(A) are
formulas; if i is an agent,A is a formula, thenB(i)A is a formula; ifx is an
agent variable,A is a formula,Q ∈ {∀,∃}, thenQxB(x)A is a formula; ifA is
a formula, thenEB(A) and MB(A) are formulas. The formulaA is a logical
one ifA contains only logical operators and propositional symbols.

As it follows from definition of formula, we do not consider, for exam-
ple, expressions of the shape∀x∃y B(x)B(y)A, but expressions of the shape
∀xB(x)∃y B(y)A are considered.

When the formula under consideration contains occurrences of operators
EB and/orMB it is assumed that the number of agents isfinite. In this case the
formula∀xB(x)A means informally the same as the formula

∧n
i=1 B(i)A and

the formula∃xB(x)A – as the formula
∨n

i=1 B(i)A. Since the exact number
of agents is not knownin advance, in general, we use formulas with quantified
agent variables.

The formulaB(i)A means “agenti believesA”. Formal semantics of the
formula B(i)A satisfies the semantics of the logicKD45n. The formulaEB(A)
means “every agent believesA”, i.e. EB(A) ≡

∧n
i=1 B(i)A. The formula

MB(A) means: “A is mutual belief of all agents”. Therefore we use only so-
calledpublic mutual belief modality and assume that there isperfect commu-
nication between agents. The formulaMB(A) has the same meaning as the
infinite formula

∧
k≥1 EBk(A), whereEB1(A) = EB(A), and EBk(A) =

EBk−1(EB(A)), if k > 1. Infinitary nature of the modalityMB is explained
in [14]. The modalitiesMB and EB behave as modality of logicKD4. In
addition, these modalities satisfy an induction-like property:

EB(A) ∧ MB(A ⊃ EB(A)) ⊃ MB(A).
All belief modalities can be nested. For example, formulaB(i1)B(i2)P ,

whereP is a proposition “John is a good programmer”, means “agenti1 be-
lieves that agenti2 believes that John is a good programmer”. The formula
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∃xB(x)∀y B(y)P , whereP means the same as above, means “some agent be-
lieves that each agent believes that John is a good programmer”.

To define the formal semantics of the formulaQxB(x)A (Q ∈ {∀,∃})
we must present an interpretation of agent variables. Such interpretation is re-
ceived by means of an assignment:V → D (agent assignment), whereV is a
set of agent variables,D is a domain of agent constants. A modelM is a pair
< I, a >, where a is an agent assignment,I is a tuple< D,St, π,R >,
whereD is a domain of agent constants;St is a set of states;π is an interpreta-
tion function of the propositional variables;R is the accessibility relations. All
these relations satisfy transitive, serial, and Euclidean properties.

The concept “formulaA is valid in M =< I, a > at the states ∈ St” (in
symbolsM, s |= A) is defined by induction on the structure of the formula of
MBQL. Let us define only the cases whenA is QxB(x)N , whereQ ∈ {∀,∃}
(other cases are defined analogously as in [2], [4], [11], [14]).

M, s |= ∀xB(x)N if and only if for every agent assignmenta′ which
differs from a at most with respect to an agent constanti, < I, a′ > |= B(i)N ;

M, s |= ∃xB(x)N if and only if for some agent assignmenta′ which dif-
fers from a at most with respect to an agent constanti, < I, a′ > |= B(i)N ;

Along with formulas we considersequents, i.e., formal expressionsA1, . . . ,
Ak → B1, . . . , Bm whereA1, . . . , Ak (B1, . . . , Bm) is a multiset of formulas.
The sequent is interpreted as the formula

∧k
i=1 Ai ⊃

∨m
j=1 Bj . A sequentS is a

logical one ifS contains only logical formulas.
Let us recall the notions of positive and negative occurrences.
A formula (or some symbol) occurspositivelyin some formulaB if it ap-

pears within the scope of no negation sign or in the scope of an even number
of the negation sign, once all the occurrences ofA ⊃ C have been replaced by
¬A∨C; in the opposite case, the formula (symbol) occursnegativelyin B. For
a sequentS =A1, . . . , Ak→B1, . . . , Bm positive and negative occurrences are
determined just like for the formula

∧k
i=1 Ai ⊃

∨m
j=1 Bj .

3 Some Auxiliary Tools of the Decision Algorithm

A presented decision procedure is based on a sequent calculus with invertible
rules. All derivations are constructed as a backward derivations. In this section,
we present the main auxiliary tools of the decision algorithm: logical calculus,
reduction and separation rules, and contraction rules.

Let (j) be any rule of a sequent calculus. Rule(j) is applied to get the con-
clusion of(j) from the premises of(j). If rule (j) is backward applied, i.e., to
get premises of(j) from the conclusion of(j) we have a “bottom-up applica-
tion of (j)” instead of “application of(j)”. The rule(j) is calledinvertible in a
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sequent calculusI, if the derivability inI of the conclusion of(j) implies the
derivability in I of each premise of(j). If the rule(j) is invertible, the bottom-
up application of(j) preserves the derivability.

A decidablecalculusLog is defined by the axiom:Γ,A → ∆, A (where
A is the main formula of the axiom) and traditional invertible rules for logical
operators⊃,∨,∧,¬.

A derivation in the calculusLog is constructed as a tree using the bottom-
up applications of the rules. A derivationD is successfulif each leaf ofD is an
axiom andunsuccessfulif there exists a leaf which is not an axiom.

Let us define reduction rules by means of which a sequent is reduced to a
set of sequents in some canonical forms (see below).

Reduction rulesconsist of the following rules:

– Logical rules: all the rules of the calculusLog and the following rules:

Γ→∆, A[b/x]
Γ→∆,∀xA

(→∀) A[b/x], Γ→∆

∃xA, Γ→∆
(∃ →),

where the variablex is agent variable and agent constantb (called an eigen-
constant) does not enter the conclusion of the rules.

– Rules for mutual belief:

EB(A), EB(MB(A)), Γ → ∆

MB(A), Γ → ∆
(MB →)

Γ → ∆, EB(A); Γ → ∆, EB(MB(A))
Γ → ∆, MB(A)

(→ MB).

– Rule for everybody believes:

Γ → ∆,
∧n

i=1 B(i)A
Γ → ∆, EB(A)

(→ EB), wheren is a number of agents.

Remark 1 We do not introduce reduction rule for everybody believes operator
(corresponding to implicationEB(A) ⊃

∧n
i=1 B(i)A, wheren is a number of

agents) because it is included in separation rules (see below).

To define the separation rules some canonical forms of sequents are introduced.
A sequentS is a primarysequent, ifS is of the following shape:

Σ1,∀BΓ, EBΠ1, MB∆1 → Σ2,∃B∆, EBΠ2, MB∆2, where
– for everyi (i ∈ {1, 2}) Σi is empty or consists of logical formulas;
– ∀BΓ denotes a list∀xB(x)Γ0, B(1)Γ1, . . . , B(n)Γn, where
∀xB(x)Γ0 (denoted asΘ1 below) is empty or consists of formulas of the
shape∀xj B(xj)Mj , j ∈ {1, 2, . . .}; B(l)Γl, 1 ≤ l ≤ n, is emptyor
consists of formulas of the shapeB(l)C;
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– ∃B∆ denotes a list∃xB(x)∆0, B(1)∆1, . . . , B(n)∆n, where
∃xB(x)∆0 is empty or consists of formulas of the shape∃xj B(xj)Nj ,
j ∈ {1, 2, . . .}; B(r)∆r, 1 ≤ r ≤ n, is emptyor consists of formulas of
the shapeB(r)D;

– for everyi (i ∈ {1, 2}) EBΠi ( MB∆i) is empty or consists of formulas
of the shapeEB(A) ( MB(A), correspondingly).

A sequentS is areduced primarysequent, ifS is a primary one not containing
MB∆i butΓ, ∆,Π1,Π2 may contain modalityMB.

A reduced primary sequentS is an EB-pure reduced primaryone if S is
of the following shapeΣ1,Θ1, BΓ̃ , EBΠ1 → Σ2, EBΠ2, where (1)Θ1 =
∀xB(x)Γ0; (2) BΓ̃ is empty or denotes a listB(1)Γ1, . . . , B(n)Γn such that
n is a number of agents and foreveryl (1 ≤ l ≤ n) B(l)Γl is not empty;
(3) at least one fromEBΠ1, EBΠ2 is not empty. Otherwise, the sequentS is
non-EB-pure reduced primaryone.

From the shape of the primary sequent it is easy to see that bottom-up apply-
ing logical rules each sequent can be reduced to a set of primary sequents. As
it follows from the shape of reduced primary sequent, bottom-up applying all
reduction rules each primary sequent can be reduced to a set of reduced primary
sequents.

To avoid loop-check in considered extension of the logicKD45n let us
introduce marks of two sorts and indices. The marks are used in separation
rules for modalitiesB(t) and EB. Thefirst sort markhas the shapeΥ∗ (Υ∗ ∈
{B∗(t), EB∗, MB∗}). The first sort mark is defined as follows: let a formula
A is in the sphere of action of a marked modalityΥ∗. Then an occurrence of
any modalityΥ (Υ ∈ {B(t), EB, MB}) in A is marked by the first sort
mark andΥ∗∗ = Υ∗. Both positive and negative occurrences of modalityΥ
may contain the first sort mark. Thesecond sort markhas the shapeB−(t).
Only positive occurrences of belief modalityB(t) in a sequent may contain
the second sort mark. This mark is essential to get loop-check-free derivations
in considered extension of the logicKD45n. Besides marked modalities we
use indexed formulasof the shape∃x◦ Bk(x◦)A, where∃x◦ ∈ {∅,∃x} and
x◦ = i if ∃x◦ = ∅; an indexk is empty ork ∈ {∗◦1, . . . , ∗◦m}, where∗◦ ∈
{∅, ∗}. Only positive occurrencesof formulas of the shape∃x◦ B(x◦)A in the
succedent of a sequent may contain the indices. In the indexk of the shape
∗◦l l denotes a number of bottom-up applications of a separation rule for belief
modality with the same main formula.

Let us introduce separation rule for everybody believes modalityEB. The
conclusion of this separation rule is aEB-pure reduced primary sequent, such
that logical partΣ1→Σ2 is not derivable in the calculusLog.
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Separation rule (SR1) for everybody believes modalityEB:

Θ∗
1, Γ0, B∗Γ̃ , Γ̃ , EB∗Π1,Π1→A◦

Σ1,Θ1, BΓ̃ , EBΠ1→Σ2, EBΠ2, EB(A◦)
(SR1),

whereΘ1 and BΓ̃ are determined in the definition ofEB-pure reduced pri-
mary sequent;̃Γ (obtained fromBΓ̃ ) denotes a listΓ1, . . . , Γn, wheren is a
number of agents;EB(A◦) ∈ {∅, EB(A)}; if EBΠ2, EB(A◦) is empty,
thenA◦ is empty, otherwiseA◦ = A.

The formulaEB(A) in the rule(SR1) is themain formulaof this rule.
Let us introduce two separation rules for belief modalityB(t) denoted as

(SR2) and(SR3). The conclusion of these separation rules is a reduced primary
sequent, such that logical partΣ1→Σ2 is not derivable inLog.

Separation rule (SR2) for belief modality B(t):

Θ∗
1, Γ0, B∗(l)Γl, Γl, EB∗Π1,Π1→Θ2, B(r)∆r,∃x◦ Bσ(x◦)M,M

Σ1,∀BΓ, EBΠ1→Σ2,∃B∆, ∃x◦ Bk(x◦)M, EBΠ2
(SR2),

where∀BΓ , ∃B∆, andΘ1 are determined in the definition of primary sequent;
Θ2 means∃xB(x)∆0.

The formula∃x◦ Bk(x◦)M is themain formulaof (SR2); ∃x◦ ∈ {∅,∃x}.
To define an indexσ let us consider two cases.
(1) ∃x◦ = ∅, thenx◦ = i and∃x◦ Bk(x◦)M has a shapeBk(i)M . In this

casel=r= i, i.e., B(l)Γl andB(r)∆r consist of formulas of the shapeB(i)D.
The indexσ is defined in the following way. Letρ (η) be the number of negative
(positive, correspondingly) occurrences of modalitiesB(i), EB, MB in M ;
let τ0, τ1, . . . , τn, τn+1 be the number of negative occurrences of modalities
B(i), EB, MB in Γ0, Γ1, . . . , Γn,Π1, respectively, andτ = max(τ0, τ1, . . . ,
τn, τn+1), ρ ′ = max(ρ − η, τ − η). Thenk ∈ {∗◦0, . . . , ∗◦ρ ′} (where∗◦ ∈
{∅, ∗}), at the very beginningk is empty and is treated as∗◦0. The indexσ is
defined as follows: ifk = ∗◦l, l ∈ {0, . . . , ρ ′} andl < ρ ′ thenσ = ∗◦(l + 1);
otherwise, i.e., ifk=∗◦l andl=ρ ′, thenσ=−.

(2) ∃x◦=∃x. In this case all pairs consisting fromB(l)Γl (1 ≤ l ≤ n) and
B(r)∆r (1 ≤ r ≤ n) must be reset. The indexσ is defined in the same way
as in the case (1) replacing a modalityB(i) with B(t), wheret is any agent
variable or any agent constant.

The separation rule(SR2) corresponds to transitivity and Euclidean prop-
erties of belief modality.

Separation rule (SR3) for belief modality B(t):

Θ∗
1, Γ0, B∗(l)Γl, Γl, EB∗Π1,Π1→

Σ1,∀BΓ, EBΠ1→Σ2,∃B∆, EBΠ2
(SR3),
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where∀BΓ , ∃B∆, andΘ1 are the same as in the rule(SR2).
The rule(SR3) corresponds to the serial property of belief modality.
During the reduction to primary and reduced primary sequents the following

contraction rules are used.
Contraction rules. The rule allowing to replaceA,A1 with A (whereA

andA1 coincide or are congruent ones [9]) is an ordinary contraction rule. The
rules allowing to replaceBk(t)A, B◦(t)A, where◦ ∈ {∅, ∗}, with Bk(t)A,
to replaceBk(t)A, B−(t)A with B−(t)A, and to replaceΥ∗A, ΥA, where
Υ ∈ {B(t), EB, MB}, with Υ∗A are marked contraction rules. Contraction
rules are backward appliedimplicitly (together with other rules).

Some examples in next section demonstrate an application of the separation
rules and the use of the marks/indexes.

4 Description of Decision Algorithm

In presented decision procedure for the extension of the logicKD45n loop-
check-free sequent calculus is proposed. Such type calculi correspond to contrac-
tion-free calculus for modal logic. For a sequent containing different occur-
rences of mutual belief modalityMB two kind of loop-check (saturation) are
used: for positive occurrences of mutual belief modality loop-check is used to
find non-logical (loop-type) axioms, and for negative ones loop-check (called
degenerate saturation) is used to establish a non-derivability criterion.

So, along with the logical axioms, we use non-logical (loop-type) axioms (as
in other works on temporal and agent-based logics with induction axioms, see,
e.g., [12], [13]). First we define parametrically identical formulas and sequents.
Namely, formulasA andA′ are called parametrically identical ones (in symbols
A ≈ A′) if either A = A′, or A andA′ are congruent [9], or differ only by
the corresponding occurrences of eigen-constants of the rules(→ ∀), (∃ →);
moreover , the occurrences of modalityΥ and marked modalityΥ∗, whereΥ ∈
{B(t), EB, MB}, are treated as coinciding. SequentsS = A1, . . . , Ak →
Ak+1, . . . , Ak+m andS′ = A′

1, . . . , A
′
k → A′

k+1, . . . , A
′
k+m are parametrically

identical (in symbolsS ≈ S′), if ∀j (1 ≤ j ≤ k + m) formulasAj andA′
j are

parametrically identical ones. We say that a sequentS = Γ → ∆ subsumes a
sequentS′ = Π,Γ ′ → ∆′, Θ (in symbolsS � S′) if Γ → ∆ ≈ Γ ′ → ∆′ (in
special case,S =S′). A sequentS′ is subsumedby S.

To obtain a negative criterion of derivability for the extension of the logic
KD45n let us introduce a notion ofb-final sequent.

A primary sequent of the shapeΣ1,∀B∗Γ, EB∗Π1, MB∗∆1 → Σ2,
∃B−∆ (in special case,Σ2,∃B−∆ is empty), such that logical part of this se-
quent, namely,Σ1→Σ2 is not derivable in the calculusLog, is b-final sequent.
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Let D be a derivation in some calculus andi be a branch inD. The primary
sequentS = Γ → ∆ from the branchi is asaturatedsequent if, in the branchi
aboveS, there exists a subsumed byS primary sequentS′, i.e.,S � S′.

Let S = Σ1,∀BΓ, EBΠ1, MB∆1 → Σ2, EBΠ2 be a saturated primary
sequent in a derivationD. ThenS is degenerated saturatedone if in D there
exists a subsumed byS primary sequentS′ of the shapeΣ′

1,∀B∗Γ ′, EB∗Π ′
1,

MB∗∆′
1 → Σ′

2, EB◦Π ′
2 (◦ ∈ {∅, ∗}) such that (1) logical part ofS′ is not

derivable in the calculusLog; (2) Π ′
2 does not contain any positive occurrence

of modality MB.
A saturated primary sequentS is MB- saturatedif S = Γ → ∆, MB(A).

Sequents subsumed by anMB-saturated sequent will be used as non-logical
axioms.

The decision algorithm for an arbitrary sequent is realized by means of a
calculus for mutual belief (MBQ).

CalculusMBQ:
A calculusMBQ is obtained from the calculusLog adding the separation

rules(SRl) (1 ≤ l ≤ 3), the reduction rules, contraction rules, and non-logical
axioms of the shapeΓ → ∆, MB(A).

A derivationD in the calculusMBQ is anordered derivation, if it consists
of several levels and each level consists of bottom-up applications of reduction
rules. In this derivation at each level, when a set consisting of only reduced pri-
mary sequents is received, allpossiblebottom-up applications of the separation
rules to every reduced primary sequent are realized. Each bottom-up application
of the separation rules provides a possibility to construct adifferent(in general)
ordered derivationDk (k ≥ 1). Let in the levelj it be possible to bottom-up
apply the rule(SR2) using as the main formula of this rule several formulas,
namely,∃x◦1B(x◦1)M1, . . . ,∃x◦rB(x◦r)Mr. In this case as the main formula of
(SR2) we choose a such formula∃x◦i B(x◦i )Mi which was previously used as
the main formula of this rule in the levelj − k (k ≥ 1). A such tactic of
construction of an ordered derivation is calleddirectedone. To eliminate redun-
dancy from constructed ordered derivation in each level we do not consider (for
a while) a sequent which is subsumed by some sequent in the level.

The ordered derivationDk is a successful one, ifeachleaf ofDk ends with
axiom (either logical or non-logical). The notion of logical axiom is obvious.
Let us consider the notion of non-logical axiom in more detail. Let in ordered
derivationD there exists reduction of a primary sequent of the shapeS = Γ →
∆, MB(A) to a set of primary sequentsS1, . . . , Sp, where sequentSk (1 ≤
k ≤ p) has the shapeΠ,Γ ′

k → Θ,∆′
k, MB(A′) and is such thatΓ → ∆ ≈

Γ ′
k → ∆′

k andA ≈ A′. The sequentS belongs toi-th level ofD andSk belongs
to (i + l)-th level ofD (l ≥ 1). Then the sequentsSk are considered as non-
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logical (MB-loop-type) axioms ofMBQ. In Section 5 it will be justified that
non-logical axioms are founded automatically and consist of some parts of an
end sequent ofD.

If thereexistsan ordered derivationD of sequentS such that in a leaf ofeach
branchi of D there is either a logical axiom, or a non-logical axiom, then in both
these casesMBQ ` S (positive criterion of termination of the procedure). If in
all possible ordered derivationsDk of a sequentS thereexistsa branch having
a sequent which is either non-derivable inLog or degenerated saturated one or
b-final one, thenMBQ 0 S (negative criterion of termination of the procedure).

In the next section it will be justify that for any sequent a process of con-
struction of an ordered derivation always terminates and proceeds automatically.

Bottom-up application of the reduction rule(→ MB) is induction-freeone,
if the left premiseS′ of this rule has a shapeΓ → ∆, EB(A), where∆, A do
not contain positive occurrences of modalityMB. If MBQ `D S′ andD does
not contain non-logical axioms then this bottom-up application issuccessful.

From the notion of an ordered derivation inMBQ we get the following

Lemma 1 (derivability criterion in MBQ) Let S be an arbitrary sequent.
ThenMBQ `D S if and only if each induction-free bottom-up application
of the reduction rule(→ MB) in D is successful.

Let (SR+
2 ) be the rule obtained from the rule(SR2) changing a definition of

the indexσ. Namely, let∃x◦ Bk(x◦)M be the main formula of the rule(SR+
2 ),

andk ∈ {∗◦0, ∗◦1, . . .} (where∗◦ ∈ {∅, ∗}), at the very beginningk is empty
and is treated as∗◦0; if k = ∗◦l thenσ = ∗◦(l + 1). Let a calculusMBQ+ is
obtained fromMBQ adding the rule(SR+

2 ). An application of the rule(SR+
2 )

in MBQ+ is degenerate ifσ ≥ ρ ′ +1, whereρ ′ is determined in the same way
as in the rule(SR2).

Analogously as in [13] using induction on number of the degenerate appli-
cation of the rule(SR+

2 ) we can prove

Lemma 2 If MBQ+ ` S thenMBQ ` S.

From Lemma 2 and relying on directed tactic in construction of ordered
derivation we get

Lemma 3 Let D be an ordered derivation inMBQ. LetΣ1,∀BΓ, EBΠ1→
Σ2,∃B∆,∃x◦ Bk(x◦)M, EBΠ2 be a conclusion of an application of the rule
(SR2) in D. Then the same positive occurrence of the formula∃x◦ Bk(x◦)M
may be the main formula of applications of the separation rule(SR2) in D at
mostρ ′ + 1 time, whereρ ′ is defined in the rule(SR2).
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Let us demonstrate saturation-free ordered derivations inMBQ, i.e., all
branches of constructed ordered derivations end with logical axioms.

Example 1 (a) Let S = B(1)P → B(1)B(1)(P ∨ Q). We can bottom-up
apply (SR2) or (SR3) to S. Bottom-up applying(SR3) to S we getb-final
sequentB∗(1)P, P → . Let us consider the possibility to bottom-up apply
(SR2) to S. For S we haveρ = 0, η = 1, τ = 0, and ρ ′ = 0. There-
fore bottom-up applying(SR2) to S we getσ = − andS1 = B∗(1)P, P →
B−(1)B(1)(P ∨Q), B(1)(P ∨Q). Again, we can bottom-up apply(SR2) or
(SR3) to S1. Let us apply(SR2). We can bottom-up apply(SR2) to S1 only
with B(1)(P ∨Q) as the main formula. Since forS1 ρ ′ = 0, we getσ = − and
S2 = B∗(1)P, P → B−(1)B(1)(P ∨Q), B−(1)(P ∨Q), P ∨Q. Bottom-up
applying(→ ∨) to S2 we get an axiom. ThereforeMBQ ` S.

(b) LetS = B(1)EB(P ) → B(1)(P ∨ Q), i.e., forS ρ = 0, η = 0, τ = 1,
andρ ′ = 1. Therefore bottom-up applying(SR2) to S we getσ = 1 andS1 =
B∗(1)EB∗(P ), EB(P ) → B1(1)(P ∨Q), (P ∨Q). Since forS1 ρ ′=1 and
k=1, bottom-up applying(SR2) to S1 we getS2 = B∗(1)EB∗(P ), EB∗(P ),
P → B−(1)(P ∨Q), P ∨Q. Bottom-up applying(→ ∨) to S2 we get an axiom.
ThereforeMBQ ` S.

(c) Let S = B(1)EB(B(1)P ) → B(1)A, whereA = ¬B(2)Q ∨ P .
For S we haveρ = 0, η = 0, τ = 2, and ρ ′ = 2. Therefore bottom-up apply-
ing (SR2) to S we getσ = 1 and, after applying(→ ∨), (→ ¬), we get
S1 = B∗(1)EB∗(B∗(1)P ), EB(B(1)P ), B(2)Q → B1(1)A∗, P . Since for
S1 ρ ′ = 2, bottom-up applying(SR2) and (→ ∨), (→ ¬) from S1 we get
σ = 2 and S2 = B∗(1)EB∗(B∗(1)P ), EB∗(B∗(1)P ), B(1)P, B(2)Q →
B2(1)A,P . For S2 we get againρ ′ = 2. Bottom-up applying(SR2), (→ ∨),
(→ ¬) from S2 we getσ = − and S3 = B∗(1)EB∗(B∗(1)P ), EB∗(B∗(1)
P ), B∗(1)P, P, B(2)Q → B−(1)A,P . SinceS3 is an axiom,MBQ ` S.

(d) Let {1, . . . , n} be a set of agent constants andS = B(1)P1,
. . . B(n)Pn → EB(

∨n
i=1 Pi). Bottom-up applying(SR1) and then(→ ∨)

we get an axiom. ThereforeMBQ ` S.

(e) Let{1, 2} be a set of agent constants andS = B(1)P → EB(P ∨
¬B(2)P ). Bottom-up applying(→ EB), (→ ∧) from S we get reduced pri-
mary sequentsS1 = B(1)P → B(1)(P ∨ ¬B(2)P ) and S2 = B(1)P →
B(2)(P ∨ ¬B(2)P ). Bottom-up applying(SR2) and (→ ∨) from S1 we get
an axiom. Bottom-up applying(SR2) and (→ ∨), (→ ¬) from S2 we get
S3 = B(2)P → B1(2)(P ∨ ¬B(2)P ), P . Bottom-up applying(SR2) and
(→ ∨) fromS3 we get an axiom. ThereforeMBQ ` S.
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Let us demonstrate negative criterion of termination, i.e., construction of or-
dered derivations inMBQ containing a branch which ends withb-final sequent
or containing a degenerated saturated primary sequent.

Example 2 (a) LetS =→ ∃xB(x)A, whereA = ¬EB(P ) ∨ Q, i.e., forS
ρ = 1 andρ ′ = 1. Bottom-up applying(SR2), and then(→ ∨), (→ ¬) from
S we getS1 = EB(P ) → ∃xB1(x)A,Q. Since forS1 k =ρ ′=1, bottom-up
applying(SR2), and then(→ ∨), (→ ¬) fromS1 we getS2 = EB∗(P ), P →
∃xB−(x)A,Q. S2 is not an axiom and isb-final. ThereforeMBQ 0 S.

(b) Let S = EB(P ), MB(A) → EB(Q), whereA = P ⊃ ¬EB(Q).
Bottom-up applying(MB →) to S we getS1 = EB(P ), EB(MB(A)),
EB(A) → EB(Q). Bottom-up applying(SR1) toS1 we getS2 = EB∗(P ), P,
EB∗(A), A, EB∗(MB∗(A)), MB∗(A) → Q. Bottom-up applying(⊃→),
(¬ →) from S2 we get an axiom (withP as the main formula) andS3 =
EB∗(P ), P, EB∗(A), EB∗(MB∗(A)), MB∗(A) → EB∗(Q), Q. SinceS �
S3, from the shape ofS3 we get thatS is a degenerated saturated sequent. There-
foreMBQ 0 S.

LetS′ be a sequent obtained from the sequentS replacing the formulaA by
P ⊃¬B(1)Q. Then we get derivation ending with ab-final sequent.

Let us demonstrate a derivation inMBQ with MB-saturation, i.e., a con-
structed ordered derivation contains non-logical axioms along with logical ones.

Example 3 Let S be EB(∀xB(x)P ), MB(A) → MB(∃xB(x)P ), where
A = ∃xB(x)P ⊃ EB(∀xB(x)P ). The sequentS is a modified version of
induction axiom for modalityMB.
Bottom-up applying(→ MB) toS we get two sequentsS1 = EB(∀xB(x)P ),
MB(A) → EB(∃xB(x)P ) and S2 = EB(∀xB(x)P ), MB(A) → EB
(MB(∃xB(x)P )). Bottom-up applying(MB →) to S1 we get the sequent
S′

1 = EB(∀xB(x)P, EB(A), EB(MB(A)) → EB(∃xB(x)P ). Bottom-
up applying(SR1) toS′

1 we get the sequentS′′
1 = ∀xB(x)P,A, MB(A),∆ →

∃xB(x)P , where∆ = EB∗(∀xB∗(x)P ), EB∗(A), EB∗(MB∗(A)). Bottom-
up applying(⊃→) from S′′

1 we get sequentsS11 = ∀xB(x)P, MB(A),∆ →
∃xB(x)P andS12 = ∀xB(x)P, EB(∀xB(x)P ), MB(A),∆ → ∃xB(x)P .
SinceS11 � S12, at first we consider the sequentS11. Bottom-up applying
(MB →) from S11 we getS′

11 = ∀xB(x)P,∆ → ∃xB(x)P . Bottom-up ap-
plying (SR2) to S′

11 we get an axiom withP as the main formula. Therefore
MBQ ` S11. SinceS11 � S12, MBQ ` S12 as well.

Now let us consider the sequentS2. Bottom-up applying(MB →) to S2 we
getS′

2 = EB(∀xB(x)P ), EB(A), EB(MB(A)) → EB(MB(∃xB(x)P )).
Bottom-up applying(SR1) to S′

2 we get the sequentS′′
2 = ∀xB(x)P,A, MB
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(A),∆ → MB(∃xB(x)P ). Bottom-up applying(⊃→) to S′′
2 we get two

sequentsS21 = ∀xB(x)P, MB(A),∆ → ∃xB(x)P, MB(∃xB(x)P ) and
S22 = ∀xB(x)P, EB(∀xB(x)P ), MB(A),∆ → MB(∃xB(x)P ). Since
S � S22, S is MB-saturated sequent. Now let us consider the sequentS21.
Bottom-up applying(→ MB) and then(MB →), (SR2) in both branches of
(→ MB) we get an axiom withP as the main formula. ThereforeMBQ ` S.

5 Foundation of Presented Decision Procedure

To justify the presented decision procedure, we must found: (1) termination of
the procedure, (2) invertibility of reduction and contraction rules, and existential
invertibility (see below) of the separation rules inMBQ and (3) MB-type
saturated sequents as non-logical axioms. The termination will be founded by
means of finiteness of the so-calledR-subformulas of primary sequents which
are generated during the construction of an ordered derivation. Let us define the
notion ofR-subformulas of a sequent.

Let S be a primary sequent andC be a formula enteringS. A set of R-
subformulas ofC from S is denoted asRSub(C) and defined inductively.

1. RSub(P ) = ∅, whereP is a logical formula.
2. RSub(EB(A)) = RSub(A).
3. RSub(¬A) = RSub(A).
4. RSub(A�B) = {RSub(A)} ∪ {RSub(B)}, where� ∈ {⊃,∧,∨}.
5. RSub(B(i)A) = {B(i)A} ∪ {RSub(A)}.
6. RSub(MB(A))={EB(MB(A))}∪{RSub(EB(A))}.
7. RSub(QxB(x)A) = RSub(B(c)A), whereQ is ∀(∃) andQ occurs

positively (negatively) inS, x is an agent variable andc is a new agent constant.
8. RSub(QxB(x)A) = RSub(A), whereQ is ∃(∀) and Q occurs po-

sitively (negatively) inS.
A set ofR-subformulas of a sequentS = A1, . . . , Ak → Ak+1, . . . , Ak+m

is denoted byRSub(S) and defined asRSub(S) = ∪k+m
i=1 RSub(Ai). R∗Sub(S)

denotes a set obtained fromRSub(S) by merging parametrically identical for-
mulas.

From definition ofR∗Sub(S) we get that the setR∗Sub(S) is finite. This
fact (along with Lemma 3) is crucial to obtain termination of presented proce-
dure.

Analyzing the construction of an ordered derivation inMBQ we get that
the presented decision procedure is exponential-time andPSPACE-complete,
i.e., during the construction of an ordered derivation of a sequentS we generate
the primary sequents the length of which can be restricted by some polynomial
depending onR∗Sub(S).
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To justify the invertibility of reduction and contraction rules and the existen-
tial invertibility of the separation rules inMBQ an infinitary calculusMBQω is
introduced.MBQω is obtained fromMBQ by dropping the non-logical axiom,
marks and indices in separation rules and replacing the reduction rule(→ MB)
by following infinitary rule:

Γ → ∆, EB(A); . . . ;Γ → ∆, EBk(A); . . .
Γ → ∆, MB(A)

(→ MBω),

k ∈ {1, . . .}; EB1(A) = EB(A), EBk(A) = EB(EBk−1(A)), k > 1.
Using induction onO(D), whereO(D) is the height of a derivationD [13]

of the conclusion of a reduction rule inMBQω, we can prove an invertibility of
reduction rules (including(→ MBω)) in MBQω.

Using reduction rules it is possible to construct a reduction of sequentS to
a set{S1, . . . , Sm}, whereSj (1 ≤ j ≤ m) is a primary (reduced primary)
sequent automatically. Using the invertibility of reduction rules we get that if
MBQω ` S thenMBQω ` Sj , j ∈ {1, . . . ,m}.

It is easy to see that the separation rules(SRl) (l ∈ {1, 2, 3}) are not in-
vertible in the usual way but they are existential invertible. The separation rule
(SRl) (l ∈ {1, 2, 3}) is existential invertibleif from derivability of the con-
clusion of the separation rule(SRl) follows that there exists at least one rule
(SRl) (1 ≤ l ≤ 3) such that a premise of this rule is derivable. It is obvi-
ous that, in contrast to deterministic usual invertibility, existential invertibility is
non-deterministic.

Using double induction on< k(S),O(D) >, wherek(S) is a number of
positive occurrences of modalityMB in an end-sequent of the derivationD,
we can prove an existential invertibility of separation rules.

Lemma 4 (existential invertibility of separation rules) LetS be a reduced pri-
mary sequent, i.e.,S = Σ1,∀BΓ, EBΠ1 → Σ2,∃B∆, EBΠ2, such that
MBQω ` S andLog 0 Σ1→Σ2. Then either

– S is an EB-pure reduced primary sequent and there exists a sequentS1

such thatMBQω ` S1 = Θ∗
1, Γ0, B∗Γ̃ , Γ̃ , EB∗Π1,Π1 →A◦, where the

sequentS1 is defined in the formulation of the rule(SR1), or
– there exists a formula∃x◦ Bk(x◦)M from∃B∆, such thatMBQω ` S2 =

Θ∗
1, Γ0, B∗(l)Γl, Γl, EB∗Π1,Π1 → Θ2, B(r)∆r,∃x◦ Bσ(x◦)M,M ,

where the sequentS2 and the indexσ is defined in the formulation of the
rule (SR2), or

– there existsl ≥ 0 such thatMBQω ` S3 =Θ∗
1, Γ0, B(l)∗Γl, Γl, EB∗Π1,

Π1→, where the sequentS3 is defined in the formulation of the rule(SR3).
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Using invertibility of the reduction and separation rules we can prove that
the contraction rules are invertible inMBQω

Using Scḧutte method (analogously as in [8]) we get

Theorem 1 (soundness andω-completeness ofMBQω) Let S be a sequent.
Then∀M |= S ⇐⇒ MBQω ` S. The cut rule is admissible inMBQω.

From the fact thatMBQω ` MB(A) ≡ EB(A) ∧ EB(MB(A)) and
admissibility of cut inMBQω we get that the rule(→ MB) is admissible and
invertible inMBQω.

To get an equivalence between calculiMBQ and MBQω we introduce
invariant calculusINMBQ. To define this calculus let us introduce some aux-
iliary notions. LetMBQ `D S. Then a set ofMB-saturated sequents, i.e., the
sequents of the shapeΓ → ∆, MB(A), in D is denoted bySat{S}. Let us de-
composeSat{S} into a set of setsSati{S} such that (1)Sat{S} = ∪

i
Sati{S};

(2) ∀ij(Sati{S} ∩ Satj{S}) = ∅; (3) if S1, S2 ∈ Sati{S}, thenS1, S2 have
a common succedent member of the shapeMB(A), which is called anucleus
of Sati{S}. Every setSati{S} is a component of decomposition ofSat{S}.

An invariant calculusINMBQ is obtained from the calculusMBQ re-
placing the non-logical axioms by the following invariant rule:

Γ → ∆, I; I → EB(I); I → EB(A)
Γ → ∆, MB(A)

(→ MBI),

where the invariant formulaI is constructed automatically.
The rule(→ MBI) satisfies the following conditions:

– the conclusion of(→ MBI), i.e., the sequentS′ = Γ → ∆, MB(A) is
such thatS′ ∈ Sati{S} andSati{S} is {Σi1 → Πi1, MB(A); . . . ;Σin →
Πin, MB(A)}, where MB(A) is the nucleus ofSati{S}, i.e., S′ is an
MB-saturated sequent from a derivation of a sequentS in MBQ;

– I =
n
∨

j=1
((∃Σij)∧ ∧ ¬(∀Πij)∨; let Π be any set of formulas of the shape

B(i1)C1, . . . , B(im)Cm, whereil (1 ≤ l ≤ m)) is an agent eigen-constant;
then QΠ = Qx1 B(x1)C1, . . . , Qxm B(xm)Cm, Q ∈ {∀,∃} (therefore
all the eigen-constants are correspondingly bounded);Γ∧(Γ∨) means the
conjunction (disjunction, respectively) of formulas fromΓ .

To prove that fromMBQ ` S follows INMBQ ` S, a derivation of each
MB-saturated sequent inINMBQ must be constructed.

Example 4 LetS be the same sequent as in Example 3, i.e., has the shape
EB(∀xB(x)P ), MB(A) → MB(∃xB(x)P ), whereA = ∃xB(x)P ⊃
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EB(∀xB(x)P ). From Example 3 it follows thatS is a MB-saturated se-
quent. From definition of the invariant formulaI we getI = EB(∀xB(x)P ) ∧
MB(A). It is easy to verify thatLog ` EB(∀xB(x)P ), MB(A) → I (1);

INMBQ ` I→ EB(I); (2) INMBQ ` I→ EB(A) (3).
Applying(→ MBI) to (1), (2) and (3) we getINMBQ ` S.

Analogously as in [13] we get
MBQ ` S ⇐⇒ INMBQ ` S ⇐⇒ MBQω ` S (∗).

From (*) we get that all reduction rules and contraction rules are invertible in
MBQ and the separation rules are existentially invertible inMBQ.
From Theorem 1 and (*) follows thatMBQ is soundandcomplete.
Using these facts, finiteness ofR∗Sub(S), and Lemma 3 we get the following

Theorem 2 Let S be an arbitrary sequent. Then one can automatically con-
struct a successful or unsuccessful ordered derivationD of the sequentS in
MBQ such thatD always terminates.
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Abstract. Standard syntactic assignments (SSAs) model knowledge di-
rectly rather than as truth in all possible worlds as in modal epistemic
logic, by assigning arbitrary truth values to atomic epistemic formulae.
It is a very general approach to epistemic logic, but has no interesting
logical properties — partly because the standard logical language is too
weak to express properties of such structures. In this paper we extend
the logical language with a new operator used to represent the propo-
sition that an agent “knows at most” a given finite set of formulae and
study the problem of strongly complete axiomatization of SSAs in this
language. Since the logic is not semantically compact, a strongly com-
plete finitary axiomatization is impossible. Instead we present, first, a
strongly complete infinitary system, and, second, a strongly complete
finitary system for a slightly weaker variant of the language.

1 Introduction

In traditional modal epistemic logic [1, 2], modelling knowledge as truth in all
possible states in a Kripke structure, agents know all the logical consequences
of their knowledge. It fails as a logic of the computed knowledge of real agents,
because it assumes a very particular and extremely powerful mechanism for
reasoning. In reality, different agents have different reasoning mechanisms (e.g.
non-monotonic or resource-bounded) and representations of knowledge (e.g. as
propositions or as syntactic formulae). Thus, a more general model of knowledge
would be useful. A general approach is to model knowledge directly rather than
as truth in all possible worlds. Standard Syntactic Assignments (SSAs) [1] is a
syntactic approach in which a formula Kiφ is assigned a truth value independent
of the truth value assigned to any other formula of the form Kiψ. SSAs are
generalizations of Kripke structures. In fact, it can be argued that SSAs is the
most general model of knowledge. However, SSAs are so general that they have
no interesting logical properties that can be expressed in the traditional language
of epistemic logic – indeed, they are completely axiomatized by propositional
logic.



In this paper, we extend the logical language with a new epistemic operator
5i for each agent. 5iX, where X is a finite set of formulae, expresses the fact
that agent i knows at most X. The main problem we consider is the construction
of a strongly complete axiomatization of SSAs in this language. A consequence
of the addition of the new operator is that semantic compactness is lost, and thus
that a strongly complete finitary axiomatization is impossible. Instead we, first,
present a strongly complete infinitary system, and, second, a strongly complete
finitary system for SSAs for a slightly weaker variants of the epistemic operators.
The results are a contribution to the logical foundation of multi-agent systems.

In Section 2 SSAs and their use in epistemic logic are introduced, before the
“at most” operator 5i and its interpretation in SSAs is presented in Section
3. The completeness results are presented in Section 4, and we conclude and
discuss related work in Section 5. We presently define some logical concepts and
terminology used in the remainder.

1.1 Logic

By “a logic” we henceforth mean a language of formulae together with a satisfi-
ability relation |=. The semantic structures considered in this paper each has a
set of states, and satisfiability relations relate a formula to a pair consisting of
a structure M and a state s of M . A formula φ is a (local) logical consequence
of a theory (set of formulae) Γ , Γ |= φ, iff (M, s) |= φ for all φ ∈ Γ implies that
(M, s) |= φ. The usual terminology and notation for Hilbert-style proof systems
are used: Γ `S φ means that formula φ is derivable from theory Γ in system S,
and when ∆ is a set of formulae, Γ `S ∆ means that Γ `S δ for each δ ∈ ∆. We
use the following definition of maximality: a theory in a language L is maximal
if it contains either φ or ¬φ for each φ ∈ L. A logical system is weakly complete,
or just complete, if |= φ (i.e. ∅ |= φ, φ is valid) implies `S φ (i.e. ∅ `S φ) for all
formulae φ, and strongly complete if Γ |= φ implies Γ `S φ for all formulae φ and
theories Γ . If a logic has a (strongly) complete logical system, we say that the
logic is (strongly) complete. A logic is semantically compact if for every theory
Γ , if every finite subset of Γ is satisfiable then Γ is satisfiable. It is easy to see
that under the definitions used above:

Fact 1 A weakly complete logic has a sound and strongly complete finitary
axiomatization iff it is compact.

2 The Epistemic Logic of Standard Syntactic
Assignments

Standard Syntactic Assignments (SSAs) are defined and interpret the standard
epistemic language, as follows. Given a number of agents n we write Σ for the
set {1, . . . , n}.

Definition 2 (L) Given a set of primitive propositions Θ and a number of
agents n, L(Θ,n) (or just L) is the least set such that:
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– Θ ⊆ L
– If φ, ψ ∈ L then ¬φ, (φ ∧ ψ) ∈ L
– If φ ∈ L and i ∈ Σ then Kiφ ∈ L 2

The set of epistemic atoms is LAt = {Kiφ : φ ∈ L, i ∈ Σ}. An epistemic formula
is a propositional combination of epistemic atoms. An SSA assigns a truth value
to the primitive propositions and epistemic atoms.

Definition 3 (Standard Syntactic Assignment) A standard syntactic as-
signment (SSA) is a tuple

(S, σ)

where S is a set of states and

σ(s) : Θ ∪ LAt → {true, false}

for each s ∈ S. 2

Satisfaction of an L formula φ by a state s of an SSA M , written (M, s) |= φ,
is defined as follows:

(M, s) |= p ⇔ σ(s)(p) = true

(M, s) |= ¬φ ⇔ (M, s) 6|= φ

(M, s) |= (φ ∧ ψ) ⇔ (M, s) |= φ and (M, s) |= ψ

(M, s) |= Kiφ ⇔ σ(s)(Kiφ) = true

We note that although [1] define SSAs in a possible worlds framework, the
question of satisfaction of φ in a state s does not depend on any other state
(((S, σ), s) |= φ⇔ (({s}, σ), s) |= φ).

SSAs are very general descriptions of knowledge – in fact so general that no
epistemic properties of the class of all SSAs can be described by the standard
epistemic language:

Theorem 4 Propositional logic, with substitution instances for the language L,
is sound and complete with respect to SSAs. 2

In the next section we increase the expressiveness of the epistemic language.

3 Knowing At Most

The formula Kiφ denotes that fact that i knows at least φ – he knows φ but he
may know more. We can generalize this to finite sets X of formulae:

4iX ≡
∧
{Kiφ : φ ∈ X}

representing the fact that i knows at least X. The new operator we introduce3

in this paper is a dual to 4i, denoting the fact that i knows at most X:

5iX

3 A similar operator is also used in [3] and [4].

75



denotes the fact that every formula an agent knows is included in X, but he may
not know all the formulae in X. If L was finite, the operator 5i could (like 4i)
be defined in terms of Ki:

5iX =
∧
{¬Kiφ : φ ∈ L \X}

But since L is not finite, 5i is not definable by Ki. We also use a third, derived,
epistemic operator: ♦iX ≡ 4iX ∧ 5iX meaning that the agent knows exactly
X. The extended language is called L5.

Definition 5 (L5) Given a set of primitive propositions Θ, and a number of
agents n, L5(Θ,n) (or just L5) is the least set such that:

– Θ ⊆ L5
– If φ, ψ ∈ L5 then ¬φ, (φ ∧ ψ) ∈ L5
– If φ ∈ L and i ∈ Σ then Kiφ ∈ L5
– If X ∈ ℘fin(L) and i ∈ Σ then 5iX ∈ L5 2

The language L5(Θ,n) is defined to express properties of SSAs over the
language L(Θ,n) (introduced in Section 2), and thus the epistemic operators Ki

and 5i operate on formulae from L(Θ,n). We assume that Θ is countable, and
will make use of the fact that it follows that L5(Θ,n) is (infinitely) countable.

IfX is a finite set of L5 formulae, we write4iX as a shorthand for
∧

φ∈X Kiφ.
In addition, we use ♦iX for 4iX ∧ 5iX, and the usual derived propositional
connectives.

The interpretation of L5 in a state s of an SSA M is defined in the same
way as the interpretation of L, with the following clause for the new epistemic
operator:

(M, s) |= 5iX ⇔ {φ ∈ L : σ(s)(Kiφ) = true} ⊆ X

It is easy to see that

(M, s) |= 4iX ⇔ {φ ∈ L : σ(s)(Kiφ) = true} ⊇ X

(M, s) |= ♦iX ⇔ {φ ∈ L : σ(s)(Kiφ) = true} = X

3.1 Properties

The following schemata, where X,Y, Z range over finite sets of formulae and φ
over single formulae, show some properties of SSAs, in the language L5.

4i ∅ E1
4i X ∧4iY →4i(X ∪ Y ) E2
(5iX ∧5iY ) →5i(X ∩ Y ) E3
¬(4iX ∧5iY ) when X * Y E4
(5i(Y ∪ {φ}) ∧ ¬Kiφ) →5iY E5
4i X →4iY when Y ⊆ X KS

5i X →5iY when X ⊆ Y KG
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It is straightforward to prove the following.

Lemma 6 E1–E5, KG, KS are valid. 2

4 Axiomatizations of SSAs

In this section we discuss axiomatizations of standard syntactic assignments in
the language L5. The following lemma shows that the logic is not compact, and
thus it does not have a strongly complete finitary axiomatization (Fact 1).

Lemma 7 The logic of standard syntactic assignments in the language L5 is
not compact. 2

Proof Let p ∈ Θ and let Γ1 be the following L5 theory:

Γ1 = {Kip,¬5i {p}} ∪ {¬Kiφ : φ 6= p}

Let Γ ′ be a finite subset of Γ1. Clearly, there exists a φ′ such that ¬Kiφ
′ 6∈ Γ ′.

Let M = ({s}, σ) be such that σ(s)(Kiφ) = true iff φ = p or φ = φ′. It is easy
to see that (M, s) |= Γ ′. If there was some (M ′, s′) such that (M ′, s′) |= Γ1, then
(M ′, s′) |= ¬5i {p} i.e. there must exist a φ 6= p such that σ(s)(Kiφ) = true –
which contradicts the fact that (M ′, s′) |= ¬Kiφ for all φ 6= p. Thus, every finite
subset of Γ1 is satisfiable, but Γ1 is not.

We present a strongly complete infinitary axiomatization in 4.1. Then, in
4.2, a finitary axiomatization for a slightly weaker language than L5 is proven
strongly complete for SSAs.

4.1 An Infinitary System

We define a proof system ECω for the language L5 by using properties presented
in Section 3 as axioms, in addition to propositional logic. In addition, ECω

contains an infinitary derivation clause R*. After presenting ECω, the rest of
the section is concerned with proving its strong completeness with respect to
the class of all SSAs. This is done by the commonly used strategy of proving
satisfiability of maximal consistent theories. Thus we need an infinitary variant
of the Lindenbaum lemma. However, the usual proof of the Lindenbaum lemma
for finitary systems is not necessarily applicable to infinitary systems. In order
to prove the Lindenbaum lemma for ECω, we use the same strategy as [5] who
prove strong completeness of an infinitary axiomatization of PDL (with canonical
models). In particular, we use the same way of defining the derivability relation
by using a weakening rule W, and we prove the deduction theorem in the same
way by including a cut rule Cut.
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Definition 8 (ECω) ECω is a logical system for the language L5 having the
following axiom schemata

All substitution instances of tautologies
of propositional calculus Prop

(5iX ∧5iY ) →5i(X ∩ Y ) E3
¬(4iX ∧5iY ) when X * Y E4
(5i(Y ∪ {γ}) ∧ ¬Kiγ) →5iY E5
5i X →5iY when X ⊆ Y KG

The derivation relation `ECω – written `ω for simplicity – between sets of L5
formulae and single L5 formulae is the smallest relation closed under the fol-
lowing conditions:

`ω φ when φ is an axiom Ax

{φ, φ→ ψ} `ω ψ MP⋃
j∈J

{αj → ¬Kiγ : γ 6∈ Xj} `ω

∧
j∈J

αj →5iX R*

when X =
⋂
j∈J

Xj and X and J are finite

Γ `ω φ

Γ ∪∆ `ω φ
W

Γ `ω ∆,Γ ∪∆ `ω φ

Γ `ω φ
Cut

In the above schemata, X, Y , Z, Xj range over sets of L formulae, γ over L
formulae, Γ,∆ over sets of L5 formulae, φ, ψ, αj over L5 formulae, and i over
agents. J is some finite set of indices. 2

It is easy to see that E1, E2 and KS are derivable in ECω.
The use of the weakening rule instead of more general schemas makes induc-

tive proofs easier, but particular derivations can sometimes be more cumbersome.
For example:

Lemma 9

Γ ∪ {φ} `ω φ R1
`ω ψ → φ

Γ ∪ {ψ `ω φ}
R2
2

Proof

R1: {φ, φ→ φ} `ω φ by MP; `ω φ→ φ by Ax; {φ} `ω φ→ φ by W; {φ} `ω φ
by Cut and Γ ∪ {φ} `ω φ by W.
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R2: Let `ω ψ → φ. By W, {ψ} `ω ψ → φ; by MP {ψ,ψ → φ} `ω φ and thus
{ψ} `ω φ by Cut. By W, Γ ∪ {ψ} `ω φ.

In order to prove the Lindenbaum lemma, we need the deduction theorem. The
latter is shown by first proving the following rule.

Lemma 10 The following rule of conditionalization is admissible in ECω.

Γ ∪∆ `ω φ

Γ ∪ {ψ → δ : δ ∈ ∆} `ω ψ → φ
Cond

2

Proof The proof is by infinitary induction over the derivation Γ ∪ ∆ `ω φ
(derivations are well-founded). The base cases are Ax, MP and R*, and the
inductive steps are W and Cut.

Ax: Γ = ∆ = ∅. We must show that `ω ψ → φ when `ω φ. By W we get
φ → (ψ → φ) `ω φ, then φ, φ → (ψ → φ) `ω ψ → φ is an instance of MP,
and by Cut we get φ→ (ψ → φ) `ω ψ → φ. By Prop, `ω φ→ (ψ → φ), so
by Cut once more we get `ω ψ → φ.

MP: Γ ∪ ∆ = {φ′, φ′ → φ} `ω φ. That Γ ∪ {ψ → δ : δ ∈ ∆} `ω ψ → φ can
be shown for each of the four possible combinations of Γ and ∆ in a similar
way to the Ax case.

R*: φ = ∧j∈Jαj → 5iX and Γ ∪∆ = ∪j∈J{αj → ¬Kiφ
′ : φ′ ∈ L \Xj} where

J is finite and X = ∩j∈JXj is finite, i.e. there exist for each j ∈ J sets Yj

and Zj such that L \Xj = Yj ] Zj and

Γ =
⋃
j∈J

{αj → ¬Kiφ
′ : φ′ ∈ Yj}

∆ =
⋃
j∈J

{αj → ¬Kiφ
′ : φ′ ∈ Zj}

Let

Γ ′ =
⋃
j∈J

{(ψ ∧ αj) → ¬Kiφ
′ : φ′ ∈ Yj}

∆′ =
⋃
j∈J

{(ψ ∧ αj) → ¬Kiφ
′ : φ′ ∈ Zj}

Γ ′ ∪∆′ = ∪j∈J{(ψ ∧ αj) → ¬Kiφ
′ : φ′ ∈ L \Xj}, and thus Γ ′ ∪∆′ `ω γ′,

where γ′ = ∧j∈J(ψ ∧ αj) → 5iX, by R*. By W, Γ ′ ∪ ∆′ ∪ Γ `ω γ′. By
Prop, `ω (αj → ¬Kiφ

′) → ((ψ ∧ αj) → ¬Kiφ
′) for each αj → ¬Kiφ

′ ∈ Γ ,
and by R2 (once for each formula in Γ ) ∆′∪Γ `ω Γ

′. By Cut, ∆′∪Γ `ω γ
′,

and it only remains to convert the conjunctions in ∆′ and γ′ to implications:
∆′∪Γ ∪{γ′} `ω ψ → φ by Prop and R2, and by Cut and W it follows that
∆′∪Γ∪{ψ → δ : δ ∈ ∆} `ω ψ → φ. By Prop and R2 (once of each formula in
∆), Γ ∪{ψ → δ : δ ∈ ∆} `ω ∆

′, and by Cut Γ ∪{ψ → δ : δ ∈ ∆} `ω ψ → φ,
which is the desired conclusion.
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W: Γ ′ ∪ ∆′ `ω φ for some Γ ′ ⊆ Γ and ∆′ ⊆ ∆. By the induction hypothesis
we can use Cond to obtain Γ ′ ∪ {ψ → δ : δ ∈ ∆′} `ω ψ → φ, and thus
Γ ∪ {ψ → δ : δ ∈ ∆} `ω ψ → φ by W.

Cut: Γ∪∆ `ω ∆
′ and Γ∪∆∪∆′ `ω φ, for some ∆′. By the induction hypothesis

on the first derivation (once for each δ′ ∈ ∆′), Γ∪{ψ → δ : δ ∈ ∆} `ω φ→ δ′

for each δ′ ∈ ∆′. By the induction hypothesis on the second derivation,
Γ ∪ {ψ → δ : δ ∈ ∆ ∪∆′} `ω ψ → φ. By Cut, Γ ∪ {ψ → δ : δ ∈ ∆} `ω ψ →
φ.

Theorem 11 (Deduction Theorem) The rule

Γ ∪ {φ} `ω ψ

Γ `ω φ→ ψ
DT

is admissible in ECω. 2

Proof If Γ ∪ {φ} `ω ψ, then Γ ∪ {φ → φ} `ω φ → ψ by Cond. Γ `ω φ → φ
by Ax and W, and thus Γ `ω φ→ ψ by Cut.

Now we are ready to show that consistent theories can be extended to max-
imal consistent theories. The proof relies on DT.

Lemma 12 (Lindenbaum lemma for ECω) If Γ is ECω-consistent, then
there exists an L5-maximal and ECω-consistent Γ ′ such that Γ ⊆ Γ ′. 2

Proof Recall R*:⋃
j∈J

{αj → ¬Kkψ : ψ 6∈ Xj} `ω

∧
j∈J

αj →5kX.

Formulae which can appear on the right of `ω in its instances will be said to
have R*-form. A special case of this schema is when

∧
j αj is a tautology (i.e.,

each αj is), from which ⋃
j∈J

{¬Kkφ : ψ 6∈ Xj} `ω 5kX.

can be obtained. Now, Γ ′ ⊃ Γ is constructed as follows. L5 is countable, so
let φ1, φ2, . . . be an enumeration of L5 respecting the subformula relation (i.e.,
when φi is a subformula of φj then i < j).

Γ0 = Γ

Γi+1 =


Γi ∪ {φi+1} if Γi `ω φi+1

Γi ∪ {¬φi+1} if Γi 6`ω φi+1 and φi+1 does not have the R*-form
Γi ∪ {¬φi+1,Kkψ} if Γi 6`ω φi+1 and φi+1 has the R*-form, where ψ is

arbitrary such that ψ 6∈ X and Γi 6`ω ¬Kkψ

Γ ′ =
ω⋃

i=0

Γi
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The existence of ψ in the last clause in the definition of Γi+1 is verified as follows:
since Γi 6`ω φi+1, there must be, to prevent an application of R*, at least one
αj and ψ 6∈ X such that Γi 6`ω αj → ¬Kkψ. By construction (and the ordering
of formulae), each αj or its negation is included in Γi. If Γi `ω ¬αj then also
Γi `ω αj → ¬Kkψ, and this would be the case also if Γi `ω ¬Kkψ. So Γi `ω αj

and Γi 6`ω ¬Kkψ.
It is easy to see that Γ ′ is maximal.
We show that each Γi is consistent, by induction over i. For the base case, Γ0

is consistent by assumption. For the inductive case, assume that Γi is consistent.
Γi+1 is constructed by one of the three cases in the definition:

1. Γi+1 is obviously consistent.
2. If Γi+1 = Γi ∪ {¬φi+1} `ω ⊥, then Γi `ω φi+1 by DT and Prop, contra-

dicting the assumption in this case.
3. Consider first the special case (when all αj are tautologies). Assume that
Γi+1 = Γi ∪ {¬ 5k X,Kkψ} `ω ⊥. Then Γi `ω Kkψ → 5kX by DT and
Prop and by E4, since ψ 6∈ X, Γi `ω Kkψ → ¬5kX, and thus Γi `ω ¬Kkψ
contradicting the assumption in this case.
In the general case, assume that Γi+1 = Γi∪{¬(

∧
j αj →5kX),Kkψ} `ω ⊥:

i Then Γi `ω Kkψ → (¬(
∧

j αj → 5kX) → ⊥), i.e., Γi `ω Kkψ →
(
∧

j αj →5kX), i.e., Γi `ω

∧
j αj → (Kkψ →5kX).

ii By assumption in the construction, Γi 6`ω ¬(
∧

j αj) (for otherwise it
would prove

∧
j αj → 5kX), but since

∧
j αj (as well as each αj) is a

subformula of φi+1, it or its negation is already included in Γi. But this
means that Γi `ω

∧
j αj . Combined with (i), this gives Γi `ω Kkψ →

5kX, i.e., Γi `ω ¬Kkψ ∨5kX.
iii On the other hand, by E4, since ψ 6∈ X : Γi `ω ¬(Kkψ ∧ 5kX), i.e.,

Γi `ω ¬Kkψ∨¬5kX. Combined with (ii) this means that Γi `ω ¬Kkψ,
but this contradicts the assumption in the construction of Γi+1.

Thus each Γi is consistent.
To show that Γ ′ is consistent, we first show that

Γ ′′ `ω φ⇒ (Γ ′′ ⊆ Γ ′ ⇒ φ ∈ Γ ′) (1)

holds for all derivations Γ ′′ `ω φ, by induction over the derivation. The base
cases are Ax, MP and R*, and the inductive steps are W and Cut. Let i be
the index of the formula φ, i.e. φ = φi.

Ax: If `ω φ, then φ ∈ Γi by the first case in the definition of Γi.
MP: Γ ′′ = {φ′, φ′ → φ}. If Γ ′′ ⊆ Γ ′, there exists k, l such that φ′ ∈ Γk and

φ′ → φ ∈ Γl. If φ 6∈ Γ ′, ¬φ ∈ Γ ′ by maximality, i.e. there exists a m such that
¬φ ∈ Γm. But then ¬φ, φ′, φ′ → φ ∈ Γmax(k,l,m), contradicting consistency
of Γmax(k,l,m).

R*: Γ ′′ = ∪j∈J{αj → ¬Kkψ : ψ 6∈ Xj} and φ =
∧

j αj → 5kX, where
X =

⋂
j Xj , and Γ ′′ ⊆ Γ ′. If φ 6∈ Γ ′ then, by maximality, ¬φ ∈ Γ ′, and thus

¬φ ∈ Γi. Then, by construction of Γi, Γi−1 6`ω φ (otherwise φ ∈ Γ ′) and
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Kkψ ∈ Γi for some ψ 6∈ X. By the same argument as in point 3.(ii) above,
Γi `ω

∧
j αj , and hence also Γ ′ `ω

∧
j αj . But then, for an appropriate m

(namely, for which φm = αj → ¬Kkψ): Γm−1 `ω αj and Γm−1 `ω Kkψ,
i.e., ¬(αj → ¬Kkψ) ∈ Γm, and so αj → ¬Kkψ 6∈ Γ ′, which contradicts the
assumption that Γ ′′ ⊆ Γ ′.

W: Γ ′′ = Γ ′′′ ∪ ∆, and Γ ′′′ `ω φ. If Γ ′′ ⊆ Γ ′, Γ ′′′ ⊆ Γ and by the induction
hypothesis φ ∈ Γ ′.

Cut: Γ ′′ `ω ∆ and Γ ′′ ∪ ∆ `ω φ. Let Γ ′′ ⊆ Γ ′. By the induction hypothesis
on the first derivation (once for each of the formulae in ∆), ∆ ⊆ Γ ′. Then
Γ ′′ ∪ ∆ ⊆ Γ ′, and by the induction hypothesis on the second derivation
φ ∈ Γ ′.

Thus (1) holds for all Γ ′′ `ω φ; particularly for Γ ′ `ω φ. Consistency of Γ ′

follows: if Γ ′ `ω ⊥, then ⊥ ∈ Γ ′, i.e. ⊥ ∈ Γl for some l, contradicting the fact
that each Γl is consistent.

The following Lemma is needed in the proof of the thereafter following
Lemma stating satisfiability of maximal consistent theories.

Lemma 13 Let Γ ′ ⊆ L5 be an L5-maximal and ECω-consistent theory. If
there exists an X ′ such that Γ ′ `ω 5iX

′, then there exists an X such that
Γ ′ `ω ♦iX. 2

Proof Let Γ ′ be maximal consistent, and let Γ ′ `ω 5iX
′. Let

X =
⋂

Y⊆X′ and Γ ′`ω5iY

Y

Since every Y is included in the finite set X ′, X is finite, and Γ ′ `ω 5iX can
be obtained by a finite number of applications of E3. Let

Z =
⋃

Γ ′`ω4iY

Y

If Γ ′ `ω 4iY , then Y ⊆ X, since otherwise Γ ′ would be inconsistent by E4. Thus
Z is finite. By a finite number of applications of E2, Γ ′ `ω 4iZ. If Z * X, then
Γ ′ would be inconsistent by E4, so Z ⊆ X. We now show that X ⊆ Z. Assume
the opposite: φ ∈ X but φ 6∈ Z for some φ. Let X− = X \ {φ}. Γ ′ 6`ω Kiφ,
since otherwise φ ∈ Z by definition of Z. By maximality, Γ ′ `ω ¬Kiφ. By E5,
Γ ′ `ω 5iX

− – but by construction of X it follows that X ⊆ X− which is a
contradiction. Thus, X = Z, and Γ ′ `ω ♦iX.

Lemma 14 Every maximal ECω-consistent L5 theory is satisfiable. 2

Proof Let Γ be maximal and consistent. We construct the following SSA, which
is intended to satisfy Γ :

MΓ = ({s}, σΓ )
σΓ (s)(p) = true ⇔ Γ `ω p when p ∈ Θ

σΓ (s)(Kiφ) = true ⇔ φ ∈ XΓ
i
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where:

XΓ
i =

{
Z where Γ `ω ♦iZ if there is an X ′ such that Γ `ω 5iX

′

{γ : Γ `ω Kiγ} otherwise

In the definition of XΓ
i , the existence of a Z such that that Γ `ω ♦iZ in the

case that there exists an X ′ such that Γ `ω 5iX
′ is guaranteed by Lemma 13.

We show, by structural induction over φ, that

(MΓ , s) |= φ⇐⇒ Γ `ω φ (2)

This is a stronger statement than the lemma; the lemma is given by the direction
to the left. We use three base cases: when φ is in Θ, φ = Kiψ and φ = 5iX. The
first base case and the two inductive steps negation and conjunction are trivial,
so we show only the two interesting base cases. For each base case we consider
the situations when XΓ

i is given by a) the first and b) the second case in its
definition.

– φ = Kiψ: (MΓ , s) |= Kiψ iff ψ ∈ XΓ
i .

⇒) Let ψ ∈ XΓ
i . In case a),XΓ

i = Z where Γ `ω ♦iZ and by KS, Γ `ω Kiψ.
In case b), Γ `ω Kiψ by construction of XΓ

i .
⇐) Let Γ `ω Kiψ. In case a), Γ `ω 5iZ and thus ψ ∈ Z = XΓ

i by E4 and
consistency of Γ . In case b), ψ ∈ XΓ

i by construction.
– φ = 5iX: (MΓ , s) |= 5iX iff XΓ

i ⊆ X.
⇒) LetXΓ

i ⊆ X. In case a), Γ `ω ♦iZ where Z = XΓ
i ⊆ X, so Γ `ω 5iX by

KG. In case b), XΓ
i must be finite, since X is finite. For any ψ 6∈ XΓ

i ,
Γ 6`ω Kiψ by construction of XΓ

i , and Γ `ω ¬Kiψ by maximality.
Thus, by R* (with J = {1}, α1 = > and X1 = XΓ

i ), Γ `ω 5iX
Γ
i ,

contradicting the assumption in case b). Thus, case b) is impossible.
⇐) Let Γ `ω 5iX. In case a), Γ `ω 4iZ and by E4 and consistency of Γ

XΓ
i = Z ⊆ X. Case b) is impossible by definition.

Theorem 15 ECω is a sound and strongly complete axiomatization of standard
syntactic assignments, in the language L5. 2

Proof Soundness follows from Lemma 6, and the easily seen facts that MP and
R* are logical consequences and that W and Cut preserve logical consequence,
by induction over the definition of the derivation relation. Strong completeness
follows from Lemmas 12 and 14.

4.2 A System for a Weaker Language

In the previous section we proved strong completeness of ECω by using R*.
It turns out that strong completeness can be proved without R*, if we restrict
the logical language slightly. The restriction is that for some arbitrary primitive
proposition p̂ ∈ Θ, Kip̂ and 5iX are not well-formed formulae for any i and
any X with p̂ ∈ X. The semantics is not changed; we are still interpreting the

83



language in SSAs over L(Θ,n) as described in Sections 2 and 3. Thus, in the
restricted logic agents can know something which is not expressible in the logical
language.

Lp̂
5 ⊂ L5 is the restricted language for a given primitive proposition p̂.

Definition 16 (Lp̂
5) Given a set of primitive propositions Θ, a proposition

p̂ ∈ Θ and a number of agents n, Lp̂
5(Θ,n) (or just Lp̂

5) is the least set such
that:

– Θ ⊆ Lp̂
5

– If φ, ψ ∈ Lp̂
5 then ¬φ, (φ ∧ ψ) ∈ Lp̂

5
– If φ ∈ (L \ {p̂}) and i ∈ Σ then Kiφ ∈ Lp̂

5
– If X ∈ ℘fin(L \ p̂) and i ∈ Σ then 5iX ∈ Lp̂

5 2

The finitary logical system EC p̂ is defined by the same axiom schemas as
ECω. The two systems do not, however, have the same axioms since they are
defined for different languages – the extensions of the schemas are different. The
derivation relation for EC p̂ is defined by the axioms and the derivation rule
modus ponens. Particularly, the infinitary derivation clause R* from ECω is
not included.

Definition 17 (EC p̂) EC p̂ is the logical system for the language Lp̂
5 consisting

of the following axiom schemata:

All substitution instances of tautologies
of propositional calculus Prop

(5iX ∧5iY ) →5i(X ∩ Y ) E3
¬(4iX ∧5iY ) when X * Y E4
(5i(Y ∪ {γ}) ∧ ¬Kiγ) →5iY E5
5i X →5iY when X ⊆ Y KG

The derivation relation `EC p̂ – written `p̂ for simplicity – between sets of Lp̂
5 for-

mulae and single Lp̂
5 formulae is the smallest relation closed under the following

conditions:

Γ `p̂ φ when φ ∈ Γ Prem

Γ `p̂ φ when φ is an axiom Ax
Γ `p̂ φ, Γ `p̂ φ→ ψ

Γ `p̂ ψ
MP

2

It is easy to see that E1, E2, KS and DT are derivable in ECω.
The restriction Lp̂

5 ⊂ L5 is sufficient to prove strong completeness without
R* in a manner very similar to the proof in Section 4.1. The first step, existence
of maximal consistent extensions, can now be proved by the standard proof since
the system is finitary.
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Lemma 18 (Lindenbaum lemma for EC p̂) If Γ is EC p̂-consistent, then there
exists an Lp̂

5-maximal and EC p̂-consistent Γ ′ such that Γ ⊆ Γ ′. 2

Second, we establish the result corresponding to Lemma 13 for Lp̂
5 and EC p̂.

Lemma 19 Let Γ ′ ⊆ Lp̂
5 be a Lp̂

5-maximal and EC p̂-consistent theory. If there
exists a X ′ such that Γ ′ `p̂ 5iX

′, then there exists a X such that Γ ′ `p̂ ♦iX.2

Proof The proof is essentially the same as for Lemma 13, for the language Lp̂
5

instead of L5 (note that in that proof we did not rely on R*, and that p̂ 6∈ X
since X ⊆ X ′).

Third, we show satisfiability.

Lemma 20 Every maximal EC p̂-consistent Lp̂
5 theory is satisfiable. 2

Proof Let Γ be maximal and consistent. The proof is very similar to that of
the corresponding result for ECω (Lemma 14). We construct the following SSA,
which is intended to satisfy Γ :

MΓ = ({s}, σΓ )
σΓ (s)(p) = true ⇔ Γ `p̂ p when p ∈ Θ

σΓ (s)(Kiφ) = true ⇔ φ ∈ XΓ
i

where:

XΓ
i =


Z where Γ `p̂ ♦iZ if there is an X ′ such that Γ `p̂ 5iX

′

{γ : Γ `p̂ Kiγ} ∪ {p̂} if ∀X′Γ 6`p̂ 5iX
′ and

⋃
Γ`p̂4iY

Y is finite
{γ : Γ `p̂ Kiγ} if ∀X′Γ 6`p̂ 5iX

′ and
⋃

Γ`p̂4iY
Y is infinite

The existence of Z is guaranteed by Lemma 19, and, again, we show, by struc-
tural induction over φ, that

(MΓ , s) |= φ⇐⇒ Γ `p̂ φ (3)

for all φ ∈ Lp̂
5. As in the proof of Lemma 14 we only show the epistemic base

cases. For each base case we consider the situations when

a) there is an X ′ such that Γ `p̂ 5iX
′ or

b) Γ 6`p̂ 5iX
′ for every X ′

corresponding to the first and to the second and third cases in the definition of
XΓ

i , respectively.

– φ = Kiψ: (MΓ , s) |= Kiψ iff ψ ∈ XΓ
i .

⇒) Let ψ ∈ XΓ
i . In case a), XΓ

i = Z where Γ `p̂ ♦iZ and by KS, Γ `p̂ Kiψ.
In case b), ψ 6= p̂ (since Kiψ ∈ Lp̂

5) and thus Γ `p̂ Kiψ by construction
of XΓ

i .
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⇐) Let Γ `p̂ Kiψ. In case a), Γ `p̂ 5iZ and thus ψ ∈ Z = XΓ
i by E4 and

consistency of Γ . In case b), ψ ∈ XΓ
i by construction.

– φ = 5iX: (MΓ , s) |= 5iX iff XΓ
i ⊆ X.

⇒) Let XΓ
i ⊆ X. In case a), Γ `p̂ ♦iZ where Z = XΓ

i ⊆ X, so Γ `p̂ 5iX
by KG. In case b), if p̂ ∈ XΓ

i then p̂ ∈ X which is impossible since 5iX
is a formula. But if p̂ 6∈ XΓ

i then XΓ
i is infinite (by construction) which

is also impossible since X is finite – thus case b) is impossible.
⇐) Let Γ `p̂ 5iX. In case a), Γ `p̂ 4iZ and by E4 and consistency of Γ

XΓ
i = Z ⊆ X. Case b) is impossible by definition.

Theorem 21 EC p̂ is a sound and strongly complete axiomatization of standard
syntactic assignments, in the language Lp̂

5. 2

Proof Soundness follows from the soundness of ECω and the fact that Γ `p̂ φ
implies Γ `ω φ, the latter which can be seen by induction on the length of a
proof in EC p̂ (every Lp̂

5 formula is also a L5 formula): the base case Prem
follows by R1 (Lemma 9), the base case Ax follows by Ax and W, and the
inductive case MP follows by MP, W and Cut. Strong completeness follows
from Lemmas 20 and 18.

5 Discussion

We introduced a “knows at most” operator in order to increase the expressive-
ness of the epistemic language with respect to standard syntactic assignments,
and investigated strong axiomatization of the resulting logic. The new operator
destroyed semantic compactness and thus the possibility of a strongly complete
finitary axiomatization, but we presented a strongly complete infinitary axiom-
atization. An interesting result is that we have a strongly complete finitary ax-
iomatization if we make the assumption that the agents can know something
which is not expressible in the logical language. The results are a contribution
to the logical foundation of multi-agent systems.

Related work include classical syntactic treatment of knowledge [6–8, 1], mod-
elled in a possible worlds framework by [1] as described in Section 2. The 5i

operator is new in the context of syntactic models. It is, however, similar to
Levesque’s only knowing operator O [9]. Oα means that the agent does not
know more than α, but knowledge in this context means knowledge closed un-
der logical consequence and “only knowing α” is thus different from “knowing
at most” a general set of formulae. The relation between these concepts is an
interesting possibility for future work.

In [4] we investigate the special case of agents who can know only finitely
many syntactic formulae at the same time. Completeness results for such finitely
restricted agents build upon the results presented in this paper. Another possi-
bility for future work is to study other special classes of SSAs.

In this paper we have only studied the static aspect of syntactic knowledge.
In [10], we discuss how syntactic knowledge can evolve as a result of reasoning
and communication, i.e. a dynamic aspect of knowledge.
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Abstract. We present a weak multi-agent system of Only knowing and
an analysis of the logical spaces that can be defined in it. The logic
complements the approach to generalizing Levesque‘s All I Know system
made by Halpern and Lakemeyer. A novel feature of our approach is
that the logic is defined entirely at the object level with no reference to
meta-concepts in the definition of the axiom system. We show that the
logic of Halpern and Lakemeyer can be encoded in our system in the
form of a particular logical space.

1 Introduction

Multi-agent belief logics can be viewed as systems designed for the represen-
tation of representations (or languages) that agents use for reasoning about
other agents’ cognitive states. A multi-agent only knowing system has language
constructs for representing upper and lower bounds of beliefs; it thereby has
constructs for expressing the exact content of an agent’s belief state. A variety
of multi-modal only knowing languages have been analyzed in [5]. However, to
represent defeasible patterns of reasoning in a multi-agent context, only knowing
systems in which the underlying modal belief logic is K45 are particularly inter-
esting. A natural way to design such systems is to generalize the only knowing
system of Levesque [7] to the multi-modal case.

This is, however, a non-trivial task; the tricky part of this is hidden in an
axiom (which we shall refer to as the ♦-axiom) to the effect that ♦ϕ (ϕ is logically
possible) is an axiom for each satisfiable, objective ϕ (“objective” because it does
not contain any modal operators). In a series of papers [2–4, 6] Halpern and
Lakemeyer have attempted to formulate an appropriate generalization of this
axiom in a multi-modal language; in the solution they end up with they enrich
the object language with constructs for coding the satisfiability relation into the
system. They also provide their analysis with a canonical model semantics. This
semantics has, however, limited power, since the only model they allow is defined
on the uncountable set of all maximally consistent sets.

In [12] the second author introduced another generalization of the only know-
ing system of Levesque [7] to the multi-modal case which does not use meta-
language operators. The ♦-axiom is instead generalized to the statement that



♦aϕ is an axiom for each consistent a-objective ϕ (a-objective because any occur-
rence of an a-modal operator is within the scope of a b-modal operator, a �= b).
He proves consistency of the system LI by proving that a complete subset of
the language has a cut-free sequent calculus. He also proves that LI is indeed
equivalent to the system that Halpern and Lakemeyer claim is the correct multi-
modal generalization of Levesque’s system for the common part of the languages
(i.e. formulae without the meta-concept operators).

We propose yet another solution based on a constructive explication of the
concept of a logical space. Intuitively, the function of a logical space is to explicate
every logical possibility of the logic. This is what has been done in the single-
agent only knowing system Æ presented in the paper by Lian et al. [8] and further
analyzed in [11]. A logical space in Æ is a formula λ such that for each purely
Boolean ϕ, either λ � ♦ϕ or λ � ¬♦ϕ. Compared to the only knowing system of
Levesque, the system Æ has an increased expressive power due to the possibility
of varying the logical space, where the ♦-axiom of Levesque corresponds to only
one of many possibilities.

This paper provides a generalization of the system Æ to the multi-agent case,
and hence also provides a solution to the problem with the generalized ♦-axiom.
In the single-agent case, the set of possibilities is derived from a set of formulae
from the language of propositional logic. The formulae of this particular set are
referred to as atoms. Where α is an atom describing a logical possibility, the
logical space λ is defined such that ♦α is entailed by λ. In the multi-agent case,
we aim at defining a logical space λa for each agent a, such that ♦aϕ is entailed
by λa for each ϕ representing a logical possibility to agent a.

By providing logical spaces as a solution to the problem with the ♦-axiom,
we need not encode meta-concepts into the language, nor refer to such concepts
in the definition of the axiom system.

In order to bring the task of defining a multi-agent logical space to a man-
ageable level, we will address the problem inductively at different levels of com-
plexity, each level corresponding to a sub-language within which the set of pos-
sibilities is outlined. The base case is equivalent to the single agent case: Let
L0 denote the language of propositional logic. The set of possibilities is derived
by closing a subset of L0 under the ♦a-operator for each agent a. The resulting
set of formulae is then a subset of the language of the next level, denoted L1.
Inductively, the set of possibilities for agent a at level k + 1 is derived from a
subset of the a-objective formulae of Lk.

The main task of this paper is to construct the sets of formulae that, for
each agent and each language level, express each and every logical possibility.
We propose this as a replacement of the ♦-axiom of Levesque. In Sect, 4, we will
show how the logic of ÆI applies to examples from the paper of Halpern and
Lakemeyer [4]. In Sect. 6, we prove the equivalence between the systems ÆI and
LI , and hence the equivalence between the system of Halpern and Lakemeyer
[4], where a particular logical space is added to the axioms of ÆI .

In [13] a modal reduction property for LI is established, which states that
any “only knowing” expression is provably equivalent to a disjunction of “only
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knowing” expressions of a particular simple form. Each of these latter expressions
provides us with an explicit syntactical representation of a particular model of
the original formula. The latter expressions explicitly characterize the possible
cognitive states of the agent, given the initial “only knowing” expression. In Sect.
5 we shall see that the same property holds also in ÆI .

2 The Logic ÆI

2.1 Syntax

The object language L contains a countable set of propositional letters P , the
propositional constant ⊥, the Boolean connectives ¬ and ∧ and the modal op-
erators Ba and Ca for each a in a countable non-empty set of indices I. The
index set I represents the set of agents, Ba is a belief operator, and Ca is a
complementary co-belief operator for agent a ∈ I. The propositional constant
� is defined as ¬⊥, while the Boolean connectives ∨, ⊃ and ≡ are the usual
abbreviations. Other modal operators defined as abbreviations are the follow-
ing: baϕ (ϕ is compatible with belief) is ¬Ba¬ϕ, caϕ (ϕ is compatible with
co-belief) is ¬Ca¬ϕ, �aϕ (ϕ is necessary) is Baϕ∧Caϕ and ♦aϕ (ϕ is possible)
is baϕ∨caϕ. Observe that necessity and possibility are relative to the extension
of a given agent’s belief and co-belief; the notion of necessity hence captures
personal necessity.

The more accurate interpretation of the Ba-operator is that a formula Baϕ
states that agent a believes at least ϕ to be true, but perhaps more. The Ba-
operator thus puts a lower bound on the extension of belief. The complementary
operator Ca puts an upper bound on the belief in the sense that a formula Caϕ
states that agent a believes at most ϕ to be false, but perhaps less. The formula
Baϕ ∧Ca¬ϕ states that ϕ is exactly what is believed. The introduction of the
Ca-operator thus allows an “All a knows”-proposition Oaϕ to be defined as
Baϕ ∧Ca¬ϕ.

A formula not mentioning any modal operators is called purely Boolean. ϕ is
an a-modal atom if it is of the form Baϕ or Caϕ, a ∈ I. An a-modal literal is an
a-modal atom or the negation of an a-modal atom. ϕ is a completely a-modalized
formula if it is a Boolean combination of a-modal atoms. ϕ is free of modality
a if it is a Boolean combination of propositional letters and modal atoms not
of modality a. ϕ is a first-order formula if, for each a ∈ I and each subformula
Baψ and Caψ in ϕ, ψ is free of modality a. If Γ is a set of formulae, Γ \a = {ϕ ∈
Γ | ϕ free of modality a} and Γ a = {ϕ ∈ Γ | ϕ completely a-modalized}. If Γ
is a set of formulae, Sf(Γ ) denotes the set of subformulae of the formulae in Γ .
When Γ is a singleton set containing ϕ, Sf(ϕ) denotes Sf({ϕ}).

The modal depth d(ϕ) of a formula ϕ expresses the nesting of alternat-
ing modalities in ϕ. Formally, the modal depth of a purely Boolean ϕ is 0.
Otherwise, if ϕ is Baψ or Caψ, let Ψ be the set of modal atoms which oc-
cur as subformulae in ψ. Then d(ϕ) is the maximal number in {d(χ) + 1 |
χ ∈ Ψ and χ is not a-modalized} ∪ {d(χ) | χ ∈ Ψ and χ is a-modalized}. Other-
wise, the modal depth of ϕ is the maximal d(ψ) for a subformula ψ of ϕ. The
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modal depth of an a-modal formula ϕ is hence increased by prefixing ϕ with any
other modal operator than an a-modal operator.

If Γ is a set of formulae, Γk = {ϕ ∈ Γ | d(ϕ) ≤ k}. We will in this paper be
interested in sub-languages relative to a given modal depth and a given agent.
Since L denotes the language of ÆI (which is just a set of formulae) these
sublanguages are denoted Lk, L\a

k and La
k following the set indexing notation

introduced above.
A tautology is a substitution instance of a formula valid in propositional logic,

e.g. �aϕ ⊃ �aϕ. The deducibility relation ’�’ of the logic ÆI is defined as the
least relation that contains all tautologies, is closed under all instances of the
rules

� ϕ

� �aϕ
(RN)

� ϕ � ϕ ⊃ ψ

� ψ
(MP)

and contains all instances of the following schemata for each a ∈ I:

KB: Ba(ϕ ⊃ ψ) ⊃ (Baϕ ⊃ Baψ) B�: ¬Baϕ ⊃ �a¬Baϕ
KC: Ca(ϕ ⊃ ψ) ⊃ (Caϕ ⊃ Caψ) C�: ¬Caϕ ⊃ �a¬Caϕ
B�: Baϕ ⊃ �aBaϕ T : �aϕ ⊃ ϕ
C�: Caϕ ⊃ �aCaϕ

We write � ϕ if ϕ is theorem of ÆI , and ϕ1, . . . , ϕn � ψ for � (ϕ1∧· · ·∧ϕn) ⊃
ψ. Γ � ϕ means that there is a finite number of formulae γ1, . . . , γn in Γ such
that γ1, . . . , γn � ϕ. If Γ � ⊥, Γ is inconsistent otherwise Γ is consistent. We
will without reference use the well-known principles of modal logic, especially
substitution of provable equivalents, the derived rule

ϕ1, . . . , ϕn � ψ

Baϕ1, . . . ,Baϕn � Baψ

and the corresponding rule for Ca.

Lemma 1. �a is an S5 modality.

Lemma 2. Any formula is provably equivalent to a first-order formula with the
same modal depth.

The former of these two results is Lemma 1 of [13]; the latter is Lemma 2 of
[12]. For proofs and further details about the results in the rest of this section,
the reader may consult [13].
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2.2 Semantics

A frame is a structure (W, {Ra, Sa | a ∈ I}), where W is a non-empty set of
points and Ra and Sa are binary relations satisfying the following two conditions:

(f1) Let X be either Ra or Sa and Y be either Ra or Sa or their complements
Ra or Sa. Then the composition X ◦ Y ⊆ Y .

(f2) Ea = Ra ∪ Sa is reflexive.

Note that in standard terminology two of the eight subconditions of (f1)
state that Ra and Sa are transitive, e.g. Ra ◦Ra ⊆ Ra, while two of them state
that they are Euclidean, e.g. Ra ◦Ra ⊆ Ra.

Lemma 3. Ea is an equivalence relation.

An a-cluster is an equivalence class of W modulo Ea. Let C be an a-cluster.
We define the belief part C+ and the co-belief part C− of C by: C+ = {x ∈ C |
xRax} and C− = {x ∈ C | xSax}. C is bisected if C+ ∩C− = ∅.
Lemma 4. C = C+ ∪ C−.

A model M = (W, {Ra, Sa | a ∈ I}, V ) is a frame with a valuation function
V , which maps each propositional letter onto a subset of W . The satisfiability
relation �x, x ∈ W , is defined by

M �x p ↔ x ∈ V (p), p a propositional letter,
M �x ¬ϕ ↔M �x ϕ,
M �x Baϕ ↔ ∀y (xRay →M �y ϕ),
M �x Caϕ ↔ ∀y (xSay →M �y ϕ),

and in the usual way for the other Boolean connectives. We write M |=X ϕ iff
(∀x ∈ X)(M |=x ϕ). A formula is valid in a frame if it is true at all points in
all models on the frame. If ϕ is valid in all frames, we write � ϕ, and say that
ϕ is valid. Γ |= ϕ means that for all models, ϕ is true at all points which satisfy
all formulae in Γ . Note that if C is an a-cluster, all points in C agree on every
completely a-modalized formula in every model on the frame.

Theorem 1. ÆI is sound, complete and decidable.

Proof. This can be proved by the use of standard techniques from modal logic,
see [13]. ��

3 Finitely Bound Sublanguages

The syntax and semantics of the previous section generalize the syntax and
semantics of the system Æ to the multi-agent case. What remains to be done is
to generalize the notion of a logical space to the multi-agent case. The properties
of the single-agent logical space will serve as guiding principles for our multi-
agent generalization.
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In the single-agent case, under the assumption that there are finitely many
propositional letters in the language, say p1, . . . , pm, an atom is defined as a
conjunction ±p1 ∧ · · · ∧ ±pm, where ±p means either p or ¬p. An atom can be
interpreted as characterizing the material content of a state of affairs. There are
2m atoms. Where α1, . . . , αn characterize the conceivable states of affairs, the
logical space is defined as the formula

♦α1 ∧ · · · ∧ ♦αn ∧�(α1 ∨ · · · ∨ αn).

In the maximal logical space, all atoms are possible, i.e. n = 2m.
The notion of a logical space is a notion of personal necessity. To see this,

observe that we may define a logical space such that concepts that intuitively are
logically independent are related in the logic at the level of necessity. We may
e.g. define a logical space λ such that λ � �(penguin(Tweety) ⊃ bird(Tweety)).

In order to define a multi-agent logical space, we need to generalize the notion
of an atom. To do this, we first define a finite multi-modal language. For such
a language to be finite, the set of propositional letters and the set of different
modalities, i.e. the index set I, obviously need to be finite. Furthermore, as we
may construct new formulae by prefixing a formula free of modality a with any
a-modal operator, the finite language must be bound by a limit on modal depth.
Under the assumption that the set of propositional letters and the set of agents
are finite, we will for each modal depth k operate with the sublanguage Lk.

The notion of an atom is a twin to the notion of a complete theory. Given any
language L∗, a formula ϕ ∈ L∗ is a complete theory for L∗ iff for all formulae ψ ∈
L∗, either ϕ � ψ or ϕ � ¬ψ. The modal language of Æ, denoted L1 for a singleton
set I, can be seen as representations of formulae from L0, i.e. the language of
propositional logic. As an atom can be interpreted as a propositional valuation, it
is easy to see that each atom is a complete theory for L0. Generalizing this to the
multi-agent case is to say that a multi-modal language is a language representing
representations in a modal language, the first capturing the cognitive state of a
given agent a, the latter representing the material content of states of affairs as
well as the cognitive state of every agent different from a. The latter language
is then denoted by L\a

k for some given integer k, the former the closure of L\a
k

under the a-modal operators. A complete theory for L\a
k is thus a complete

characterization of the material content of a state of affairs in addition to a
complete characterization of the cognitive state of every agent different from a
given agent a.

The notion of a complete theory may then serve as a test for deciding whether
a suggested multi-modal logical space is a correct generalization of the single-
agent logical space. In other terms, if ♦aϕ1 ∧ · · · ∧ ♦aϕn ∧ �a(ϕ1 ∨ · · · ∨ ϕn) is
a multi-modal logical space for a given agent a, where {ϕ1, . . . , ϕn} ⊆ L\a

k for
a given integer k, then each ϕ ∈ {ϕ1, . . . , ϕn} should be a complete theory for
L\a

k .
We will use the following notation for the distribution of a modality over a

set of formulae: BaΓ = {Baγ | γ ∈ Γ}, and the same for any other modality.
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Definition 1. Let Φ ⊆ L\a. The functions Bela, Cobela and Lspacea, all of them
from a set of formulae free of modality a to a completely a-modalized formula,
are defined as follows:

Bela(Φ) =
∧

baΦ ∧Ba(
∨

Φ),

Cobela(Φ) =
∧

caΦ ∧Ca(
∨

Φ),

Lspacea(Φ) =
∧

♦aΦ ∧�a(
∨

Φ).

Lspacea(Φ) is the logical space for agent a spanned by Φ. If Φ+ ∪ Φ− = Φ, then
Bela(Φ+) ∧ Cobela(Φ−) is a doxastic a-alternative spanned by Φ. Notice that a
doxastic a-alternative spanned by Φ entails Lspacea(Φ). The set of all doxastic
a-alternatives spanned by every nonempty subset of Φ is denoted Doxa(Φ).

Two properties will play a central role in our analysis. A set of formulae Φ
satisfies the strong independence property if every two elements of Φ are consis-
tent iff they are equivalent. Φ is L∗-saturated if Φ ⊆ L∗ and every formula ϕ ∈ L∗
is equivalent to a disjunction of formulae in Φ (L∗ any language addressed in
this paper).

Lemma 5. If Φ ⊆ L\a satisfies strong independence, then so does Doxa(Φ).

Proof. Let δ1 and δ2 be two distinct elements of Doxa(Φ). Then δ1 and δ2 must
disagree on the belief set or the co-belief set. We treat the former. Let δ1 �
Bela(Γ1) and δ2 � Bela(Γ2). There is then a formula ϕ such that either ϕ ∈ Γ1

and ϕ /∈ Γ2 or vice verca. In the first case, ϕ ∧ γ � ⊥ for each γ ∈ Γ2 by strong
independence. Hence ϕ ∧ ∨

Γ2 � ⊥. By modal logic, Ba(
∨

Γ2) � Ba¬ϕ. Since
δ2 � Ba(

∨
Γ2) and δ1 � baϕ, we get δ1 ∧ δ2 � ⊥. The latter case is symmetrical.

��
Lemma 6. Let L∗ be any Boolean closed set of formulae and Φ be L∗-saturated.
Then � ∨

Φ.

Proof. Assume that ¬∨
Φ is consistent. Since Φ is L∗-saturated and L∗ is

Boolean closed, there must then be a non-empty set Γ ⊆ Φ such that � ∨
Γ ≡

¬∨
Φ. But this is clearly impossible. ��

Lemma 7. Let Φ be L\a
k -saturated. Then Doxa(Φ) is La

k+1-saturated.

Proof. Let ϕ ∈ La
k+1. We may without loss of generality assume that ϕ is first-

order. Since Φ is L\a
k -saturated, the formulae inside the scope of the a-modalities

are equivalent to disjunctions of formulae from Φ. By standard propositional
reasoning and normal modal logic and, ϕ is equivalent to a formula on DNF,
where each disjunct is of the form ψ =

∧
baΓ1 ∧Ba(

∨
Γ2)∧

∧
caΓ3 ∧Ca(

∨
Γ4),

Γ1, . . . , Γ4 subsets of Φ. Let

∆ = {δ ∈ Doxa(Φ) | δ = Bela(Φ+) ∧ Cobela(Φ−), Γ1 ⊆ Φ+ ⊆ Γ2, Γ3 ⊆ Φ− ⊆ Γ4}.
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Then � ψ ≡ ∨
∆. To see that

∨
∆ � ψ, observe that if Γ1 ⊆ Φ+, then Bela(Φ+) �

baγ for each γ ∈ Γ1, and if Φ+ ⊆ Γ2, then Ba(
∨

Φ+) � Ba(
∨

Γ2). Conversely,
assume that ψ �

∨
∆, i.e. that ψ is consistent with ¬∨

∆. This entails that ψ
is consistent with a formula θ constructed as a conjunction out of the negation
of one conjunct from each δ in ∆. But by construction of ψ there is no such θ
which is consistent with ψ. ��

Lemma 8. Let Φ be L\a
k -saturated and satisfy strong independence, and let δ

be a doxastic a-alternative spanned by Γ ⊆ Φ. Then δ is a complete theory over
La

k+1.

Proof. We need to prove that either δ � ψ or δ � ¬ψ for every ψ ∈ La
k+1.

By Lemma 2, we may without loss of generality assume that ψ is first-order.
The result for Boolean combinations of formulae follows easily once the result is
established for modal atoms. It suffices to deal with the case where ψ is of the
form Baϕ, as the other cases are symmetrical.

Let δ � Bela(Γ1) and � ϕ ≡ ∨
Γ2, Γ1 and Γ2 subsets of Φ. There are two

cases. Either Γ1 ⊆ Γ2, or there is a formula γ such that γ ∈ Γ1 and γ /∈ Γ2. In the
first case,

∨
Γ1 �

∨
Γ2. By modal logic, Ba(

∨
Γ1) � Ba(

∨
Γ2), and so δ � Baϕ.

In the second case, γ ∧ ∨
Γ2 � ⊥ by strong independence. By modal logic,

baγ � ba¬(
∨

Γ2). Since δ � baγ, we get that δ � ba¬(
∨

Γ2), i.e. δ � ¬Baϕ. ��

We are now ready to generalize the single-agent notion of an atom to the
multi-agent case. In the single agent case, an atom α can be interpreted as a
complete characterization of the material content of a state of affairs. In the
multi-agent case, we want for each agent ai ∈ I, I = {a1, . . . , am}, and each
modal depth k to define a doxastic alternative δi, such that δi completely char-
acterizes the cognitive state of agent ai. A conjunction α∧ δ1 ∧· · ·∧ δm is then a
complete characterization of the material content of a state of affairs, as well as
a complete characterization of the cognitive state of every agent. As we shall see,
the conjunction α ∧ δ1 ∧ · · · ∧ δm is a complete theory for Lk. This conjunction
will be referred to as an I-atom with depth k.

Given a set of I-atoms with depth k, the doxastic alternatives for agent a
with depth k + 1 will be defined over this set. Intuitively, where Φ is the set
of I-atoms with depth k, the set of formulae Doxa(Φ) is the set of doxastic a-
alternatives with depth k + 1. This is, however, not the correct generalization
of the single agent case, since in the single-agent case, a doxastic alternative is
defined over a set of purely Boolean formulae. Generalizing this is to define a
doxastic alternative for agent ai over a set of formulae free of modality a. To
this end, we will define a set of formulae from L\a

k each formula of which forms
a complete theory for L\a

k .

Convention. Let ϕ = α∧ δ1 ∧· · ·∧ δm be a formula such that α ∈ L0 and δi

is a doxastic a-alternative. Then ϕ[ai/�] = α∧δ1∧· · ·∧δi−1∧�∧δi+1∧· · ·∧δm.
If Φ is a set of I-atoms, Φ[ai/�] = {ϕ[ai/�] | ϕ ∈ Φ}.
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Definition 2 (I-atoms). The set of I-atoms Φk with depth k is defined as
follows: Φ0 is the set of atoms, while Φk+1 is all formulae α∧ δ1 ∧ · · · ∧ δm such
that

– α is an atom,
– δi is a doxastic ai-alternative spanned by the set Γi ⊆ Φk[ai/�],
– ∃ϕ ∈ Φk such that ϕ � α and for each ai, ϕ[ai/�] ∈ Γi.

From now on Φk refers to the set of I-atoms with depth k. The third condition
in the definition above is a consistency condition as witnessed by the following
result.

Lemma 9. Assume that each Φk satisfies strong independence and that Φk[a/�]
is L\a

k -saturated for each agent a. Let α be an atom and δi be a doxastic ai-
alternative spanned by Γi ⊆ Φk[ai/�]. Then α∧ δ1 ∧ · · · ∧ δm is consistent if and
only if ∃ϕ ∈ Φ such that ϕ � α and for each ai, ϕ[ai/�] ∈ Γi.

Proof. Note that if δi is spanned by the set Γi ⊆ Φk[ai/�], then δi � �ai(
∨

Γi).
By axiom T , δi �

∨
Γi. Since the conjuncts of ψ are of different modalities (the

atom purely Boolean, however), inconsistency of ψ can stem from axiom T only.
Hence, it suffices to prove that the consistency condition ensures consistency of
ψ = α ∧∨

Γ1 ∧ · · · ∧
∨

Γm.
Also note that Φ0 is the set of atoms (which is trivially L0-saturated) and

that the condition for k = 1 then simply states that there is an atom α such
that α ∈ Γi for each Γi. If there is a Γi such that α /∈ Γi, Lemma 6 gives that∨

Γi � ¬α. Hence ψ is inconsistent. Conversely, if ψ is inconsistent, there must
be a Γi such that α /∈ Γi, and hence the condition is not satisfied.

If k > 1, suppose that the condition is not satisfied. Then, for each ϕ ∈ Φk

which entails α there is a Γi such that ϕ[ai/�] /∈ Γi. It follows from this that
given any two distinct sets Γi and Γj , each two elements ϕ1[ai/�] ∈ Γi and
ϕ2[aj/�] ∈ Γj must disagree on a doxastic al-alternative, ai �= aj �= al. In
other terms, there are two distinct doxastic al-alternatives δ1 and δ2 such that
ϕ1[ai/�] � δ1 and ϕ2[aj/�] � δ2. By the strong independence assumption,
δ1 ∧ δ2 � ⊥, and so ϕ1[ai/�] ∧ ϕ2[aj/�] � ⊥. Since this holds for any two
distinct sets Γi and Γj , ψ must be inconsistent.

Suppose conversely that ψ is inconsistent. There are two cases. In the first
case, there is a set Γi such that

∨
Γi � ¬α, i.e. for each ϕ ∈ Φk such that

ϕ � α, there is a set Γi such that ϕ[ai/�] /∈ Γi. Then the condition is not
satisfied. In the second case, there are two distinct sets Γi and Γj such that∨

Γi ∧
∨

Γj � ⊥. Then, for each two elements ϕ1[ai/�] ∈ Γi and ϕ2[aj/�] ∈ Γj ,
ϕ1[ai/�] ∧ ϕ2[aj/�] � ⊥. We may assume that α is entailed by both ϕ1 and ϕ2

since this was treated in the first case. Since ϕ1[ai/�] ∧ ϕ2[aj/�] � ⊥, the two
formulae must disagree on a doxastic al-alternative, and hence ϕ1 and ϕ2 are
two distinct elements of Φk. The condition is then not satisfied. ��
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Lemma 10. The set Φk[a/�] satisfies strong independence.

Proof. The base case is when k = 0. Φ0[a/�] is the set of atoms, and it is imme-
diate that the set of atoms satisfies strong independence. Suppose inductively
that ϕ and ψ are two distinct elements of Φk+1[a/�]. Then ϕ and ψ either dis-
agree on an atom or on a doxastic b-alternative, b �= a. In the first case, it is
immediate that ϕ ∧ ψ � ⊥. In the second case, let ϕ � δ1

b and ψ � δ2
b , where δ1

b

and δ2
b are doxastic b-alternatives spanned by Γ1 and Γ2, respectively, Γ1 and

Γ2 subsets of Φk[b/�]. By the induction hypothesis, Φk[b/�] satisfies strong in-
dependence. By Lemma 5, δ1

b ∧ δ2
b � ⊥. Hence ϕ ∧ ψ � ⊥. ��

Corollary 1. The set of doxastic a-alternatives spanned by subsets of Φk[a/�]
satisfies strong independence.

Proof. Immediate from Lemma 10 and Lemma 5. ��

Lemma 11. Φk[a/�] is L\a
k -saturated and Doxa(Φk[a/�]) is La

k+1-saturated.

Proof. Both properties are proved by simultaneous induction on k. In the base
case Φ0 = Φ\a

0 . It is easy to see that the first condition holds. Since Φ0 is L0-
saturated, the second holds by Lemma 7.

Φk+1[a/�] is L\a
k+1-saturated (induction step). We have to prove that for each

ϕ ∈ L\a
k+1 there is a subset of Φk+1[a/�] the disjunction of which is equivalent to

ϕ. It is easy to see (using the DNF equivalent of each formula) that it is sufficient
to prove this for ϕ of the form ϕP ∧ϕa1 ∧ · · · ∧ϕam where ϕP is purely Boolean,
ϕa is � and every other ϕai is in Lai

k+1. Let the atom set ϕ̂P be the set of atoms
which imply ϕP , ϕ̂a be {�} and ϕ̂ai be the set of all δ ∈ Doxai(Φk[ai/�]) such
that δ � ϕ. Let ϕ̂ be the set of every formula α∧ δ1 ∧ · · · ∧ δm in Φk+1[a/�] such
that α ∈ ϕ̂P and δi ∈ ϕ̂ai .

It follows by construction that
∨

ϕ̂ � ϕ. Conversely, assume that ϕ is con-
sistent with ¬∨

ϕ̂. By induction hypothesis and Lemma 6, � Doxai(Φk[ai/�]).
This entails that there must be a consistent ψ of the form α∧δ1∧· · ·∧δm which
implies ϕ and which is not in Φk+1[a/�]. But this is only possible if δ violates
the third subcondition in the definition of Φk+1 (Definition 2). By Lemma 9, ψ
is inconsistent. Contradiction. Hence � ϕ ≡ ∨

ϕ̂.
Doxa(Φk[a/�]) is La

k+1-saturated (induction step). By the induction hypoth-
esis, Φk[a/�] is L\a

k -saturated. Then, by Lemma 7, Doxa(Φk[a/�]) is La
k+1-

saturated. ��

Theorem 2. Each formula ϕ ∈ Φ\a
k is a complete theory over L\a

k . Each dox-
astic alternative δ ∈ Doxa(Φk[a/�]) is a complete theory over La

k+1.

Proof. By Lemma 10, Φk[a/�] satisfies strong independence and by Lemma 11
Φk[a/�] is L\a

k -saturated. By Lemma 8, each δ ∈ Doxa(Φk[a/�]) is a complete
theory over La

k+1. Since each δ ∈ Doxa(Φk−1[a/�]) is a complete theory over Lk,
it follows that each ϕ ∈ Φk[a/�] is a complete theory over L\a

k . ��
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Having defined the set of I-atoms, we may now define the logical space for
the multi-agent case. A logical space of agent a up to depth k is defined over a
subset Γ of Φk[a/�] by the formula Lspacea(Γ ). Observe that for k = 0, the
logical space is defined by the formula Lspacea(∆), ∆ ⊆ Φ0, which is a logical
space as defined for the single-agent system Æ.

Corollary 2. Let λ be a logical space for agent a up to k and ϕ ∈ L\a
k . Then

either λ � ♦aϕ or λ � ¬♦aϕ.

4 Examples

In Section 6.1 of [4], Halpern and Lakemeyer give examples of how their logic
can be used to represent default reasoning in a multi-agent situation. We will
show how the inferences are carried out in the logic ÆI .

Example 1. The first example of Halpern and Lakemeyer is this. Let p be agent
a’s secret and suppose he makes the assumption that unless he believes that b
knows his secret, he assumes that she does not know it. We will now prove that
if this is all he believes and if it is conceivable that b does not know his secret,
then he believes that she does not know his secret. Formally, we show

λa ∧Oa(¬BaBbp ⊃ ¬Bbp) � Ba¬Bbp,

where λa is the logical space of agent a. Let ϕ denote ¬BaBbp ⊃ ¬Bbp. Note
that the assumption that it is conceivable to a that b does not know his secret
implies that λa � ♦a¬Bbp. Let us turn to the formal derivation.

1. λa ∧Oaϕ � Baϕ PL
2. λa ∧Oaϕ � Ca¬ϕ PL
3. λa ∧Oaϕ � (Baϕ ∧ ¬BaBbp) ⊃ Ba¬Bbp normal logic, ÆI

4. λa ∧Oaϕ � Ca¬ϕ ⊃ (Ca¬BaBbp ∧CaBbp) normal logic
5. λa ∧Oaϕ � ♦a¬Bbp assumption
6. λa ∧Oaϕ � CaBbp ⊃ ¬BaBbp 5, PL
7. λa ∧Oaϕ � ¬BaBbp 2, 4, 6, PL
8. λa ∧Oaϕ � Ba¬Bbp 1, 3, 7, PL

In the third line, we made use of the modal reductive strength of the logic. The
critical point in the derivation is of course the fifth line. This theorem rests on
the assumption that ¬Bbp is conceivable to agent a. The derivation in the system
of Halpern and Lakemeyer is somewhat longer, since they need to apply some
extra machinery to reason about validity and satisfiability.

The nonmonotonicity becomes apparent when we add Bbp to the belief set
of agent a, or we define the logical space such that λa � ¬♦a¬Bbp. Then BaBbp
is deducible.

Example 2. In their next example, Halpern and Lakemeyer show how one agent
reasons about another agent’s ability to reason nonmonotonically. The letter p
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stands for “Tweety flies”. It is then shown that if a believes that all b believes
is that by default Tweety flies, then a believes that b believes that Tweety flies.

Again, it is the logical space that makes the deduction go through in our
system. But here, since a reasons about b’s ability to reason nonmonotonically,
if a is to derive the conclusion that b believes p, a must believe that the conceiv-
ability space of b is such that p is conceivable. I.e., the logical space λb of b must
be such that λb � ♦bp. Note that since the nonmonotonicity in this example is
about b, we need not consult the logical space of a.

What we want to prove is thus that

Ba(λb ∧Ob(bbp ⊃ p)) � BaBbp.

In the same pattern as in the previous example, we may show that λb∧Ob(bbp ⊃
p) � Bbp, given the assumption that λb � ♦bp. The difference is that we now
reason about agent b and that ¬Bbp is replaced with p. The desired result then
follows by normal logic.

The assumption we made that a believes λb is a stronger assumption than
what we actually need. It may very well be such that a believes that b has one
of several different conceivability spaces. The assumption we need is that every
logical space of agent b compatible with a’s beliefs must be such that ♦bp is
implied by it.

5 The Modal Reduction Theorem

We will in this section assume a sub-language Lk bound by a finite set of propo-
sitional letters P , a finite set of indices I and a given modal depth k. Let the
logical space λ of agent a be given, and let β be any formula. The modal reduc-
tion theorem states that there are formulae β1, . . . , βn free of modality a, such
that

λ � Oaβ ≡ Oaβ1 ∨ · · · ∨Oaβn.

Moreover, each formula Oaβi, i ≤ m, is defined directly from one of the a-
clusters satisfying λ ∧Oaβ, and each such a-cluster is represented by a formula
Oaβi.

Let λ ∧ Oaϕ have depth k. We will say that λ ∧ Oaϕ is an explicit belief
representation if for any formula ψ ∈ La

k, either λ ∧Oaϕ � ψ or λ ∧Oaϕ � ¬ψ.
In other terms, an explicit belief representation is a formula that determines the
agent’s attitude towards any formula in the language.

Theorem 3. Let ϕ be any formula free of modality a. Then λ ∧ Oaϕ is an
explicit belief representation.

Related to the notion of an explicit belief representation is the notion of an
implicit belief representation, i.e. formulae of the form λ ∧Oaϕ that allow am-
biguity with respect to a-modalized formulae. An implicit belief representation
is a formula λ ∧Oaϕ where ϕ is not free of modality a. By applying the modal
reduction theorem, such formulae are reduced to disjunctions of formulae, each
of them an explicit belief representation.
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6 Related Work

We will in this section prove the equivalence of the system ÆI with two earlier
attempts of generalizing the system of Levesque [7]. The first of these other
systems is the system HL of Halpern and Lakemeyer [4], where a generalization
of Levesque’s system is provided by coding the satisfiability relation into the
system. Notice that the language of HL is an extension of L. We will prove the
equivalence with ÆI with respect to the common part of the languages. The
second system is the system LI of Waaler [12], where the ♦-axiom of Levesque’s
system is generalized to the statement that ♦aϕ is a theorem provided that ϕ is
a consistent formula free of modality a.

The deducibility relations of HL and LI are denoted �HL and �LI , respec-
tively. In [12], the equivalence of LI and HL was established. We will in this
section prove the equivalence of the system ÆI and the system LI . The equiva-
lences of the three systems then follow as a corollary.

6.1 The system LI

Let �′ be the deducibility relation given by removing the axiom schema T from
the system ÆI . The deducibility relation �LI of the system LI is defined as the
least relation extending �′ containing every instance of the following schema for
each agent a ∈ I:

♦a : ♦aϕ provided ϕ �LI ⊥, ϕ free of modality a.

There is a circular pattern to the ♦a-axiom, but in [12], it is shown that the
circularity is not vicious. This result is captured by Lemma 12 below.

As in ÆI any formula is provably equivalent to a first-order formula in LI .
Moreover, T is a theorem of LI . Hence, LI is an extension of ÆI . For proof of
these claims consult [13].

6.2 Equivalence of ÆI and LI

LI is a proper extension of ÆI . However, equivalence between the systems can
be established for sublanguages up to a given depth by strengthening ÆI with
a particular set of formulae. In the single-agent case, when the maximal logical
space is added to the axioms of Æ, the system Æ is equivalent to the propositional
fragment of Levesque’s system. What we need to do in the multi-agent case is
to identify a set of formulae that, when added to the axioms of ÆI , yields
equivalence of ÆI and LI .

Definition 3 (Maximal I-atoms). The set of maximal I-atoms with depth k
is defined as follows: Φ0 is the set of atoms, while Φk+1 is all formulae α ∧ δ1 ∧
· · · ∧ δn such that

– α is an atom,
– δi is a doxastic ai-alternative spanned by Φk[ai/�],
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The critical difference between the definition of a maximal I-atom and the
definition of an I-atom as defined in Definition 2 is that δi in the inductive
step of the definition of a maximal I-atom is spanned by Φk[ai/�], and not
subsets of Φk[ai/�]. The consistency condition is furthermore omitted. This is
because formulae α ∧ δ1 ∧ · · · ∧ δm trivially satisfy the consistency condition in
the definition of the maximal I-atoms. (We omit the easy proof of this claim.)

The maximal logical space of agent ai with depth k is now defined as λi =
Lspacea(Φk−1[ai/�]). We will prove that the set of formulae Λ = {λi | ai ∈ I}
added to the axioms of ÆI yields equivalence with LI up to depth k.

Before we proceed, we need an important result from [12]. This result states
that LI-consistency of a formula ϕ free of modality a is established without
reference to the theorem ♦aϕ.

Lemma 12. Let ϕ be LI-provable. Then there is an LI-proof π of ϕ such that
d(ψ) < d(ϕ) for every instance of an axiom ♦aψ which is used in π.

Theorem 4. Let Λ be the set of maximal logical spaces with depth k for each
agent ai ∈ I and d(ϕ) ≤ k. Then Λ � ϕ iff �LI ϕ.

Proof. The proof is by induction on the depth of the logical spaces, and both
directions are proved simultaneously. As � ⊆ �LI , we need for the ’only if’
direction to prove that �LI

∧
Λ. For the ’if’ direction, we need to prove that LI

is a strengthening of ÆI by
∧

Λ only. That is, we need to prove that ♦aiϕ is
deducible in ÆI from Λ, where ♦aiϕ is derivable in LI by an application of ♦ai

to a formula ϕ, where d(ϕ) < d(λi).
The base case is when each λi is spanned by the set of atoms Φ0. ’Only if’:

As every atom α is LI-consistent, �LI ♦aiα by the ♦ai -axiom, and since
∨

Φ0

is a PL-tautology, we get �LI �ai(
∨

Φ0) by RN. So �LI λi for every λi ∈ Λ.
’If’: Suppose �LI ♦aiϕ is deduced in LI by an application of ♦ai . It must then
be the case that ϕ is a purely Boolean formula such that ϕ �LI ⊥. Since LI

extends ÆI , ϕ � ⊥. There is then an atom α such that α � ϕ. By modal logic,
♦aiα � ♦aiϕ, and so λi � ♦aiϕ.

In the inductive step, let d(λi) = k+1, λi spanned by Φk[ai/�]. ’Only if’: We
need to establish that ψ �LI ⊥ for every ψ ∈ Φk[ai/�] and that �LI

∨
Φk[ai/�].

Once these two properties are established, we may apply ♦ai to the first and RN
to the latter to get the desired result.

Note that ψ is a conjunction of an atom and a doxastic aj-alternative δj for
each aj �= ai. Each δj entails the maximal logical space λ′j , d(δj) = k. Let Λ′ be
the set of maximal logical spaces with depth k for each aj �= ai. By construction
of the logical space, we have ψ ∧Λ′

� ⊥. By the induction hypothesis, ψ �LI ⊥.
By axiom ♦ai , we get �LI ♦aiψ.

Let ∆j be the doxastic aj-alternatives spanned by Φk−1[aj/�]. Observe that
for each δj ∈ ∆j , d(δj) = k and δj � λ′j , where λ′j is the maximal logical space
with depth k for agent aj . Notice that the set of conjunctions of an atom and
a formula δj ∈ ∆j for each aj �= ai is exactly the set of formulae Φk[aj/�]. In
order to prove �LI

∨
Φk[ai/�], we will prove that �LI

∨
∆j for each aj �= ai.

101



The result then follows by standard propositional reasoning and the fact that
�LI

∨
Φ0.

We will first prove that λ′j � ∨
∆j . Suppose that λ′j �

∨
∆j , i.e. λ′j ∧

¬(
∨

∆j) � ⊥. By Lemma 11, there is a doxastic aj-alternative δ′j with depth k
such that δ′j � λ′j ∧ ¬(

∨
∆j). But then δ′j � λ′j , and so δj ∈ ∆j . Contradiction.

Since λ′j �
∨

∆j , we get �LI

∨
∆j by the induction hypothesis. �LI

∨
Φk[ai/�]

follows by standard propositional reasoning, and �LI �ai(
∨

Φk[ai/�]) by RN.
’If’: Suppose �LI ♦aiϕ, d(ϕ) < d(λi), λi ∈ Λ, is deduced in LI by an applica-

tion of ♦ai . It must then be the case that ϕ is a formula free of modality ai such
that ϕ �LI ⊥. By Lemma 12, any application of the ♦ai -axiom to establish the
consistency of ϕ is to formulae with depth < d(ϕ). By the induction hypothesis,
Λ′ ∧ ϕ � ⊥, where Λ′ is the set of maximal logical spaces with depth k for each
aj �= ai.

We may without loss of generality assume that ϕ is first-order and on DNF.
Since Λ′∧ϕ � ⊥, there is a disjunct ψ of φ such that Λ′∧ψ � ⊥. ψ is a conjunction
of a purely Boolean formula ψP and a completely aj-modalized formula ψaj for
each aj �= ai. Since λ′j ∧ ψaj � ⊥, λ′j ∈ Λ′, there is by Lemma 11 a doxastic
aj-alternative δj with depth k such that δj � λ′j ∧ψaj . Let ∆ be the set of these
formulae δj for each aj �= ai. As to ψP , there is an atom α such that α � ψP .
Since each δj entails the maximal logical space, the consistency condition is
trivially satisfied, and so α ∧ ∆ � ⊥. Since each element of {α} ∪ ∆ entails a
respective conjunct of ψ, we have α ∧∆ � ψ, and so α ∧∆ � ϕ. Observe that
the conjunction α ∧∧

∆ is an element of Φk[aj/�] and that ♦ai(α ∧
∧

∆) is a
conjunct of the maximal logical space λi with depth k. Since α∧∆ � ϕ, we have
♦ai(α ∧

∧
∆) � ♦aiϕ by modal logic, and so λi � ♦aiϕ as desired. ��

Corollary 3. Λ � ϕ iff �LI ϕ iff �HL ϕ, ϕ ∈ L, provided d(ϕ) ≤ d(λi) for each
λi ∈ Λ.

Proof. Follows immediately from Theorem 15 of [12] and Theorem 4. ��

7 Conclusion and Future Work

The focus of this paper is on the logical foundation of multi-agent systems.
We have successfully developed a notion of logical space for agents in a multi-
modal only knowing language. Clearly, a practical application will require a
more economical way of representing and reasoning within logical spaces, typi-
cally achieved by means of highly restricted languages. However, to implement
constraints like this, one needs to know what “all the options” are. This paper
presents an answer to this fundamental and conceptually important question.

A number of interesting questions can be raised on the basis of this logical
clarification. First, we have not presented any complexity analysis. The size of a
logical space grows quickly beyond any tractable level. However, in a particular
situation one will not need to span the entire space syntactically, exactly like
one in Æ can provide an implicit definition of a logical space by means of a
characteristic formula [8, 11]. We plan to address this question in a subsequent
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paper. We also plan to extend the reduction method used to give a constructive
proof of the Modal Reduction Theorem in Æ to ÆI and to extend the language
with language constructs to express different degrees of confidence for each agent
(like in Æ). The latter task is in itself straightforward; however, a non-trivial use
of this would be to develop a theory of multi-agent default reasoning within this
language which generalizes the encoding of default logic in Æ [1].
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Abstract. This paper studies compositional semantics of nonmonotonic
logic programs. We suppose the answer set semantics of extended disjunc-
tive programs and consider the following problem. Given two programs
P1 and P2, which have the sets of answer sets AS(P1) and AS(P2), re-
spectively; find a program Q which has answer sets as minimal sets S∪T

for S from AS(P1) and T from AS(P2). The program Q combines an-
swer sets of P1 and P2, and provides a compositional semantics of two
programs. Such program composition has application to coordinating
knowledge bases in multi-agent environments. We provide methods for
computing program composition and discuss their properties.

1 Introduction

Combining knowledge of different information sources is a central topic in multi-
agent systems. In those environments, different agents generally have different
knowledge and belief, then coordination among agents is necessary to form ac-
ceptable agreements. In computational logic, knowledge and belief of an agent
are represented by a set of formulas. Combining multiple knowledge bases is then
formulated as the problem of composing different theories. In multi-agent envi-
ronments, individual agents are supposed to have incomplete information. Since
theories including incomplete information are nonmonotonic, it is important and
meaningful to develop a framework of composing nonmonotonic theories.
To see the problem, suppose the following scenario: there is a trouble in a

system which consists of three components c1, c2, and c3. After some diagnoses,
an expert e1 concludes that the trouble would be caused by one of the two com-
ponents c1 and c2, but they are unlikely to be in trouble at the same time. On the
other hand, another expert e2 concludes that the trouble would be caused by one
of the two components c2 and c3, while they would not disorder simultaneously.
Two experts’ diagnoses are encoded as the following logic programs:

e1 : c1 ← not c2,

c2 ← not c1,



e2 : c2 ← not c3,

c3 ← not c2.

Here, not represents negation as failure and the rules ci ← not cj and cj ← not ci
encode two alternative causes. By merging two programs, the program e1 ∪ e2
has two answer sets {c1, c3} and {c2}, which would be acceptable to each expert.
(Note: e1 (resp. e2) represents that c1 and c2 (resp. c2 and c3) are alternative
causes of the problem, but each expert does not exclude the possibility of having
c1 and c3 at the same time.)
The story goes on: e1 consider that the possible cause is either c1 or c2, but

he empirically knows that c1 is more likely to cause the trouble. Similarly, e2
consider that the possible cause is either c2 or c3, but she empirically knows that
c2 is more likely to cause the trouble. Two experts then slightly modify their
diagnoses as

e′1 : c1 ← not c2,

c2 ← ¬ c1,

e′2 : c2 ← not c3,

c3 ← ¬ c2.

After the modification, e′1 is read as: c1 is considered a cause if there is no
evidence of c2, and c2 will not become a cause unless c1 is explicitly negated. e

′
2

is read in a similar way. Merging two programs, however, the program e′1 ∪ e
′
2

has the single answer set {c2}, which reflects the result of diagnosis by e
′
2 but

does not reflect e′1. When two experts are equally reliable, the result might be
unsatisfactory. In fact, e′2 puts weight on c2 relative to c3 and e

′
1 puts weight on

c1 relative to c2. After integrating these diagnoses, there is no reason to conclude
c2 as the plausible conclusion.
The above example illustrates that composition of nonmonotonic theories is

not achieved by simply merging them. The problem is then how to build a
compositional semantics of nonmonotonic theories. In this paper, we consider
composition of extended disjunctive programs under the answer set semantics

[11]. An answer set is a set of literals which corresponds to a belief set being
built by a rational reasoner on the basis of a program [2]. A program generally
has multiple answer sets, and different agents have different collections of answer
sets. We then capture composition of two programs as the problem of building
a new program which combines answer sets of the original programs. Formally,
the problems considered in this paper are described as follows.

Given: two programs P1 and P2;

Find: a program Q satisfying AS(Q) = min(AS(P1) ] AS(P2)) where AS(P )
represents the set of answer sets of a program P and AS(P1) ] AS(P2) =
{S ∪ T | S ∈ AS(P1) and T ∈ AS(P2)},

where min(X) = {Y ∈ X | ¬∃Z ∈ X s.t. Z ⊂ Y }. The program Q satisfying
the above condition is called composition of P1 and P2. The result of composition
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combines answer sets of two programs, which has the effect of amalgamating the
original belief of each agent. We develop methods for constructing a program
having the compositional semantics.
The rest of this paper is organized as follows. Section 2 introduces basic

notions used in this paper. Section 3 presents compositional semantics and its
technical properties. Section 4 provides methods for building programs which
reflect compositional semantics. Section 5 addresses permissible composition for
multi-agent coordination. Section 6 discusses related issues and Section 7 sum-
marizes the paper.

2 Preliminaries

In this paper, we suppose an agent that has a knowledge base written in logic
programming.
A program considered in this paper is an extended disjunctive program (EDP)

which is a set of rules of the form:

L1 ; · · · ; Ll ← Ll+1 , . . . , Lm, not Lm+1 , . . . , not Ln

(n ≥ m ≥ l ≥ 0)

where each Li is a positive/negative literal, i.e., A or ¬A for an atom A, and
not is negation as failure (NAF). notL is called an NAF-literal. The sym-
bol “;” represents disjunction. The left-hand side of the rule is the head , and
the right-hand side is the body. For each rule r of the above form, head(r),
body+(r) and body−(r) denote the sets of literals {L1, . . . , Ll}, {Ll+1, . . . , Lm},
and {Lm+1, . . . , Ln}, respectively. Also, not body

−(r) denotes the set of NAF-
literals {notLm+1, . . . , not Ln}. A disjunction of literals and a conjunction of
(NAF-)literals in a rule are identified with its corresponding sets of literals. A rule
r is often written as head(r) ← body+(r), not body−(r) or head(r) ← body(r)
where body(r) = body+(r)∪not body−(r). A rule r is disjunctive if head(r) con-
tains more than one literal. A rule r is an integrity constraint if head(r) = ∅; and
r is a fact if body(r) = ∅. A program is an extended logic program (ELP) if it con-
tains no disjunctive rule. A program is NAF-free if no rule contains NAF-literals.
A program with variables is semantically identified with its ground instantiation,
and we handle propositional and ground programs only.
The semantics of EDPs is given by the answer set semantics [11]. Let Lit be

the set of all ground literals in the language of a program. A set S(⊂ Lit) satisfies
a ground rule r if body+(r) ⊆ S and body−(r)∩S = ∅ imply head(r)∩S 6= ∅. In
particular, S satisfies a ground integrity constraint r with head(r) = ∅ if either
body+(r) 6⊆ S or body−(r) ∩ S 6= ∅. S satisfies a ground program P if S satisfies
every rule in P .
Let P be an NAF-free EDP. Then, a set S(⊆ Lit) is an answer set of P if S

is a minimal set such that

1. S satisfies every rule from the ground instantiation of P ,
2. If S contains a pair of complementary literals L and ¬L, S = Lit.

106



Next, let P be any EDP and S ⊆ Lit. For every rule r in the ground instantiation
of P , the rule head(r)∩S ← body+(r) is included in the reduct SP if body+(r) ⊆ S
and body−(r)∩S = ∅. Then, S is an answer set of P if S is an answer set of SP .

Remark: The definition of a reduct presented above is slightly different from
the original one in [11]. In [11], the rule head(r) ← body+(r) is included in the
reduct PS (called Gelfond-Lifschitz reduction) if body−(r)∩S = ∅. Our reduction
imposes additional conditions, but two reductions produce the same answer sets
of EDPs.

Proposition 2.1 For any EDP P , S is an answer set of SP iff S is an answer

set of PS.

Proof. If S is an answer set of P S , it is a minimal set satisfying every rule in
PS . For any rule r in SP \ PS , it holds body+(r) ⊆ S, (head(r) ← body+(r)) ∈
PS and (head(r) ∩ S ← body+(r)) ∈ SP . As S satisfies PS , body+(r) ⊆ S

implies head(r) ∩ S 6= ∅. So, S satisfies SP . Assume that there is a minimal set
T ⊂ S satisfying every rule in SP . Any rule r in PS \ SP satisfies either (a)
body+(r) 6⊆ S or (b) body+(r) ⊆ S, (head(r)← body+(r)) ∈ PS and (head(r) ∩
S ← body+(r)) ∈ SP . In case of (a), body+(r) 6⊆ S implies body+(r) 6⊆ T .
Then, T satisfies r. In case of (b), as T satisfies SP , body+(r) ⊆ T implies
T ∩ (head(r) ∩ S) 6= ∅, thereby T ∩ head(r) 6= ∅. Thus, in each case T satisfies
every rule in PS . This contradicts the fact that S is a minimal set satisfying P S .
Then, S is also a minimal set satisfying every rule in SP . Hence, S is an answer
set of P . The converse is shown in a similar manner. ut

Example 2.1. Let P be the program:

p ; q ←,

q ← p,

r ← not p.

For S = {q, r}, PS becomes

p ; q ←,

q ← p,

r ←,

while SP becomes

q ←,

r ← .

Each reduct produces the same answer set S. Note that {p, q} does not become
an answer set of P .
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For later convenience, we use the reduct SP for computing answer sets of P .
A program has none, one, or multiple answer sets in general. The set of all

answer sets of P is written as AS(P ). A program having a single answer set is
called categorical [2]. Categorical programs include important classes of programs
such as definite programs, stratified programs, and call-consistent programs. Every
NAF-free ELP has a single answer set. An answer set is consistent if it is not
Lit. A program P is consistent if it has a consistent answer set; otherwise, P is
inconsistent.
A literal L is a consequence of credulous reasoning in a program P (written as

L ∈ crd(P )) if L is included in some answer set of P . A literal L is a consequence
of skeptical reasoning in a program P (written as L ∈ skp(P )) if L is included
in every answer set of P . Clearly, skp(P ) ⊆ crd(P ) for any P .

3 Combining Answer Sets

In this section, we introduce a compositional semantics of programs. Throughout
the paper, different programs are assumed to have the same underlying language
with a fixed interpretation.
Let S and T be two sets of literals. Then, define

S ] T =

{

S ∪ T , if S ∪ T is consistent;
Lit , otherwise.

For two collections S and T of sets, define

S ] T = {S ] T | S ∈ S and T ∈ T }.

Definition 3.1. Let P1 and P2 be two consistent programs. A program Q is
called a composition of P1 and P2 if it satisfies the condition

AS(Q) = min(AS(P1) ] AS(P2))

where min(X) = {Y ∈ X | ¬∃Z ∈ X s.t. Z ⊂ Y }.

The set AS(Q) is called the compositional semantics of P1 and P2. By the
definition, the compositional semantics is defined as the collection of minimal
sets which are obtained by combining answer sets of the original programs.

Example 3.1. Let AS(P1) = {{p}, {q}} and AS(P2) = {{p}, {r}}. Then, the
compositional semantics becomes AS(Q) = { {p}, {q, r} }.

Note that we do not consider composition of inconsistent programs, because
such composition appears meaningless and trivial. So in program composition
consistent programs are handled hereafter.

Proposition 3.1 Let P1 and P2 be two consistent programs, and Q a result of

composition. Then, ∀S ∈ AS(Q), ∃T ∈ AS(P1) ∪ AS(P2) s.t. T ⊆ S.
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Proposition 3.1 presents that every answer set in the compositional semantics
extends some answer sets of the original programs. On the other hand, the
original programs may have an answer set which does not have its extension in
their compositional semantics.

Example 3.2. Let AS(P1) = {{p, q}} and AS(P2) = {{p}, {q, r}}. The compo-
sitional semantics of P1 and P2 becomes AS(Q) = {{p, q}} which extends {p, q}
of P1 and {p} of P2, but does not extend {q, r} of P2.

In the above example, {p, q} absorbs {p} and remains as a result of compo-
sition. Consequently, the set {p, q, r}, which combines {p, q} of P1 and {q, r} of
P2, becomes non-minimal and is excluded from the result of composition.
Such cases are formally stated as follows.

Definition 3.2. Let P1 and P2 be two consistent programs, and Q a result of
composition. When AS(Q) = AS(P1), P1 absorbs P2.

In Example 3.2, P1 absorbs P2. If one program absorbs another program, the
compositional semantics coincides with one of the original programs. The next
proposition characterizes situations in which absorption happens.

Proposition 3.2 Let P1 and P2 be two consistent programs, and Q a result of

composition. Then, P1 absorbs P2 iff for any S ∈ AS(P1), there is T ∈ AS(P2)
such that T ⊆ S.

Proof. For any S ∈ AS(P1), suppose that there is T ∈ AS(P2) such that T ⊆ S.
As S ∪ T = S, AS(P1) ⊆ AS(Q). Suppose any T

′ ∈ AS(P2) such that T
′ 6⊆ S

for any S ∈ AS(P1). Then, S ⊂ S ∪ T
′. Since S ∈ AS(Q), S ∪ T ′ 6∈ AS(Q).

Thus, AS(Q) \ AS(P1) = ∅. Hence, AS(Q) = AS(P1).
Conversely, if AS(Q) = AS(P1), for any S ∈ AS(P1) there is T ∈ AS(P2)

such that S = S ∪ T . Then, T ⊆ S. ut

Skeptical/credulous inference in compositional semantics has the following
properties.

Proposition 3.3 Let P1 and P2 be two consistent programs, and Q a result of

composition. Then,

1. crd(Q) ⊆ crd(P1) ∪ crd(P2).
2. skp(Q) = skp(P1) ∪ skp(P2).

Proof. The result of (1) holds by Proposition 3.1. To see (2), if any literal L
is included in every answer set S in AS(P1) or included in every answer set T
in AS(P2), it is included in every S ∪ T in AS(Q). Conversely, if any literal
L is included in every answer set U in AS(Q), L is included in every minimal
set S ∪ T for some S ∈ AS(P1) and T ∈ AS(P2). Suppose L ∈ S and there is
S′ ∈ AS(P1) such that L 6∈ S

′. Then, there is T ∈ AS(P2) such that L ∈ T .
If there is T ′ ∈ AS(P2) such that L 6∈ T

′, then L 6∈ S′ ∪ T ′ thereby there is
V ∈ AS(Q) such that L 6∈ V . Contradiction. ut
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Example 3.3. LetAS(P1) = {{p, q}} andAS(P2) = {{p}, {q, r}} where crd(P1) =
skp(P1) = { p, q }, crd(P2) = { p, q, r}, and skp(P2) = ∅. The compositional se-
mantics of P1 and P2 becomes AS(Q) = {{p, q}} where crd(Q) = skp(Q) =
{p, q}.

The result of composition possibly becomes inconsistent even if the original
programs are consistent.

Example 3.4. Let AS(P1) = {{p}} and AS(P2) = {{¬p}}. Then, AS(Q) =
{Lit }.

When AS(Q) has no consistent answer set, we consider that program com-
position fails. A necessary and sufficient condition to have a successful program
composition is as follows.

Proposition 3.4 Let P1 and P2 be consistent programs, and Q a result of com-

position. Then, Q is consistent iff there are S ∈ AS(P1) and T ∈ AS(P2) such
that S ∪ T is consistent.

Proof. Q is consistent iff there is a consistent set S ∪ T in AS(P1)]AS(P2) for
S ∈ AS(P1) and T ∈ AS(P2). Hence, the result follows. ut

In program composition, the problem of interest is the cases where one pro-
gram does not absorb the other and the result of composition is consistent. In
the next section, we present methods for computing program composition.

4 Composing Programs

In this section, every program is supposed to have a finite number of answer sets.
We first introduce an additional notation used in this section. Given programs
P1, . . . , Pk, define

P1 ; · · · ; Pk =

{head(r1); · · · ;head(rk)← body(r1), . . . , body(rk) | ri ∈ Pi (1 ≤ i ≤ k) }.

Definition 4.1. Given two programs P1 and P2,

1. Compute R(S, T ) = SP1 ∪
TP2 for every S ∈ AS(P1) and T ∈ AS(P2).

2. Let AS(P1) = {S1, . . . , Sm } and AS(P2) = {T1, . . . , Tn }. Then, define

P1 ¯ P2 = R(S1, T1) ; · · · ; R(Sm, Tn)

where R(S1, T1), . . . , R(Sm, Tn) is any enumeration of the R(S, T )’s con-
structed in Step 1.

By the definition, P1¯P2 is computed in time |P1|×|P2|×|AS(P1)|×|AS(P2)|,
where |P | represents the number of rules in P and |AS(P )| represents the number
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of answer sets of P . In particular, if P1 and P2 respectively have the single answer
set AS(P1) = {S} and AS(P2) = {T}, it becomes P1 ¯ P2 =

SP1 ∪
TP2.

The program P1 ¯ P2 generally contains useless or redundant literals/rules,
and the following program transformations are useful to simplify the program:
(i) Delete a rule r from a program if head(r)∩ body+(r) 6= ∅ (elimination of tau-

tologies: TAUT); (ii) Delete a rule r from a program if there is another rule r′ in
the program such that head(r′) ⊆ head(r) and body(r′) ⊆ body(r) (elimination
of non-minimal rules: NONMIN); (iii) A disjunction (L;L) appearing in head(r)
is merged into L, and a conjunction (L,L) appearing in body(r) is merged into L
(merging duplicated literals: DUPL). These program transformations all preserve
the answer sets of an EDP [4].

Example 4.1. Consider two programs:

P1 : p← not q,

q ← not p,

s← p,

P2 : p← not r,

r ← not p,

where AS(P1) = {{p, s}, {q}} and AS(P2) = {{p}, {r}}. Then, there are four
R(S, T ) such that

R({p, s}, {p}) : p←, s← p,

R({p, s}, {r}) : p←, s← p, r ←,

R({q}, {p}) : q ←, p←,

R({q}, {r}) : q ←, r ← .

P1 ¯ P2 contains the following seven rules (after applying DUPL):

p ; q ←,

p ; r ←,

p ; q ; r ←,

q ; s← p,

q ; r ; s← p,

p ; q ; s← p,

p ; r ; s← p.

Further, those rules, other than the first one, the second one, and the fourth one,
are eliminated by NONMIN. Consequently, the simplified program becomes

p ; q ←,

p ; r ←,

q ; s← p.
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The operator ¯ has the following properties.

Proposition 4.1 The operation ¯ is commutative and associative.

Proof. The commutative law P1 ¯ P2 = P2 ¯ P1 is straightforward. To see the
associative law, both (P1 ¯ P2) ¯ P3 and P1 ¯ (P2 ¯ P3) consist of rules of the
form: head(r1) ; · · · ; head(rk)← body(r1), . . . , body(rk) for ri ∈ R(S, T, U) (1 ≤
i ≤ k) where R(S, T, U) = SP1 ∪

TP2 ∪
UP3 for any S ∈ AS(P1), T ∈ AS(P2),

and U ∈ AS(P3). Hence, (P1 ¯ P2)¯ P3 = P1 ¯ (P2 ¯ P3). ut

Now we proceed to show the main result of this paper.

Lemma 4.2 Let P1 and P2 be two consistent programs, and S ∈ AS(P1) and
T ∈ AS(P2). Then, S ∪ T is an answer set of SP1 ∪

TP2.

Proof. S is a minimal set satisfying SP1 and T is a minimal set satisfying
TP2.

Since body(r) ⊆ S and head(r) ⊆ S for any r ∈ SP1 and body(r
′) ⊆ T and

head(r′) ⊆ T for any r′ ∈ TP2, S ∪ T satisfies
SP1 ∪

TP2. Suppose that there is
T ′ ⊂ T such that S ∪ T ′ satisfies SP1 ∪

TP2. For any L ∈ T \ T
′, if L 6∈ S, T ′

satisfies TP2. But this cannot happen, since T is a minimal set satisfying
TP2.

Then, L ∈ S, thereby S ∪ T = S ∪ T ′. Thus, S ∪ T is a minimal set satisfying
SP1 ∪

TP2. As
SP1 ∪

TP2 is NAF-free, S ∪ T becomes an answer set of it. ut

Lemma 4.3 If U is a minimal set satisfying (R(S, T ) ; R(S ′, T ′)), U is a min-

imal set satisfying R(S, T ).

Proof. If there is V ⊂ U satisfying R(S, T ), for any rule r ∈ R(S, T ) it holds
body(r) 6⊆ V or head(r) ⊆ V . Then, V satisfies every rule head(r);head(r′) ←
body(r), body(r′) in (R(S, T ) ; R(S′, T ′)) for any r′ ∈ R(S′, T ′). This contradicts
the fact that U is a minimal set satisfying (R(S, T ) ; R(S ′, T ′)). ut

Theorem 4.4. Let P1 and P2 be two consistent programs. Then, AS(P1¯P2) =
min(AS(P1) ] AS(P2)).

Proof. Let U ∈ min(AS(P1) ] AS(P2)). Then, there is S ∈ AS(P1) and
T ∈ AS(P2) such that U = S∪T . By Lemma 4.2, U is an answer set of R(S, T ).
Then, U satisfies P1 ¯ P2. Suppose that there is a minimal set V ⊂ U which
satisfies P1 ¯ P2. In this case, V is a minimal set satisfying some R(S

′, T ′) in
P1 ¯ P2 (Lemma 4.3). It then holds that V = S ′ ∪ T ′ for some S′ ∈ AS(P1)
and T ′ ∈ AS(P2) (by Lemma 4.2). Since V ∈ AS(P1) ] AS(P2) and V ⊂ U ,
U 6∈ min(AS(P1)]AS(P2)). Contradiction. Thus, U is a minimal set satisfying
P1 ¯ P2, so U ∈ AS(P1 ¯ P2).
Conversely, let U ∈ AS(P1 ¯ P2). Then, U is a minimal set satisfying some

R(S, T ) in P1 ¯P2 (Lemma 4.3). It then holds U = S ∪ T for some S ∈ AS(P1)
and T ∈ AS(P2) (by Lemma 4.2). Thus, U ∈ AS(P1) ] AS(P2). Suppose that
there is a minimal set V ⊂ U such that V = S ′ ∪ T ′ for some S′ ∈ AS(P1)
and T ′ ∈ AS(P2). In this case, V ∈ min(AS(P1) ] AS(P2)), and V becomes
an answer set of P1 ¯ P2 by the proof presented above. This contradicts the
assumption of U ∈ AS(P1 ¯ P2). Hence, U ∈ min(AS(P1) ] AS(P2)). ut
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Example 4.2. In Example 4.1, AS(P1 ¯ P2) = {{p, q}, {p, s}, {q, r}}, which co-
incides with the result of composition.

Two programs P1 and P2 are merged by taking their union P1∪P2. Program
composition and merging bring syntactically and semantically different results
in general, but there are some relations for special cases.

Proposition 4.5 For two consistent NAF-free programs P1 and P2, if P1 ∪ P2

is consistent, P1 ¯ P2 is consistent.

Proof. If P1 ∪ P2 is consistent, there is
SP1 for S ∈ AS(P1) and

TP2 for
T ∈ AS(P2) such that

SP1 ∪
TP2 is consistent. Then, S ∪ T is consistent. By

Proposition 3.4 and Theorem 4.4, P1 ¯ P2 is consistent. ut

The converse of Proposition 4.5 does not hold in general.

Example 4.3. Let P1 = { p←} and P2 = {← p }. Then, P1 ¯ P2 = { p←}, but
P1 ∪ P2 has no answer set.

In the general case, there is no relation for the “easiness” of inconsistency
arising between composition and merging.

Example 4.4. Let P1 = { p ← not¬p } and P2 = {¬p ← not p }. Then, P1 ∪ P2

is consistent, but P1¯P2 = { p← , ¬p←} is inconsistent. On the other hand,
let P3 = { p ← not q, q ← not r } and P4 = { r ← not p }. Then, P3 ∪ P4 is
inconsistent, but P3 ¯ P4 = { q ; r ←} is consistent.

For extended logic programs, the following syntactical and semantical rela-
tions hold.

Proposition 4.6 For two consistent NAF-free ELPs P1 and P2, P1 ¯ P2 ⊆
P1 ∪ P2.

Proof. In this case, each program has the single answer set. Let AS(P1) = {S}
and AS(P2) = {T}. Then, P1 \

SP1 = { r | r ∈ P1 and body(r) 6⊆ S }, and
SP1 \ P1 = ∅. This is also the case for P2. Since P1 ¯ P2 =

SP1 ∪
TP2, the result

follows. ut

Proposition 4.7 Let P1 and P2 be two consistent NAF-free ELPs. Then, U ⊆
V holds for the answer set U of P1 ¯ P2 and the answer set V of P1 ∪ P2.

Proof. Let AS(P1) = {S} and AS(P2) = {T}. Then, AS(P1 ¯ P2) = {S ∪ T}.
On the other hand, if P1 ∪P2 is inconsistent, AS(P1 ∪P2) = {Lit}. So, S ∪ T ⊆
Lit. Else if P1 ∪ P2 has the consistent answer set V , S ∪ T is consistent by
Proposition 4.5. Then, S ∪ T ⊂ V by Proposition 4.6. ut

Example 4.5. Let P1 = { p ← q } and P2 = { q ←}. Then, P1 ¯ P2 = { q ←}
and P1 ∪ P2 = { p← q, q ←}. So P1 ¯ P2 ⊆ P1 ∪ P2 and {q} ∈ AS(P1 ¯ P2) is
a subset of {p, q} ∈ AS(P1 ∪ P2).
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5 Permissible Composition

In Section 3, we introduced the compositional semantics of two programs and
Section 4 provided a method of composing programs. In this section, we argue
permissible conditions for the compositional semantics in multi-agent coordina-
tion. First, we introduce a criterion for selecting answer sets in the compositional
semantics.

Definition 5.1. Let P1 and P2 be two consistent programs, and Q a result of
composition. Then, any answer set S ∈ AS(Q) is conservative if it satisfies every
rule in P1 ∪ P2.

Example 5.1. Recall two programs in Example 4.1,

P1 : p← not q,

q ← not p,

s← p,

P2 : p← not r,

r ← not p,

where AS(P1) = {{p, s}, {q}} and AS(P2) = {{p}, {r}}. The compositional
semantics is AS(Q) = {{p, q}, {p, s}, {q, r}}. Among them, {p, s} and {q, r}
satisfy every rule in P1 ∪ P2, so they are conservative. Note that {p, q} does not
satisfy the third rule of P1.

Conservative answer sets are acceptable to each agent because they satisfy the
original program of each agent. Unfortunately, conservative answer sets do not
always exist in the compositional semantics. For instance, in Example 5.1 if P2

contains constraints ← s and ← q, no conservative answer set exists. Existence
of no conservative answer set is not a serious flaw in the compositional seman-
tics, however. In fact, different agents have different beliefs in the multi-agent
environment, and it may happen that one agent must give up some original be-
lief to reach a reasonable compromise. On the other hand, an agent may possess
some persistent beliefs that cannot be abandoned. Those persistent beliefs are
retained by each agent in coordination. Formally, those beliefs in a program P

are distinguished as PB ⊆ P where PB is the set of rules that should be satisfied
by the compositional semantics. In this setting, a variant of the compositional
semantics is defined as follows.

Definition 5.2. Let P1 and P2 be two consistent programs, and PB1 and PB2

their persistent beliefs, respectively. A program Ω is called a permissible compo-
sition of P1 and P2 if it satisfies the condition

AS(Ω) = {S | S ∈ min(AS(P1) ] AS(P2)) and S satisfies PB1 ∪ PB2}.

The set AS(Ω) is called the permissible compositional semantics of P1 and
P2. Any answer set in AS(Ω) is called a permissible answer set. By the def-
inition, permissible composition adds an extra condition to the compositional
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semantics of Definition 3.1. The permissible compositional semantics reduces to
the compositional semantics when PB1 ∪ PB2 = ∅. In particular, conservative
answer sets are permissible answer sets with PB1 ∪ PB2 = P1 ∪ P2.
Every permissible answer set satisfies persistent beliefs of each agent, and

extends a belief set of an agent by additional information of another agent.
Since permissible answer sets are answer sets of the compositional semantics,
they inherit properties provided in Section 3 (except Proposition 3.3(2)).
Program composition that reflects the permissible compositional semantics

is achieved by introducing every rule in PB1 ∪ PB2 as a constraint to P1 ¯
P2. Given a program P , let IC(P ) = {← body(r), not head(r) | r ∈ P }
where not head(r) is the conjunction of NAF-literals {notL1, . . . , not Ll } for
head(r) = {L1, . . . , Ll }.

Theorem 5.1. Let P1 and P2 be consistent programs, and Ω a result of permis-

sible composition. Then, AS(Ω) = AS((P1 ¯ P2) ∪ IC(PB1) ∪ IC(PB2)).

Proof. By the definition of AS(Ω) and the result of Theorem 4.4, S ∈ AS(Ω)
iff S is an answer set of P1 ¯ P2 and satisfies PB1 ∪ PB2

iff S is an answer set of P1 ¯ P2 and satisfies IC(PB1) ∪ IC(PB2)
iff S ∈ AS((P1 ¯ P2) ∪ IC(PB1) ∪ IC(PB2)). ut

Example 5.2. Consider two programs in Example 5.1 where PB1 = { s ← p }
and PB2 = ∅. Then, (P1 ¯ P2) ∪ IC(PB1) ∪ IC(PB2) becomes

p ; q ←,

p ; r ←,

q ; s← p,

← p, not s,

which has two permissible answer sets {p, s} and {q, r}.

6 Discussion

A lot of studies exist for compositional semantics of logic programs (see [6, 9] for
excellent surveys). A semantics is compositional if the meaning of a program can
be obtained from the meaning of its components. The union of programs is the
simplest composition between programs. However, semantics of logic programs
is not compositional with respect to the union of programs even for definite
logic programs. For instance, two definite logic programs P1 = { p ← q } and
P2 = { q ←} have the least Herbrand models ∅ and {q}, respectively. But the
least Herbrand model of the program union P1 ∪P2 is not obtained by the com-
position of ∅ and {q}. To solve the problem, a number of different compositional
semantics have been proposed in the literature [6]. In composing nonmonotonic
logic programs, difficulty of the problem is understood as: “non-monotonic rea-
soning and compositionality are intuitively orthogonal issues that do not seem
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easy to be reconciled. Indeed the semantics for extended logic programs are typ-

ically non-compositional w.r.t. program union” [6]. With this reason, studies
for compositional semantics of nonmonotonic logic programs mainly concern
with the issue of devising a compositional semantics that can accommodate (re-
stricted) nonmonotonicity, or imposing syntactic conditions on programs to be
compositional [5, 7, 8, 10, 15].

In this respect, our approach is different from those previous studies. Our
primary interest is not simply merging two programs but building a new pro-
gram that combines answer sets of the original programs. One may wonder the
practical value of such combination of answer sets aside from original programs.
For instance, given two programs P1 = {¬p ← not p } and P2 = { p ←}, one
would consider the meaning of program composition as the answer set {p} of
P1∪P2. By contrast, our compositional semantics P1¯P2 becomes inconsistent,
i.e., combination of {¬p} and {p} produces Lit. To justify our position, suppose
the following situation: the agent P1 does not believe the existence of an alien
unless its existence is proved, while the agent P2 believes the existence of aliens
with no doubt. The situation is encoded by the above program. Then, what con-
clusion should be drawn after combining these conflicting beliefs of agents? If
one simply merges beliefs by program union, the existence of alien is concluded
by the answer set {p}. In our compositional semantics, two beliefs do not coexist
thereby contradict. In multi-agent environments, different agents have different
levels of beliefs. A cautious agent might have knowledge in a default form, while
an optimistic agent might have knowledge in a definite form. In this circum-
stance, it appears careless to simply merge knowledge from different information
sources. We then took an approach of retaining belief of each agent and combine
answer sets of different programs. As a result, the compositional semantics re-
flects information included in (at least one) answer set of the original programs.
In this sense, our program composition is intended to coordinate agents, rather
than to synthesize a program by its component. Note that program composition
should be distinguished from revision or update, in which one of two information
is known more reliable. In the above example, it is reasonable to accept P1 ∪P2

as a result of revision/update of P1 with P2. Because in this case P2 is consid-
ered new information which precedes P1. In program composition P1 and P2 are
supposed to have the same status, so there is no reason to rely P2 over P1.

Baral et al. [1] introduce algorithms for combining logic programs by enforc-
ing satisfaction of integrity constraints. They request that every answer set of
a resulting program to be a subset of an answer set of P1 ∪ P2, which is dif-
ferent from our requirement. Their algorithm is not applicable to unstratified
logic programs. The compositional semantics introduced in this paper does not
enforce satisfaction of integrity constraints of original programs. One reason for
this is that in nonmonotonic logic programs inconsistency may arise aside from
integrity constraints. For instance, the integrity constraint ← p has the same
effect as the rule q ← p, not q under the answer set semantics. Then, there seems
no reason to handle integrity constraints exceptionally in a program. If desired,
however, it is easy to have a variant of program composition satisfying con-
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straints as (P1 ¯ P2) ∪ IC1 ∪ IC2, where ICi (i = 1, 2) is the set of integrity
constraints included in Pi. By the introduction of integrity constraints, every
answer set which does not satisfy IC1 ∪ IC2 is filtered out. This is also realized
by a permissible version of the compositional semantics by putting PB1 = IC1

and PB2 = IC2. Combination of propositional theories has also been studied
under the names of merging [12] or arbitration [13], but they do not handle
nonmonotonic theories. Sakama and Inoue [14] introduce a framework of coordi-
nation between logic programs. They study two problems as follows: given two
programs P1 and P2, (i) find a program Q which has the set of answer sets such
that AS(Q) = AS(P1)∪AS(P2); and (ii) find a program R which has the set of
answer sets such that AS(R) = AS(P1) ∩ AS(P2). A program Q is called gen-

erous coordination and R is called rigorous coordination of two programs. They
provide methods of building such programs. Compared with the program com-
position of this paper, generous/rigorous coordination does not change answer
sets of the original programs. That is, generous one collects every answer set of
each program, while rigorous one picks up answer sets that are common between
two programs. By contrast, we combine answer sets of each program in every
possible way. The resulting program and its compositional semantics are both
different from generous/rigorous coordination. As addressed above, our program
composition is also intended to coordinate agents, it would be interesting to
investigate relations among those different types of coordination.
The program composition introduced in Section 4 produces NAF-free EDPs.

One may think this uneasy, because this is the case even for composing ELPs
containing no disjunction. Disjunctive programs are generally harder to compute,
so that it is desirable to have a non-disjunctive program as a result of composing
non-disjunctive programs. Technically, the program P1 ¯ P2 is transformed to a
non-disjunctive program if P1¯P2 is head-cycle-free, i.e., it contains no positive
cycle through disjuncts appearing in the head of a disjunctive rule [3]. If P1¯P2

is head-cycle-free, the program is converted to an ELP by shifting disjuncts
in the head of a rule to the body as NAF-literals in every possible way as
leaving one in the head. For instance, the program P1 ¯ P2 in Example 4.1 is
converted to the ELP: { p ← not q, q ← not p, p ← not r, r ← not p, q ←
p, not s, s← p, not q }. The resulting program has the same answer sets as the
original disjunctive program.

7 Conclusion

This paper has studied compositional semantics of nonmonotonic logic programs.
Given two programs, we first introduced combination of answer sets as the com-
positional semantics of those programs. Then, we developed a method of building
a program which reflects the compositional semantics of the original programs. A
permissible composition was also introduced for multi-agent coordination. The
proposed framework provides a new compositional semantics of nonmonotonic
logic programs, and serves as a declarative basis for coordination in multi-agent
systems. From the viewpoint of answer set programming, program composition

117



is considered as a program development under a specification that requests a
program reflecting the meanings of two or more programs.
The approach taken in this paper requires computing every answer set of pro-

grams before composition. This may often be infeasible when a program possesses
an exponential number of answer sets. The same problem arises in computing
answer sets by existing answer set solvers, and to overcome the bottleneck some
approximation techniques would be required. Combining nonmonotonic theories
is difficult but important research topic in logic based multi-agent systems, and
there is much work to be done.
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Abstract. In multi-agents systems, incompleteness, due to either com-
munication failure or response delay, is a major problem to handle. To
face incompleteness, frameworks for speculative computation were pro-
posed (see [5, 6, 4]). The idea developed in such frameworks is to allow
the asking agent, while waiting for slave agents to reply, to reason using
default belief until replies are sent.
In [6] in particular, a framework is proposed, that allows an agent not
only to perform speculative computation but also to accept iterative an-
swer revision, in the case of yes/no questions. In this paper, we present an
extension of the framework in the case of more general types of questions
using constraint logic programming (CLP).

1 Introduction

Multi-agent systems are very fashionable and convenient, for they make it pos-
sible, for instance, to take advantage of multi-processor machines, and for they
also make it possible to design human-like efficient organizations of agents. The
main limitation to such an approach is that, as arises in human organizations,
communication may be an issue: delayed or broken, it leads to incompleteness
of the information in the reasoning structure.

This is a concrete concern when we consider distributed systems such as
the Internet, in which communication is indeed not guaranteed, and even if we
could guarantee it, communication may either take time, or agents themselves
may delay their sending information.

In the case of such unideal, but as we believe, practical situations, when
problem-solving is at stake, frameworks for speculative computations were pro-
posed: first for yes/no questions only [5], and then for general questions [4] using
constraints.

In [5] and [4], they only provide the possibility for the master agent to per-
form speculations and a returned answer from the slave agent is final and there
is no possibility of change of answers. However, if we let every agent perform
speculative computation, the asked agent may revise his answer since the pre-
vious answer sometimes depends on the asked agent’s belief, which might turn



out to be false. Therefore, a chain reaction of belief revision among agents might
occur which was firstly observed in [6], and Satoh and Yamamoto provide a re-
visable speculative computation method for yes/no questions. Essential part of
their work is a dynamic iterative belief revision mechanism which can handle a
revision of an answer for query even during the execution.

Belief revision is indeed very important for both the sake of flexibility (in-
formation is processed before it is complete), and speed of computation (time is
saved in case prior information is later entailed).

In this paper, we combine the methods proposed in [4] and [6], and ex-
tend them, so that we can handle iterative answer revision for a query with
constraints. We also complete these methods with the ability to corporate dis-
junctive answers. So, the main contribution of this paper is the definition of
a framework that enables to perform speculative computations on constraints
while handling belief revision, and that handles as well disjunctive answers. In
particular, the main challenges dealt with in this work are the following.

– First, processing speculative constraints, as shown in [4], is manageable when
belief revision is not considered. In this paper, belief revision is made possi-
ble because it enables more speculative computation in multi-agent systems.
This hardens the problem a lot: the process management needs to be modi-
fied so as to enable changes in the computation at any time, while maintain-
ing a reasonable balance between not being too much space-consuming, and
not loosing too much time (i.e., we don’t want to start from scratch all the
time). The process management is presented in detail in this paper, as well
as results on the space complexity of our operational model.

– The second challenging point described in this paper is the way disjunction
is now handled in the framework we propose. Indeed, considering the situ-
ation where each agent’s behavior is specified as a CLP program, we need
to handle alternative answers, since these answers may come from differ-
ent derivations in CLP. By manipulating such alternative answers, we face
another complication, in that we need to distinguish a revised answer of
a previous answer, from an answer derived from an alternative derivation
path3. To solve this problem, we devise an answer entry which keeps track
of the usage status of the answer in processes. This new feature impacts the
way processes are managed, as described in Section 3, and therefore makes
the problem more complicated.

For an iterative belief revision, many proposals have been described. As far as
we know, existing frameworks separate reasoning and belief revision, except [5,
6, 4]. And this work is along the line of the works of Satoh et al. in a more general
setting.

There are works on a formalization of an agent in terms of logic programming
such as [3]. Although these research are important in their own right, our paper

3 Indeed, in particular, a contradictory answer should be considered as contradictory
only if it is a revision of a former answer, not if it is an alternative answer.

120



pursues another branch of investigation in the context of speculative computa-
tion.

Most related research would be constraint programming language such as
AKL(Andorra Kernel Language) [2] and Oz [7] which perform a kind of spec-
ulative computation. AKL allows local speculative variable bindings in a guard
of each clauses until one of guards is succeeded and Oz can control multiple
computation spaces each of which represents alternative path of constraint pro-
cessing. As far as we understand, however, speculative computation used in these
languages are mainly motivated for or-parallel computing where all alternative
paths of computation are executed in parallel until one of paths are succeeded
eventually. On the other hand, we regard a speculative computation as a default
computation where most plausible paths of computation are executed. Moreover,
they do not consider any revision of the answers.

The structure of the paper is as follows. We firstly define a framework for
speculative constraint processing and a semantics of the framework. Then, we
describe an operational model and show an example of execution and state
correctness of our model. Finally, we discuss space complexity issues, before to
conclude.

2 Speculative Constraint Processing

In this section, we provide a framework of speculative constraint computation
based on the CLP framework [1]. This framework is designed so that an agent not
only performs speculative constraint processing but also accepts revised answers
and alternative answers. We then define a semantics of this framework, in Sub-
section 2.2.

2.1 Framework Definition

Definition 1. Let Σ be a finite set of constants. We call an element in Σ a

slave agent identifier. An atom is of the form either p(t1, ..., tn) or p(t1, ..., tn)@S

where p is a predicate, ti(1 ≤ i ≤ n) is a term, and S is in Σ.

We call an atom with an agent identifier an “askable atom”, and an atom without
an identifier a “non-askable atom”.

Definition 2. A framework for speculative constraint computation, in a master-
slave system is a triple 〈Σ, ∆,P〉 where:

– Σ is a finite set of constants;

– ∆ is a set of rules of the following form called default rule w.r.t. Q@S:

Q@S ← C‖.

where Q@S is an askable atom, each of whose arguments is a variable, and

C is a set of constraints, called default constraint for Q@S;
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– P is a constraint logic program, that is, a set of rules of the form:

H ← C‖B1, B2, ..., Bn.

where:
• H is a non-askable atom; we refer to H as the head of R denoted as

head(R);
• C is a set of constraints, called the constraint of R, and denoted as

const(R);
• each Bi of B1, ..., Bn is either an askable atom or a non-askable atom,

and we refer to B1, ..., Bn as the body of R denoted as body(R).

Note that a default is not necessarily specified for every askable atom. Moreover,
we allow multiple defaults for the same askable atom.

Example 1. We consider the following example of hotel room reservation. There
is a master agent m: m asks travellers a and b. If both travel, m reserves a twin
room. If one of them travels, m reserves a single room. Agent m has default
information about the status of a and b for days 1, 2 and 3, but the real status
will be obtained directly from a and b, and the status is therefore likely to be
changed.

This example can be represented as the following multi-agent system 〈Σ, ∆,P〉4:

– Σ is the set of slave agents. Here, there is one master agent, m, and two
slave agents, a and b. Therefore Σ = {a, b}.

– ∆ is the set of default information (default rules), assumed by the master
agent. In particular, let us suppose that m assume that a is free on days 1,
and 2, and busy on day 3, and that b is free on day 2, and busy on day 1.
Then the corresponding set ∆ is as follows:

∆ = { d1 : fr(D)@a←D=1‖.,
d2 : fr(D)@a←D=2‖., d3 : bs(D)@a←D=3‖.,
d4 : fr(D)@b←D=2‖., d5 : bs(D)@b←D=1‖.}

Let us remark that it is not necessary that a default information exist for
all cases. In particular, m has no default information concerning the status
of b on day 3.

– P is a constraint logic program, to be solved by agent m. In our case of hotel
room reservation with two travelers, it is made of the following set of rules:

rsv(R, L, D)← R= tr, L=[a, b]‖fr(D)@a, fr(D)@b.
rsv(R, L, D)← R=sr, L=[a]‖fr(D)@a, bs(D)@b.
rsv(R, L, D)← R=sr, L=[b]‖bs(D)@a, fr(D)@b.

In order to solve this constraint satisfaction problem, agent m will have to
ask agents a and b about fr(D)@a, bs(D)@a, fr(D)@b, bs(D)@b.

4 A string beginning with an upper case letter represents a variable and a string
beginning with a lower case letter represents a constant. We abbreviate “free” as
fr, “busy” as bs, “travel” as trvl, “reserve” as rsv, “twin room” as tr, and “single
room” as sr.
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2.2 Semantics of Speculative Constraint Processing

For a semantics of the above framework, we index the semantics of constraint
logic program by a reply set which specifies a reply for an askable atom.

Definition 3. A reply set is a set of rules of the form:

Q@S ← C‖,

where Q@S is an askable atom, each of whose arguments is a variable, and C is

a constraint over these variables.

Let 〈Σ, ∆,P〉 be a framework for speculative constraint computation, and R
be a reply set. A belief state w.r.t. R and ∆ is a reply set defined as:

R ∪ {“Q@S ← C‖” ∈ ∆ | ¬∃ C ′ s.t. “Q@S ← C ′‖” ∈ R}

and denoted as BEL(R, ∆).

We introduce the above belief state, since if the answer is not returned, we use
a default rule for an unreplied askable atom.

Definition 4. A goal is of the form ← C‖B1, ..., Bn where C is a set of con-

straints and Bi’s are atoms. We call C the constraint of the goal and B1, ..., Bn

the body of the goal.

Definition 5. A reduction of a goal ← C‖B1, ..., Bn w.r.t. a constraint logic

program P, a reply set R and an atom Bi, is a goal ← C ′‖B′ such that:

– there is a rule R in P ∪R s.t. C ∧ (Bi = head(R))∧ const(R) is consistent5.

– C ′ = C ∧ (Bi = head(R)) ∧ const(R)

– B′ = {B1, ...Bi−1, Bi+1, ..., Bn} ∪ body(R)

Definition 6. A derivation of a goal G =← C‖Bs w.r.t. a framework for spec-

ulative constraint computation F = 〈Σ, ∆,P〉 and a reply set R is a sequence of

reductions “← C‖Bs”,...,“← C ′‖∅”6 w.r.t. P and BEL(R, ∆) where in each re-

duction step, an atom in the body of the goal in each step is selected. C ′ is called

an answer constraint w.r.t. G, F and R. We call a set of all answer constraints

w.r.t. G, F and R the semantics of G w.r.t. F and R.

In the above definition, we only consider the most recent reply set, whereas a
reply set might be varied during execution according to the slave agent’s answer
revision. We use the most recent reply set because it reflects the current situation
of the slave agents.

5 A notation Bi = head(R) represents a conjunction of constraints equating the argu-
ments of atoms Bi and head(R).

6 ∅ denotes an empty goal.
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3 An Operational Model for Speculative Computation

with Iterative Answer Revision

3.1 Overview of Operational Model

The execution of the speculative framework is based on two phases, a process

reduction phase and a fact arrival phase. The process reduction phase is a nor-
mal execution of a program in a master agent, and the fact arrival phase is an
interruption phase when an answer arrives from a slave agent.

For the operational model, we use the following two kinds of objects: a process

and an answer entry.
Each process represents an alternative way of computation. Processes are

created when a choice point of computation is encountered, such as case splitting,
default handling and answer arrival. A process becomes a finished process when
the body of the associated goal with the process becomes empty. A process fails
when some used default constraints are found to contradict the newly returned
answer.

An answer entry is used to distinguish alternative answers and to detect
which old answer corresponds to the newly revised answer. This detection is
done by attaching an ID to each answer. If a new answer with an ID differ-
ent from any existing answer comes, it is an alternative answer. Otherwise, the
new answer is considered as a revised answer for the old answer with the same ID.

Figures 1∼4 intuitively explain how processes are updated according to ask-
able atoms. In the tree, each node represents a process, but we only show con-
straints associated with the process. The top node represents a constraint for
the original process, and the other nodes represent added constraints for the re-
duced processes. The leaves of the process tree represent the current processes.
Therefore, the processes which are not in the leaves are deleted processes.

Fig. 1 shows a situation of the processes represented as a tree when an askable
atom, whose reply has not arrived yet, is executed in the process reduction phase.
In this case, the current process, represented by the processed constraints C, is
splitted into two different kinds of processes: the first one is a process using
default information, Cd, and is called default process 7; and the other one is the
current process C itself, called original process, suspended at this point.

C

Cd
true

suspended

Fig. 1. When Q@S is processed, during the process reduction phase

Note that, if there are multiple definitions of defaults, we will have more than
one default process, but still only one suspended process. In addition, let us note

7 In this figure, we assume that there is only one default for brevity.
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that the reason for suspending processes (which is, keeping them in memory),
is that in case of a contradictory revision of the default, or later alternative an-
swers coming, it is essential to keep memory of the original processes to be able
to restore them.

When, after some reduction of the default processes (represented on Fig. 2
by dashed lines), the first answer comes from a slave agent, expressing constraint
Cf for this askable literal, we update default processes as well as the original
suspended process as follows:

– Default process(es) are reduced into two different kinds of processes: the first
kind is a process adding Cf to the problem to solve, and the other is the
current process itself which is suspended at this point8.

– The original process is reduced into two different kinds of processes as well:
the first kind is a process adding ¬Cd ∧ Cf , and the other is the original
process, suspended at this point.

Let us remark that although the tree of processes grows, only leaves are kept in
memory.

C

Cd true

. . .

Cf true
suspended

Cf true
suspended

Cf ∧ ¬ Cd true
suspended

Fig. 2. When the first answer Cf for Q@S arrives

To explain the correctness of the above process update intuitively, we define
a frontier which represents the computation status of all alternative derivations.
A frontier w.r.t. a goal← C‖Bs, a framework for speculative constraint compu-
tation 〈Σ, ∆,P〉 and a reply set R, is a set of goals defined as follows.

1. The set consisting of the initial goal, {← C‖Bs} is a frontier.

2. Let F be a frontier w.r.t. the above initial goal, the framework and the reply
set. If a goal G is in F , B is an atom in G, and RGs = {G′| G′ is a reduction
of G w.r.t. P , BEL(R, ∆) and B}, then F\{G} ∪ RGs is a frontier.

Then we have the following properties.

Lemma 1. Let ← C‖Bs be a goal, F be a frontier of this goal, and C ′ be a

constraint. If we add C ′ to the constraints of every goal in F , then the disjunc-

tions of all answer constraints of these modified goals is logically equivalent to

the disjunction of all answer constraints of the goal ← C ∧ C ′‖Bs.

8 Let us remark that this splitting process is similar to the splitting process above-
described for the case of a first default used.
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Lemma 2. Let ← C‖Bs be a goal, R be a reply set, and C ′ be a constraint.

Then, the disjunction of answer constraints of ← C ∧C ′‖Bs and ← C∧¬C ′‖Bs

is logically equivalent to the disjunction of all answer constraints of ← C‖Bs.

Let ← C‖Bs be a goal containing Q@S, suppose that it is reduced into
← C ∧ Cd‖Bs\{Q@S} by a default rule “Q@S ← Cd‖”. Let F be a frontier of
← C∧Cd‖Bs\{Q@S} when the first reply “Q@S ← Cf‖” is returned. Since our
semantics considers the most recent replies, at this point, we should consider:

← C ∧ Cf‖Bs\{Q@S}

instead of:

← C ∧ Cd‖Bs\{Q@S}.

One possibility to implement this change is that we just discard F and invoke a
new goal ← C ∧ Cf‖Bs\{Q@S}. However, in this case, we throw every compu-
tation away before F is obtained. To retain the previous computation as much
as possible, we propose the following execution.

1. We add Cf to the constraint of every goal in F .
Let us remark that the disjunction of all answer constraints from this new
frontier is logically equivalent to the disjunction of all answer constraints of
← C ∧Cd ∧Cf‖Bs\{Q@S} as Lemma 1 states. This computation keeps the
previous computation which is consistent with the new reply (Cf ).

2. In addition to the above computation, we also start computing a new goal:

← C ∧ ¬Cd ∧ Cf‖Bs\{Q@S}

to guarantee completeness. It is because the disjunction of all answer con-
straints derived from ← C ∧ Cd ∧ Cf‖Bs\{Q@S} and ← C ∧ ¬Cd ∧
Cf‖Bs\{Q@S} is logically equivalent to the disjunction of all answer con-
straints derived from ← C ∧ Cf‖Bs\{Q@S} as Lemma 2 states.

When an alternative answer, with the constraint Ca, comes from a slave
agent (as shown on Fig. 3), we need to follow the same procedure as when the
first answer comes (cf. Fig. 2), except that now the processes handling only
default information are suspended. So, this is done by splitting the suspended
default process(es), in order to obtain the answer constraints which are logically
equivalent to the answer constraints of:

← C ∧ Cd ∧ Ca‖Bs\{Q@S},

as well as by splitting the suspended original process, in order to obtain the
answer constraints which are logically equivalent to the answer constraints of
← C ∧ ¬Cd ∧ Ca‖Bs\{Q@S} (Fig. 3). By gathering these answer constraints,
we can compute all answer constraints for the alternative reply.
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C

Cd true

. . .

Cf

. . .

true

Ca true
suspended

Cf

. . .

true

Ca true
suspended

Cf ∧ ¬ Cd

. . .

true

Ca ∧ ¬Cd true
suspended

Fig. 3. When the alternative answer Ca for Q@S arrives

On the other hand, when a revised answer, with the constraint Cr, comes,
all processes using the first (or current) answer are splitted, in order to obtain
the answer constraints which are logically equivalent to the answer constraints
of:

← C ∧ Cf ∧ Cr‖Bs\{Q@S},

and the suspended original process is splitted as well, in order to obtain the
answer constraints which are logically equivalent to the answer constraints of
← C ∧ ¬Cf ∧ Cr‖Bs\{Q@S} (Fig. 4). By gathering these answer constraints,
we can override the previous reply by the revised reply.

C

Cd true

. . .

Cf

. . .

Cr Cr

true
suspended

Cf

. . .

Cr Cr

true
suspended

Cf ∧ ¬ Cd

. . .

Cr Cr

true

Cr ∧ ¬Cf true
suspended

Fig. 4. When the revised answer Cr for Q@S arrives

3.2 Preliminary Definitions

A process is either an ordinary process or a finished process. An ordinary process

P is an expression of the form 〈PID, C, GS, WA, AA〉 where:

– PID: the ID for a process denoted as pid(P );
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– C: the current constraint in the goal denoted as pconst(P );
– GS: the body in the goal denoted as gs(P );
– WA: a set of pairs 〈Q@S, WAID〉 where Q@S is an askable atom and WAID

is the ID of an answer entry whose answer is waited for by the process. We
denote WA as wa(P ).

– AA: a set of pairs 〈Q@S, AAID〉 where Q@S is an askable atom and AAID

is the ID of an answer entry whose answer is used in the process. We denote
AA as aa(P ).

A finished process FP is an expression of the form 〈Query, FPID, C〉 where:

– Query: an initial query for this process. It is used to send an answer to the
asking agent;

– FPID: the ID for a process. This is also used when this answer is returned
to the asking agent;

– C: the current constraint in the process.

For simplicity, an ordinary process is sometimes just called a process.

An answer entry A is an expression of the form 〈Q@S, AID, C, UPIDs〉 where:

– Q@S: the query given to the other agent denoted as aq(A);
– AID: the ID for an answer entry denoted as aid(A). We have the special

IDs, “o” for the answer entry created when this query is firstly asked, and
“d1, ...” for default answers. We call an answer entry with the ID “o” an
original answer entry for Q@S, an answer entry with an ID of “d1, ...” a
default answer entry, and other answer entries ordinary answer entries;

– C: the most recent answer constraint for Q@S for answer entry A denoted
as aconst(A). The constraint of the original answer entry is defined as true;

– UPIDs: the set of IDs of processes using an answer in A denoted as ups(A).

3.3 Process Reduction Phase

In the process reduction phase, we process the constraints we have, in a regular
CP way. The only difference is that we may have to consider default information,
or answers. In this subsection, we describe how we manage processes, following
the above-given definitions.
We do the following until no more process can be processed.

– When a query Qinit@Sself is asked from another agent S ′ where Sself is the
ID for this agent, we record Qinit as the initial query and S ′ as the asking
agent. We then create a new process 〈PID, {}, Qinit, {}, {}〉 where PID is
a new process ID.

– If there is an ordinary process P such that gs(P ) = wa(P ) = ∅,
1. Send an answer to the asking agent S ′ which is of the form:
〈Qinit@Sself , pid(P ), pconst(P )〉.

2. We change this process into a finished process of the form:
〈Qinit@Sself , pid(P ), pconst(P )〉.
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– Else if there is a process P such that gs(P ) 6= ∅ and wa(P ) = ∅, then we
select an atom L in gs(P ) and reduce L as follows.
• If L is a non-askable atom,

1. For every rule R such that pconst(P )∧ (L = head(R))∧ const(R) is
consistent, we do the following:
(a) We create the following process
〈newPID, newC, GS, {}, AA〉 where
∗ newPID is a new process ID;
∗ newC := pconst(P ) ∧ (L = head(R)) ∧ const(R);
∗ GS := body(R) ∪ gs(P )\{L};
∗ AA := aa(P ).

(b) For every answer entry A s.t. 〈aq(A), aid(A)〉 in aa(P ),
ups(A) := ups(A) ∪ {newPID}.

2. For every answer entry A s.t. 〈aq(A), aid(A)〉 in aa(P ),
ups(A) := ups(A)\{pid(P )}.

3. We delete P .
• If L is an askable atom Q@S,

1. We do either of the following according to non-arrival/arrival of the
answer.
∗ If there is no ordinary answer entry of the form
〈Q@S, AID, C, UPIDs〉, then for each default “Q@S ← Cd‖.”
such that pconst(P ) ∧ Cd is consistent, we do the following:

(a) We create a new process
〈newPID, newC, GS, {}, AA〉 where
· newPID is a new process ID.
· newC := pconst(P ) ∧ Cd

· GS := gs(P )\{Q@S}
· AA := aa(P )∪{〈Q@S, d〉} where d is an ID for this default.

(b) We associate the newly created process with a default d of
Q@S as follows.
· If there is a default answer entry Ad = 〈Q@S, d, Cd, UPIDsd〉,

then ups(Ad) := UPIDsd ∪ {newPID}.
· Else if there is no default answer of the form
〈Q@S, d, Cd, UPIDsd〉, we create the answer entry
〈Q@S, d, Cd, {newPID}〉.

(c) For every answer entry A s.t. 〈aq(A), aid(A)〉 in aa(P ),
ups(A) := ups(A) ∪ {newPID}.

∗ Else if there exists an ordinary answer entry of the form
〈Q@S, AID, C, UPIDs〉, then for each ordinary answer entry
〈Q@S, AID, Ca, UPIDs〉 s.t. pconst(P )∧Ca is consistent, we do
the following:

(a) We create a new process
〈newPID, newC, GS, {}, AA〉 where
· newPID is a new process ID.
· newC := pconst(P ) ∧ Ca

· GS := GS\{Q@S}
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· AA := aa(P ) ∪ {〈Q@S, AID〉}.
(b) For every answer entry A s.t. 〈aq(A), aid(A)〉 in aa(P ),

ups(A) := ups(A) ∪ {pid(P )}.
2. We associate P with Q@S as follows.
∗ If there is an original answer entry Ao = 〈Q@S, o, true, UPIDso〉,

then ups(Ao) := UPIDso ∪ {pid(P )}.
∗ Else if there is no original answer entry of the form
〈Q@S, o, true, UPIDs〉, we create an answer entry
〈Q@S, o, true, {pid(P )}〉, and send a question Q to S.

3. wa(P ) := {〈Q@S, o〉}

3.4 Fact Arrival Phase

Suppose that an answer is returned from an agent S for a question Q@S of
the form 〈Q@S, AID, C〉. Then, we do the following after one step of process
reduction is finished.

– If there is no answer entry of the form 〈Q@S, AID, Cf , UPIDs′〉9,
1. We create an answer entry 〈Q@S, AID, C, UPIDs〉 where UPIDs is set

to ∅ initially, but will be incremented as shown below.
2. For every default answer entry for a default d of the form
〈Q@S, d, Cd, UPIDsd〉 and for every process Pd such that pid(Pd) ∈
UPIDsd, we do the following:
• If Pd is a finished process of the form 〈Qinit@Sself , P ID, CFinal〉 s.t.

C∧CFinal 6= CFinal, we send an answer of the form 〈Qinit@Sself , P ID, C∧
CFinal〉 to the asking agent S ′.

• If Pd is an ordinary process,
(a) wa(Pd) := wa(Pd) ∪ {〈Q@S, d〉}
(b) aa(Pd) := aa(Pd)\{〈Q@S, d〉}
(c) If C ∧ pconst(Pd) is consistent, we do the following.

i. We create the following process
〈newPID, newC, GS, WA, AA〉 where
∗ newPID is a new process ID.
∗ newC := C ∧ pconst(Pd)
∗ GS := gs(Pd).
∗ WA = wa(Pd)
∗ AA=aa(Pd)∪{〈Q@S, AID〉}\{〈Q@S, d〉}

ii. UPIDs := UPIDs ∪ {newPID}.
3. Pick up the original answer entry of the form 〈Q@S, o, true, UPIDso〉.
4. For every process Po such that pid(Po)∈UPIDso and C∧pconst(Po)∧∧

(Q@S←Cd‖)∈∆ ¬Cd is consistent, do the following:

(a) We create the following process
〈newPID, newC, GS, WA, AA〉 where
• newPID is a new process ID.

9 This means that the arriving answer is an alternative answer to the query Q@S.

130



• newC :=C∧pconst(Po)∧
∧

(Q@S←Cd‖)∈∆ ¬Cd

• GS := gs(Po).
• WA := wa(Po)\{〈Q@S, o〉}
• AA := aa(Po) ∪ {〈Q@S, AID〉}

(b) UPIDs := UPIDs ∪ {newPID}.

– Else if there is an answer entry of the form 〈Q@S, AID, Cf , UPIDs′〉10,
1. We change 〈Q@S, AID, Cf , UPIDs′〉 into 〈Q@S, AID, C, UPIDs〉 where

UPIDs := UPIDs′ initially but will be incremented/decremented as
shown below.

2. For every process P such that pid(P ) ∈ UPIDs′ do the following:

• If P is a finished process of the form 〈Qinit@Sself , P ID, CFinal〉 s.t.
C ∧ CFinal 6= CFinal, we send an answer of the form
〈Qinit@Sself , P ID, C ∧ CFinal〉 to the asking agent S ′.

• If P is an ordinary process,
∗ If C ∧ pconst(P ) is consistent,

pconst(P ) := C ∧ pconst(P ).
∗ Otherwise, delete P and

UPIDs := UPIDs\{pid(P )}.
3. Pick up the original answer entry of the form 〈Q@S, o, true, UPIDso〉.
4. For every process Po such that pid(Po) ∈ UPIDso and C ∧pconst(Po)∧
¬Cf is consistent, we do the following:

(a) We create the following process
〈newPID, newC, GS, WA, AA〉 where
• newPID is a new process ID.
• newC := C ∧ pconst(Po) ∧ ¬Cf

• GS := gs(Po).
• WA := wa(Po)\{〈Q@S, o〉}
• AA := aa(Po) ∪ {〈Q@S, AID〉}

(b) UPIDs := UPIDs ∪ {newPID}.

3.5 Execution Trace Example

We show a part of an execution trace for a question rsv(R, L, D) in Example 1. In
this trace, we consider a scenario which highlights process updates upon arrivals
of an alternative answer and revised answer. We firstly give the initial process
〈p0, {}, {rsv(R, L, D)}, {}, {}〉.

1. Select process p0 and reduce it to p1, p2, p3.
Processes:
〈p1,{R= tr, L=[a, b]}, {fr(D)@a, fr(D)@b},{},{}〉,
〈p2,{R=sr, L=[a]}, {fr(D)@a, bs(D)@b},{},{}〉,
〈p3,{R=sr, L=[b]}, {bs(D)@a, fr(D)@b},{},{}〉

10 This means that the arriving answer is a revised answer of one of the previous answer
to the query Q@S.
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2. Select p1, and ask a question fr(D)@a, and create answer entries for
fr(D)@a and new processes p4, p5 for default answers.
Answer entries:
〈fr(D)@a, o, true, {p1}〉,
〈fr(D)@a, d1, {D = 1}, {p4}〉,
〈fr(D)@a, d2, {D = 2}, {p5}〉
Processes: p2, p3,

〈p4, θtr ∪ {D = 1}, {fr(D)@b}, {}, {〈fr(D)@a, d1〉}〉11,
〈p5, θtr ∪ {D = 2}, {fr(D)@b}, {}, {〈fr(D)@a, d2〉}〉,
〈p1, θtr, {fr(D)@b}, {〈fr(D)@a, o〉}, {}〉

3. Suppose that 〈fr(d)@a, a1, {D = 2}〉 is returned from the agent a. We sus-
pend p4 and p5 since they use a default answer and then create new processes
p6 from p5 since the default answer used in p5 is consistent with the returned
answer. Note that we create no new process from p1 since the returned an-
swer contradicts one of negations of default answers.
Answer entries: frao, frad1

, frad2

12,
〈fr(D)@a, a1, {D = 2}, {p6}〉
Processes: p1, p2, p3,

〈p6, θtr2, {fr(D)@b}, {}, {〈fr(D)@a, a1〉}〉,
〈p4, θtr1, {fr(D)@b}, {〈fr(D)@a, d1〉}, {}〉,
〈p5, θtr2, {fr(D)@b}, {〈fr(D)@a, d2〉}, {}〉13

4. Suppose that 〈fr(D)@a, a2, {D = 3}〉 is returned from the agent a. Since
this has the different answer ID from the previous answer in the last step,
this answer is an alternative answer. Then, we create a new process from p1

which is the original process for query fr(D)@a. Note that we create no new
process from the processes created by default answers for fr(D)@a since this
answer contradicts the defaults.
Answer entries: frao, frad1

, frad2
, fraa1

14,
〈fr(D)@a, a2, {D = 3}, {p7}〉
Processes: p1, p2, p3, p4, p5, p6,

〈p7, θtr ∪ {D = 3, D 6= 1, D 6= 2}, {fr(D)@b}, {}, {〈fr(D)@a, a2〉}〉

5. Suppose that 〈fr(D)@a, a1, {D = 1}〉 is returned from the agent a. The ID
a1 for the returned answer indicates that this answer is a revised answer for
“D = 2”. Therefore, we revise every process using a1 which is recorded in the
answer entry fraa1

. This is p6, but its associated constraint is contradictory
with the returned answer, and therefore we kill this process. Then, we create
a new process p8 from p1.

11 θtr = {R = tr, L = [a, b]}.
12 frao = 〈fr(D)@a, o, true, {p1}〉,

frad1
= 〈fr(D)@a, d1, {D = 1}, {p4}〉,

frad2
= 〈fr(D)@a, d2, {D = 2}, {p5}〉.

13 θtr2 = θtr ∪ {D = 2} and θtr1 = θtr ∪ {D = 1}.
14 fraa1

= 〈fr(D)@a, a1, {D = 2}, {p6}〉.
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Answer entries: frao, frad1
, frad2

, fraa2

15,
〈fr(D)@a, a1, {D = 1}, {p8}〉
Processes: p1, p2, p3, p4, p5, p7,

〈p8, θtr ∪ {D = 1, D 6= 2}, {fr(D)@b}, {}, {〈fr(D)@a, a1〉}〉

4 Correctness of the Operational Model

We guarantee that the above operational model gives a correct answer w.r.t. the
most recent replies. Let us note that we assume that the order of reply messages
is preserved.

Theorem 1. Let 〈Σ, ∆,P〉 be a framework for speculative constraint computa-

tion. Suppose that there is an ordinary process P such that gs(P ) = wa(P ) = ∅
for the initial query Qinit. Let

R = {“Q@S ← C‖” | there exists an answer entry 〈Q@S, AID, C, UPIDs〉

s.t. 〈Q@S, AID〉 ∈ aa(P )}.

Then, there exists an answer constraint C ′ w.r.t. Qinit, the framework and R
s.t. πV (pconst(P )) entails πV (C ′), where V is the set of the variables that occur

in Qinit, and πV is the projection of constraints onto V .

5 Space complexity of our approach

Our approach, compared to traditional approaches (no belief revision), generates
an additional cost in terms of space. In this section, we briefly show that the
additional cost in space is linear. This cost is observed based on the size of the
set PS of processes related to the revised or alternative answer to handle.

When a revised answer comes, say Cr, as shown in Fig. 4:

– if Cr entails the previous answer, say Cf , PS either remains the same size,
or reduces (because some processes in PS may now have inconsistent con-
straints and therefore be killed);

– if Cr is inconsistent with Cf , then all the processes using Cf in PS are killed,
the original suspended processes are duplicated and resumed with Cr, and
therefore PS grows by at most the number of original suspended processes;

– if Cr is consistent with Cf but does not entail it, PS grows by at most the
number of original suspended processes.

These three cases exhibit only linear (or less) behavior.
When an alternative answer comes, say Ca, as shown in Fig. 3, all the sus-

pended processes created on the arrival of the first answer, as well as the original
suspended processes, are duplicated and resumed with Ca. Therefore, PS grows
by at most the number of these suspended processes.

As briefly covered here, the growth of the set of processes on the arrival of
revised and alternative answers follows a linear behavior.
15 fraa2

= 〈fr(D)@a, a2, {D = 3}, {p7}〉.
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6 Conclusion

In this paper, we presented an operational model for speculative constraint pro-
cessing with iterative revision for alternative answers. This paper is a general-
ization of two previous works; the work of revisable speculative computation for
yes/no questions [6] and the work of non-revisable speculative computation for
queries with constraints [4].

As future work, we will prove correctness and completeness for more general
forms of multi-agent systems, where every agent can perform speculative compu-
tation. Our current framework is focused on master-slave multi-agent systems,
and defines the operational model of master agents. To handle a more general
multi-agent system, we need to guarantee the appropriate computation of the
overall system by additionally considering communication paths among agents.
As another direction, we will also consider applications for this framework.
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1Dipartimento di Informatica - Università di Torino - Italy. email: guido@di.unito.it
2CWI Amsterdam and TU Delft - The Netherlands. email: torre@cwi.nl

Abstract. In this paper, we consider the design of normative multiagent systems
composed of both constitutive and regulative norms. We analyze the properties
of constitutive norms, in particular their lack of reflexivity, and the trade-off be-
tween constitutive and regulative norms in the design of normative systems. As
methodology we use the metaphor of describing social entities as agents and of
attributing them mental attitudes. In this agent metaphor, regulative norms ex-
pressing obligations and permissions are modelled as goals of social entities, and
constitutive norms expressing “counts-as” relations are their beliefs.

1 Introduction

Legal systems are often modelled using regulative norms, like obligations and permis-
sions [1]. However, a large part of the legal code does not contain prohibitions and
permissions, but definitions for classifying the commonsense world under legal cat-
egories, like contract, money, property, marriage. Regulative norms can refer to this
legal classification of reality.

Consider the consequences for the design of legal systems. For example, in [2]
we address the issue of designing obligations to achieve the objectives of the legal
system. However, the problem has not been studied of how to design legal systems
composed of both constitutive and regulative norms. For modelling constitutive norms,
specialized formalisms for counts-as conditionals have been introduced [3–5], but it
remains unclear how to relate them to regulative norms. In contrast, as Artosiet al. [3]
argue, for constitutive norms to be norms it is necessary that “their conditional nature
exhibits some basic properties enjoyed by the usual normative links”.

Obligations, prohibitions and permissions have a conditional nature. Their condi-
tions could directly refer to entities and facts of the commonsense world, but they can
rather refer to a legal and more abstract classification of the world, making them more
independent from the commonsense view. E.g., they refer to money instead of paper
sheets, to properties instead of houses and fields. This more natural and economical
way to model the relation between commonsense reality and legal reality uses “count-
as” conditionals, and allows regulative norms to refer to the legal classification of re-
ality. In this way, e.g., it is not necessary that each regulative norm refers to all the
conditions involved in the classification of paper as money or of houses and fields as
properties. Moreover, it is not necessary that regulative norms manage the exceptions in



the classification, e.g., that a fake bill is not money or that some field is not considered
as a property. Finally, by referring to the legal classification of reality only, regulative
norms are not sensitive anymore to changes in the classification: a new bill can be in-
troduced without changing the regulative norms concerning money, or a new form of
property or a new kind of marriage can be introduced without changing the relevant
norms.

However, the trade-off and equivalences between systems made purely of regulative
norms and those including also constitutive norms cannot be easily captured by special-
ized formalisms. They either consider only regulative norms, such as deontic logic, or
only constitutive norms, such as logics of counts-as conditionals, or, finally, with for-
malisms using very different formalizations for modelling the two kinds of norms.

In [6], to model social reality, we have introduced constitutive norms in our norma-
tive multiagent systems. In this paper we use normative multiagent systems to model
the design of legal systems. In particular, the research questions of this paper are: What
properties have constitutive norms? In [6] we use rules satisfying the identity property,
thus making the “counts-as” relation reflexive. This is a undesired property if constitu-
tive norms provide a classification of reality in term of legal categories. In this paper
we remedy this by modelling “counts-as” as input/output conditionals. This is an alter-
native solution with respect to the one proposed by Artosiet al. [3]. Secondly, how can
regulative and constitutive norms be traded-off against each other in the design of legal
systems? If we replace constitutive norms in a legal system with regulative ones, then
we loose the abstraction provided by legal classification.

The main advantage of our approach in comparison with other accounts, is that we
combine constitutive and regulative norms in a single conceptual model. As method-
ology we use our model of normative multiagent systems introduced in AI and agent
theory to model social reality and agent organizations [7]. The basic assumptions of
our model are that beliefs, goals and desires of an agent are represented by conditional
rules, and that, when an agent takes a decision, it recursively models [8] the other agents
interfering with it in order to predict their reaction to its decision as in a game. Most
importantly, the normative system itself can be conceptualized as an agent with whom it
is possible to play games to understand what will be its reaction to the agent’s decision:
to consider its behavior as a violation and to sanction it. In the model presented in [6],
regulative norms are represented by the goals of the normative system and constitutive
norms as its beliefs. In this paper we discuss how trade-off problem between constitu-
tive and regulative norms can be handled by as the trade-off between beliefs and goals
of the normative system. The cognitive motivations of the agent metaphor underlying
our framework are discussed in [9].

The paper is organized as follows. In Section 2 we describe the agent metaphor. In
Section 3 we introduce a logic which does not satisfy identity. In Section 4 we discuss
the relation between constitutive and regulative norms. In Section 5 we introduce a
formal model where we discuss the properties of constitutive norms and in Section 6
the trade-off with regulative ones. Comparison with related work and conclusion end
the paper.
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2 Attributing mental attitudes

We start with a well known definition:“Normative systemsare sets of agents (human
or artificial) whose interactions can fruitfully be regarded as norm-governed; the norms
prescribe how the agents ideally should and should not behave [...]. Importantly, the
norms allow for the possibility that actual behaviour may at times deviate from the
ideal, i.e. that violations of obligations, or of agents rights, may occur” [1].

This definition of Carmo and Jones does not seem to require that the normative
system is autonomous, or that its behavior is driven by beliefs and desires.

In [6] we use the agent metaphor which attributes mental attitudes to normative
systems in order to explain normative reasoning in autonomous agents. The normative
system is considered as an agent with whom the bearer of the norms plays a game.
Henceforth, we can call it the normative agent.

Our motivation for using the agent metaphor is inspired by the interpretation of
normativemultiagentsystems as dynamic social orders. According to Castelfranchi
[10], a social order is a pattern of interactions among interfering agents “such that it
allows the satisfaction of the interests of some agent”. These interests can be a delegated
goal, a value that is good for everybody or for most of the members; for example, the
interest may be to avoid accidents. We say that agents attribute the mental attitude ‘goal’
to the normative system, because all or some of the agents have socially delegated goals
to the normative system; these goals are the content of the obligations regulating it.

Moreover, social order requiressocial control, “an incessant local (micro) activity
of its units” [10], aimed at restoring the regularities prescribed by norms. Thus, the
agents attribute to the normative system, besides goals, also the ability to autonomously
enforce the conformity of the agents to the norms, because a dynamic social order re-
quires a continuous activity for ensuring that the normative system’s goals are achieved.
To achieve the normative goal the normative system forms the subgoals to consider as
a violation the behavior not conform to it and to sanction violations.

Searle argues that there are two types of norms: “Some rules regulate antecedently
existing forms of behaviour. For example, the rules of polite table behaviour regulate
eating, but eating exists independently of these rules. Some rules, on the other hand,
do not merely regulate an antecedently existing activity called playing chess; they, as
it were, create the possibility of or define that activity. The activity of playing chess is
constituted by action in accordance with these rules. Chess has no existence apart from
these rules. The institutions of marriage, money, and promising are like the institutions
of baseball and chess in that they are systems of such constitutive rules or conventions”
([11], p. 131).

According to Searle, institutional facts like marriage, money and private property
emerge from an independent ontology of “brute” natural facts through constitutive
norms of the form “such and such an X counts as Y in context C” where X is any
object satisfying certain conditions and Y is a label that qualifies X as being something
of an entirely new sort. Examples of constitutive norms are “X counts as a presiding
official in a wedding ceremony”, “this bit of paper counts as a five euro bill” and “this
piece of land counts as somebody’s private property”.

In our model, we define constitutive norms in terms of the normative system’s belief
rules and the institutional facts as the consequences of these beliefs rules.
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The propositions describing the world are distinguished in two categories: first, what
Searle calls “brute facts”: natural facts and events produced by the actions of the agents.
Second, “institutional facts”: a legal classification of brute facts; they belong only to
the beliefs of the normative system and have no direct counterpart in the world. Belief
rules connect beliefs representing the state of the world to other beliefs which are their
consequences. They have a conditional character and are represented in the same rule
based formalism as goals and desires. In the case of the normative system the belief
rules have as consequences not other beliefs about brute facts in the world (e.g., “if a
glass drops, it breaks”), but new legal, institutional facts whose existence is related only
to the normative system. These belief rules, moreover, can connect also institutional
facts to other institutional facts.

This type of belief rules express thecounts-asrelations which are at the basis of
constitutive norms. It is important that belief rules have a conditional character, since
they must reflect the conditional nature of the counts-as relation as proposed by Searle:
“such and such an X counts as Y in context C”.

A fact p counts as an institutional factq in contextC for normative systemn
counts-asn(p, q | C), iff agentn believes thatp ∧ C hasq as a consequence.

We extend this approach advocated in [6] in two ways. First we give a logical anal-
ysis of counts-as, and we argue that it requires an identity free logic. Second we discuss
the trade-off between the two kinds of norms.

3 Input/output logic

A disadvantage of the approach in [6] is that given the reflexivity of counts-as we have
that “A counts as A”, which is in contrast with our intuition and with other approaches
(but see Section 7 for a discussion). In particular, since the counts-as relation classifies
brute facts in legal categories, a brute fact A cannot be also a legal category: they are
ontologically heterogeneous concepts, thus we keep them separate for the purpose of
legal classification.

We therefore want to use an identity free logic, for which we take a simplified
version of the input/output logics introduced in [12, 13]. In this section we explain how
it works. A rule set is a set of ordered pairsP → q, whereP is a set of propositional
variables andq a propositional variable. For each such pair, the bodyP is thought
of as an input, representing some condition or situation, and the headq is thought of
as an output, representing what the rule tells us to be believed, desirable, obligatory
or whatever in that situation. Makinson and van der Torre write(P, q) to distinguish
input/output rules from conditionals defined in other logics, to emphasize the property
that input/output logic does not necessarily obey the identity rule. In this paper we do
not follow this convention.

In this paper, input and output are respectively a set of literals and a literal. We use
a simplified version of input/output logics, since it keeps the formal exposition simple
and it is sufficient for our purposes here. In Makinson and van der Torre’s input/output
logics, the input and output can be arbitrary propositional formulas, not just sets of
literals and literal as we do here. Consequently, in input/output logic there are additional
rules for conjunction of outputs and for weakening outputs.
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Definition 1 (Input/output logic).
LetX be a set of propositional variables, the set of literals built fromX, written as

Lit(X), is X ∪ {¬x | x ∈ X}, and the set of rules built fromX, written as Rul(X) =
2Lit(X) × Lit(X), is the set of pairs of a set of literals built fromX and a literal built
from X, written as{l1, . . . , ln} → l. We also writel1 ∧ . . . ∧ ln → l and whenn = 0
we write> → l. Moreover, forx ∈ X we write∼x for ¬x and∼(¬x) for x.

Moreover, letQ be a set of pointers to rules andMD : Q → Rul(X) is a total
function from the pointers to the set of rules built fromX.

Let S = MD(Q) be a set of rules{P1 → q1, . . . , Pn → qn}, and consider the
following proof rules strengthening of the input (SI), disjunction of the input (OR),
cumulative transitivity (CT) and Identity (Id) defined as follows:

p → r

p ∧ q → r
SI

p ∧ q → r, p ∧ ¬q → r

p → r
OR

p → q, p ∧ q → r

p → r
CT

p → p
Id

The following output operators are defined as closure operators on the setS using
the rules above.
out1: SI (simple-minded output)out3: SI+CT (simple-minded reusable output)
out2: SI+OR (basic output) out4: SI+OR+CT (basic reusable output)

Moreover, the following four throughput operators are defined as closure operators
on the setS. out+i : outi+Id (throughput) We writeout(Q) for any of these output
operations andout+(Q) for any of these throughput operations. We also writel ∈
out(Q,L) iff L → l ∈ out(Q), andl ∈ out+(Q,L) iff L → l ∈ out+(Q).

Example 1.GivenMD(Q) = {a → x, x → z} the output ofQ containsx ∧ a → z
using the ruleSI. Using also theCT rule, the output containsa → z. a → a follows
only if there is theId rule.

A technical reason to distinguish pointers from rules is to facilitate the description
of the priority ordering we introduce in the following definition.

The notorious contrary-to-duty paradoxes such as Chisholm’s and Forrester’s para-
dox have led to the use of constraints in input/output logics [13]. The strategy is to adapt
a technique that is well known in the logic of belief change - cut back the set of norms
to just below the threshold of making the current situation inconsistent.

In input/output logics under constraints, a set of mental attitudes and an input does
not have a set of propositions as output, but a set of set of propositions. We can infer
a set of propositions by for example taking the join (credulous) or meet (sceptical), or
something more complicated. Besides, we can adopt an output constraint (the output
has to be consistent) or an input/output constraint (the output has to be consistent with
the input). In this paper we only consider the input/output constraints. The following
definition is inspired by [14] where we extend constraints with priorities:

Definition 2 (Constraints).
Let ≥: 2Q × 2Q be a transitive and reflexive partial relation on the powerset of

the pointers to rules containing at least the subset relation. Moreover, letout be an
input/output logic. We define:

– maxfamily(Q,P ) is the set of⊆-maximal subsetsQ′ of Q such thatout(Q′, P )∪
P is consistent.
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– preffamily(Q,P,≥) is the set of≥-maximal elements of preffamily(Q,P ).
– outfamily(Q,P,≥) is the output under the elements of maxfamily, i.e.,
{out(Q′, P ) | Q′ ∈ preffamily(Q, P,≥)}.

– P → x ∈ out∪(Q,≥) iff x ∈ ∪outfamily(Q, P,≥)
P → x ∈ out∩(Q,≥) iff x ∈ ∩outfamily(Q, P,≥)

In case of contrary to duty obligations, the input represents something which is
inalterably true, and an agent has to ask himself which rules (output) this input gives
rise to: even if the input should have not come true, an agent has to “make the best out
of the sad circumstances” [15].

Example 2.Let MD({a, b, c}) = {a = (> → m), b = (p → n), c = (o → ¬m)},
{b, c} > {a, b} > {a, c}, where byA > B we mean as usualA ≥ B andB 6≥ A.
maxfamily(Q, {o}) = {{a, b}, {b, c}},
preffamily(Q, {o},≥) = {{b, c}},
outfamily(Q, {o},≥) = {{¬m}}

The maxfamily includes the sets of applicable compatible pointers to rules together
with all non applicable ones: e.g., the output of{a, c} in the context{o} is not con-
sistent. Finally{a} is not in maxfamily since it is not maximal, we can add the non
applicable ruleb. Thenpreffamily is the preferred set{b, c} according to the ordering
on set of rules above. The setoutfamilyis composed by the consequences of applying
the rules{b, c} which are applicable ino (c): ¬m.

Due to space limitations we have to be brief on details with respect to input/output
logics, see [12, 13] for the semantics of input/output logics, further details on its proof
theory, its possible translation to modal logic, alternative constraints, and examples.

4 Constitutive norms vs regulative norms

Why are constitutive norms needed in a normative system? In [6], we argue that, first,
regulative norms are not categorical, but conditional: they specify all their applicabil-
ity conditions. In case of complex and rapidly evolving systems new situations arise
which should be considered in the conditions of the norms. Thus, new regulative norms
must be introduced each time the applicability conditions must be extended to include
new cases. In order to avoid changing existing norms or adding new ones, it would
be more economic that regulative norms could factor out particular cases and refer, in-
stead, to more abstract concepts only. Hence, the normative system should include some
mechanism to introduce new institutional categories of abstract entities for classifying
possible states of affairs. Norms could refer to this institutional classification of reality
rather than to the commonsense classification: changes to the conditions of the norms
would be reduced to changes to the institutional classification of reality. Second, the
dynamics of the social order which the normative system aims to achieve is due to the
evolution of the normative system over time, which introduces new norms, abrogates
outdated ones, and, as just noticed, changes its institutional classification of reality. So
the normative system must specify how the normative system itself can be changed
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by introducing new regulative norms and new institutional categories, and specify by
whom the changes can be done.

In this paper we discuss how constitutive norms, even if they can be replaced by
regulative norms, allow to create a level of abstraction to which regulative norms can
refer to, making to less sensitive to the changes in the legal system. The cons of intro-
ducing constitutive norms is that new rules are necessary, so that a trade-off must be
found between the need of abstraction and the complexity of the normative system.

As a running example, consider a society where the fact that a field has been fenced
by an agent counts as the fact that the field is property of that agent. In our model this
relation is expressed as a belief attributed to the normative system. The fence is a phys-
ical “brute” fact, while the fact that it is a property of someone is only an institutional
fact attributed to the beliefs of the normative system.

Assume now that the normative system has as goals that if a field is fenced, no one
enters it and that if a fenced field is entered, this action is considered as a violation
and the violation is sanctioned. These goals form an obligation not to trespass a fenced
field. However, the same legal system could have been designed in a different way
using the constitutive norm above: a fenced field counts as property. The constitutive
norm introduces the legal category of property which an obligation not to trespass a
property can refer to: it is obligatory not to trespass property. The two legal systems
are equivalent in the sense that in the same situation, the same violations hold; on the
other hand, they are different since the latter introduce a legal classification of reality;
thus, the obligation has as condition the institutional fact that the field is a property: the
field being a property is an institutional fact believed by the normative system, while
entering the field is a brute fact.

Analogously, in the purely regulative legal system, a permission to enter a fenced
field if it is close to a river could be added. This permission is an exception to the
obligation not to trespass fenced fields. In the second legal system, the same purpose
can be reached by adding a constitutive norm which states that a field close to the river,
albeit fenced, is not a property. Note that this is different from saying that a field on the
river is a property that can be trespassed, a fact which is expressed by a permission to
enter a property close to the river.

The possibility that institutional facts appear as conditions in the goals of the norma-
tive system or as goals themselves explains the following puzzling assertion of Searle
[16]: “constitutive rules constitute (and also regulate) an activity the existence of which
is logically dependent on the rules” (p.34). In our model constitutive norms regulate a
social activity since they create institutional facts that are conditions or objects of reg-
ulative norms. In our metaphorical mapping regulative norms are goals, and goals base
their applicability in a certain situation on the beliefs of the agent; in the previous exam-
ple, being a property indirectly regulates the behavior of agents, since entering a field
is a violation only if it is a property; if a field is not a property, the goal of considering
trespassing a violation does not apply.

Searle [16] interprets the creation institutional facts also in terms of what he calls
“status functions”: “the form of the assignment of the new status function can be rep-
resented by the formula ‘X counts as Y in C’. This formula gives us a powerful tool
for understanding the form of the creation of the institutional fact, because the form of
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the collective intentionality is to impose that status and its function, specified by the Y
term, on some phenomenon named by the X term”, p.46.

Where “the ascription of function ascribesthe use to which we intentionally put
these objects” (p.20). In our model, this teleological aspect of the notion of function
depends on the fact that institutional facts make conditional goals relevant as they ap-
pear in the conditions of regulative norms or as goals themselves. The aim of fencing
a field is to prevent trespassing: the obligation defines the function of property, since
it is defined in terms of goals of the normative system. Hence, Searle’s assertion that
“the institutions [. . . ] are systems of such constitutive rules” is partial: institutions are
systems where constitutive (i.e., beliefs) and regulative (i.e., goals) rules interacts. In
our model, they interplay in the same way as goals and beliefs do in agents.

5 The formal model

The definition of the agents is inspired by the rule based BOID architecture [17], though
in our theory, and in contrast to the BOID architecture, obligations are not taken as
primitive concepts. Beliefs, desires and goals are represented by conditional rules rather
then in a modal framework. We use in our model only goals rather than intentions since
we consider only on decision step instead of having plans for the future moves.

We assume that the base language contains boolean variables and logical connec-
tives. The variables are eitherdecision variablesof an agent, which represent the agent’s
actions and whose truth value is directly determined by it, orparameters, which de-
scribe both the state of the world andinstitutional facts, and whose truth value can only
be determined indirectly. Our terminology is borrowed from Langet al. [18].

Given the same set of mental attitudes, agents reason and act differently: when fac-
ing a conflict among their motivations and beliefs, different agents prefer to fulfill dif-
ferent goals and desires. We express these agent characteristics by a priority relation
on the mental attitudes which encode, as detailed in [17], how the agent resolves its
conflicts. The priority relation is defined on the powerset of the mental attitudes such
that a wide range of characteristics can be described, including social agents that take
the desires or goals of other agents into account. The priority relation contains at least
the subset-relation which expresses a kind of independence among the motivations.

Definition 3 (Agent set).An agent set is a tuple〈A,X, B,D, G, AD,≥〉, where:

– the agentsA, propositional variablesX, agent beliefsB, desiresD and goalsG
are five finite disjoint sets.

– B,D, G are sets of pointers to rules. We writeM = D ∪ G for the motivations
defined as the union of the desires and goals.

– an agent descriptionAD : A → 2X∪B∪M is a total function that maps each agent
to sets of variables (its decision variables), beliefs, desires and goals, but that does
not necessarily assign each variable to at least one agent. For each agentb ∈ A,
we writeXb for X ∩ AD(b), andBb for B ∩ AD(b), Db for D ∩ AD(b), etc. We
write parametersP = X \ ∪b∈AXb.
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– a priority relation≥: A → 2M∪B × 2M∪B is a function from agents to a transitive
and reflexive partial relation on the powerset of the motivations containing at least
the subset relation. We write≥b for ≥ (b).
Since goals have priority over desires we have that givenS, S′ ⊆ M , for all a ∈ A,
S >a S′ if S \ S′ ⊆ G andS′ \ S ⊆ D.

Example 3.A = {a}, Xa = {trespass}, P = {s, fenced}, Da = {d1, d2}, ≥a=
{d2} ≥ {d1}. There is a single agent, agenta, who can trespass a field. Moreover, it
can be sanctioned and the field can be fenced. It has two desires, one to trespass (d1),
another one not to be sanctioned (d2). The second desire is more important.

In a multiagent system, beliefs, desires and goals are abstract concepts which are
described by rules built from literals.

Definition 4 (Multiagent system).A multiagent system is a tuple〈A,X,B, D, G,AD,
MD,≥〉, where〈A, X,B, D,G, AD,≥〉 is an agent set, and the mental description
MD : (B∪M) → Rul(X) is a total function from the sets of beliefs, desires and goals
to the set of rules built fromX. For a set of mental attitudesS ⊆ B ∪ M , we write
MD(S) = {MD(q) | q ∈ S}.

Example 4(Continued).MD(d1) = > → trespass, MD(d2) = > → ¬s.

In the description of the normative system, we do not introduce norms explicitly,
but we represent several concepts which are illustrated in the following sections. Insti-
tutional facts (I) represent legal abstract categories which depend on the beliefs of the
normative system and have no direct counterpart in the world.F = X \ I are what
Searle calls “brute facts”: physical facts like the actions of the agents and their effects.
V (x,a) represents the decision of agentn that recognizesx as a violation by agent
a. The goal distributionGD(a) ⊆ Gn represents the goals of agentn the agenta is
responsible for.

Definition 5 (Normative system).A normative multiagent system, written asNMAS,
is a tuple〈A,X,B,D, G,AD, MD,≥,n, I, V, GD〉 where the tuple〈A,X, B,D, G,
AD, MD,≥〉 is a multiagent system, and

– the normative systemn ∈ A is an agent.
– the institutional factsI ⊆ P are a subset of the parameters.
– the norm descriptionV : Lit(X)×A → Xn ∪P is a function from the literals and

the agents to the decision variables of the normative system and the parameters.
– the goal distributionGD : A → 2Gn is a function from the agents to the powerset

of the goals of the normative system, such that ifL → l ∈ MD(GD(a)), then
l ∈ Lit(Xa ∪ P ).

Agentn is a normative system who has the goal that fenced fields are not trespassed.

Example 5(Continued).There is agentn, representing the normative system.
Xn = {s, V (trespass,a)}, P = {fenced}, Dn = Gn = {g1}, MD(g1) =

{fenced→ ¬trespass}, GD(a) = {g1}.
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Agent n can sanction agenta, becauses is no longer a parameter but a decision
variable.V (trespass,a) represents the fact that the normative system considers a vi-
olation the action ofa trespassing the field. It has the goal that fenced fields are not
trespassed, and it has distributed this goal to agenta.

In the following , we use an input/output logicout to define whether a desire or
goal implies another one and to define the application of a set of belief rules to a set of
literals; in both cases we use theout3 operation since it has the desired logical property
of not satisfying identity.

Regulative norms are conditional obligations with an associated sanction and con-
ditional permissions. The definition of obligation contains several clauses. The first and
central clause of our definition defines obligations of agents as goals of the normative
system, following the ‘your wish is my command’ metaphor. It says that the obligation
is implied by the desires of the normative systemn, implied by the goals of agentn,
and it has been distributed by agentn to the agent. The latter two steps are represented
by out(GD(a),≥n).

The second and third clause can be read as “the absence ofp is considered as a
violation”. The association of obligations with violations is inspired by Anderson’s re-
duction of deontic logic to alethic logic [19]. The third clause says that the agent desires
that there are no violations, which is stronger than that it does not desire violations, as
would be expressed by> → V (∼x, a) 6∈ out(Dn,≥n).

The fourth and fifth clause relate violations to sanctions. The fourth clause says
that the normative system is motivated not to count behavior as a violation and apply
sanctions as long as their is no violation, because otherwise the norm would have no
effect. Finally, for the same reason the last clause says that the agent does not like the
sanction. The second and fourth clauses can be considered as instrumental norms [20]
contributing to the achievement of the main goal of the norm.

Definition 6 (Obligation). LetNMAS = 〈A, X, B, D,G, AD,MD,≥,n, I, V,GD〉
be a normative multiagent system. Agenta ∈ A is obliged to see to it thatx ∈
Lit(Xa ∪ P ) with sanctions ∈ Lit(Xn ∪ P ) in contextY ⊆ Lit(X) in NMAS,
written asNMAS |= Oan(x, s|Y ), if and only if:

1. Y → x ∈ out(Dn,≥n) ∩ out(GD(a),≥n): if Y then agentn desires and has as
a goal thatx, and this goal has been distributed to agenta.

2. Y ∪ {∼x} → V (∼x,a) ∈ out(Dn,≥n) ∩ out(Gn,≥n): if Y and∼x, then agent
n has the goal and the desireV (∼x,a): to recognize it as a violation by agenta.

3. > → ¬V (∼x,a) ∈ out(Dn,≥n): agentn desires that there are no violations.
4. Y ∪ {V (∼ x,a)} → s ∈ out(Dn,≥n) ∩ out(Gn): if Y and agentn decides

V (∼x,a), then agentn desires and has as a goal that it sanctions agenta.
5. Y →∼s ∈ out(Dn,≥n): if Y , then agentn desires not to sanction. This desire of

the normative system expresses that it only sanctions in case of violation.
6. Y →∼s ∈ out(Da,≥a): if Y , then agenta desires∼s, which expresses that it

does not like to be sanctioned.

The rules in the definition of obligation are only motivations, and not beliefs, because
a normative system may not recognize that a violation counts as such, or that it does
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not sanction it: it is up to its decision. Both the recognition of the violation and the
application of the sanction are the result of autonomous decisions of the normative
system that is modelled as an agent.

The beliefs, desires and goals of the normative agent - defining the obligations -
are not private mental states of an agent. Rather they are collectively attributed by the
agents of the normative system to the normative agent: they have a public character,
and, thus, which are the obligations of the normative system is a public information.

Since conditions of obligations are sets of decision variables and parameters, insti-
tutional facts can be among them. In this way it is possible that regulative norms refer
to institutional abstractions of the reality rather than to physical facts only.

Example 6(Continued).Let: {g1, g2, g4} = Gn, Gn∪{g3, g5} = Dn, {g1} = GD(a)

MD(g2) = {fenced, trespass} → V (trespass,a) MD(g3) = > → ¬V (trespass,a)
MD(g4) = {fenced, V (trespass,a)} → s MD(g5) = fenced→∼s

NMAS |= Oan(¬trespass, s | fenced), since:

1. fenced→ trespass∈ out(Dn,≥n) ∩ out(GD(a),≥n)
2. {fenced, trespass} → V (trespass,a) ∈ out(Dn,≥n) ∩ out(Gn,≥n)
3. > → ¬V (trespass,a) ∈ out(Dn,≥n)
4. {fenced, V (trespass,a)} → s ∈ out(Dn,≥n) ∩ out(Gn,≥n)
5. fenced→∼s ∈ out(Dn,≥n)
6. fenced→∼s ∈ out(Da,≥a)

[14], and can be overridden by obligations in turn. A permission to dox is an ex-
ception to an obligation not to dox if agentn has the goal thatx is not considered as
a violation under some condition. The permission overrides the prohibition if the goal
that something does not count as a violation (Y ∧ x → ¬V (x,a)) has higher priority
in the ordering≥n on goal and desire rules with respect to the goal of a corresponding
prohibition thatx is considered as a violation (Y ′ ∧ x → V (x,a)):

Definition 7 (Permission).Agenta ∈ A is permitted by agentn to see to it thatx ∈
Lit(Xa ∪ P ) under conditionY ⊆ Lit(X), written asNMAS |= Pan(x | Y ), iff
Y ∪ {x} → ¬V (x,a) ∈ out(Gn,≥n): if Y and x then agentn wants thatx is not
considered a violation by agenta.

Example 7(Continued).Let P = {fenced, river}, {g6} > {g2},
MD(g6) = {fenced, river, trespass} →∼V (trespass,a)
Then{fenced, river, trespass} →∼V (trespass,a) ∈ out(Dn,≥n) ∩ out(Gn,≥n)
Hence,NMAS |= Pan(trespass| fenced∧ river)

Constitutive norms introduce new abstract categories of existing facts and entities,
called institutional facts. We formalize the counts-as conditional as a belief rule of the
normative systemn. Since the conditionx of the belief rule is a variable it can be an
action of an agent, a brute fact or an institutional fact. So, the counts-as relation can be
iteratively applied.
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Definition 8 (Counts-as relation). Let NMAS=〈A,X, B, D,G, AD,MD,≥,n, I,
V,GD〉 be a normative multiagent system. A literalx ∈ Lit(X) counts-asy ∈ Lit(I) in
contextC ⊆ Lit(X), NMAS |= counts-asn(x, y|C), iff C∪{x} → y ∈ out(Bn,≥n):
if agentn believesC andx then it believesy.

Example 8. P \ I = {fenced}, I = {property}, Xa = {trespass}, B′
n = {b′1},

MD(b′1) = fenced→ property

Consequently,NMAS |= counts-asn(fenced, property|>). This formalizes that for
the normative system a fenced field counts as the fact that the field is a property of that
agent. The presence of the fence is a physical “brute” fact, while being a property is an
institutional fact. In situationS = {fenced}, givenB′

n we have that the consequences
of the constitutive norms areout(B′

n, S,≥n) = {property}
As shown in the example, the logic of constitutive norms does not satisfy identity:

fencedis not a consequence, since it represents a brute fact and not an institutional
fact. Constitutive norms, in contrast, provide a legal classification of reality in terms of
institutional facts only.

The institutional facts can appear in the conditions of regulative norms as the fol-
lowing example shows.

Example 9(Continued). A regulative norm which forbids trespassing can refer to the
abstract concept of property rather than to fenced fields:Oan(¬trespass, s | property).
Let: {g′1, g′2, g′4} = G′n, G′n ∪ {g′3, g′5} = D′

n, {g′1} = GD(a)
MD(g′1) = property→ ¬trespassMD(g′2) = {property, trespass} → V (trespass,a)
MD(g′3) = > → ¬V (trespass,a) MD(g′4) = {property, V (trespass,a)} → s
MD(g′5) = property→∼s

Then:

1. property→ ¬trespass∈ out(Dn,≥n) ∩ out(GD(a),≥n)
2. {property, trespass} → V (trespass,a) ∈ out(Dn,≥n) ∩ out(Gn,≥n)
3. > → ¬V (trespass,a) ∈ out(Dn,≥n)
4. {property, V (trespass,a)} → s ∈ out(Dn,≥n) ∩ out(Gn,≥n)
5. property→∼s ∈ out(Dn,≥n)
6. property→∼s ∈ out(Da,≥a)

As the system evolves, new cases can be added to the notion of property by means
of new constitutive norms, without changing the regulative norms about property. E.g.,
if a field is inherited, then it is property of the heir:inherit→ property∈ MD(Bn).

From a knowledge representation point of view, constitutive norms behave asdata
abstractionin programming languages: types are gathered in new abstract data types;
new procedures are defined on the abstract data types to manipulate them. So it is pos-
sible to change the implementation of the abstract data type without modifying the
programs using those procedures. In our case, it is possible to change the constitutive
norms defining the institutional facts without modifying the regulative norms which
refer to those institutional facts.

Since counts-as rules are beliefs and the logic is non-monotonic due to the priority
ordering on the beliefs, counts-as can be used to express exceptions to the classifica-
tion. This defeasible aspect mirrors the relation between obligations and permissions as
exceptions [2].
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6 The trade-off between constitutive and regulative norms

In this section, we extend our scenario described in Example 8-9 to design a legal sys-
tem equivalent to the one of Example 6-7.

Example 10(Continued).B′
n = {b′2}, {b′2} > {b′1},

MD(b′2) = fenced∧ river → ¬property.
out(B′

n = {b′1, b′2},≥n) = {{fenced∧ river → ¬property}} since
maxfamily(B′

n, S = {fenced, river}) = {{b′1}, {b′2}},
preffamily(B′

n, S = {fenced, river},≥n) = {{b′2}},
outfamily(B′

n, S = {fenced, river},≥n) = {{¬property}}
Thus,NMAS |= counts-asn(fenced,¬property | river) and this belief overrides

the former one behindcounts-asn(fenced, property | >). This formalizes that the nor-
mative system does not consider as a property a fenced field if it is close to a river.

We show how a system containing constitutive and regulative norms like in Exam-
ple 8-10 can be interchanged with an equivalent system of regulative norms only like
the one of Example 6-7. By equivalence we mean that in the same state of the world the
same violations hold. Since it is possible to replace constitutive norms with regulative
norms only, a trade-off can be found between adding constitutive norms and achieving
a sufficient level of abstraction.

Even if input/output logic is an inference system on rules we cannot directly prove
the equivalence on the rules defining regulative and constitutive norms since they refer
to different sets of rules: goal rules and belief rules. We provide the equivalence in an
indirect way by considering the combined output of the rules.

Given the operation out, we define a combined output relation:
output(Q,Z, S,≥n) = out(Z, out(Q,S,≥n) ∪ S,≥n) whereQ ⊆ Bn, Z ⊆ Mn and
S ⊂ Lit(X \ I). The institutional facts are the result of the reasoning of the normative
system, so they cannot be present in the initial state composed of brute facts.

Note that we reintroduce the brute factsS as the input of the output operation on
the motivationsZ since the output operation on beliefs does not satisfy identity. We
needS since the conditions of regulative norms can refer to brute facts as well as to the
institutional facts which are the consequences of the constitutive norms. In this way we
distinguish between the legal classification of reality and the information concerning
commonsense, among which the brute facts which are the input to constitutive norms.
Even if we attribute belief rules to the normative system these must be distinguished
from the belief rules of agents: these belief rules concern the relation between brute facts
and constitute their commonsense view of the work. The normative system as agent,
in contrast, does not contain any knowledge of this kind. The relevant commonsense
inferences are performed by the real agents playing roles in the normative system.

In our examples we have:output(Bn, Gn, S,≥n) = output(B′
n, G′n, S,≥n) for

anyS ∈ Lit(X \ I).
Sketch of proof. We consider only the cases where the conditions of the goals and
beliefs are satisfied. First, the normative system made of regulative norms only:

output(Bn, Gn, S = {fenced, trespass},≥n) = out(Gn, out(Bn, S,≥n) ∪ S,≥n) =
{¬trespass, V (trespass,a), s}
from g1, g2, g4, whereout(Bn, S,≥n) = ∅ sinceBn = ∅.
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In contrast:

output(Bn, Gn, S={fenced, river, trespass},≥n)=out(Gn, out(Bn, S,≥n) ∪ S,≥n)
= {¬trespass,¬V (trespass,a),∼s}

(from g1, g5, g6) where againout(Bn, S,≥n) = ∅.
In case of the legal system of Example 8 made of both constitutive and regulative norms:

output(B′
n, G′n, S={fenced, trespass},≥n)=out(G′n, out(B′

n, S,≥n) ∪ S,≥n) =
{¬trespass, V (trespass,a), s}
(from g′1, g

′
2, g

′
4) whereout(B′

n, S,≥n) = {property} (from b′1).

In contrast:

output(B′
n, G′n, S={fenced, river, trespass},≥n)=out(G′n, out(B′

n, S,≥n)∪S,≥n)=
{¬trespass,¬V (trespass,a),∼s}
(from g′1, g

′
3, g

′
5) whereout(B′

n, S,≥n) = {¬property} (from b′2).

7 Related work

While the formalization of regulative norms, like obligations, prohibitions and permis-
sions, is often based in deontic logic on modal operators representing what is obligatory,
forbidden or permitted, the formalization of constitutive norms is rather different. An
attempt to make the notion of constitutive norm more precise is Jones and Sergot [5]’s
formalization of the counts-as relation. For Jones and Sergot, the counts-as relation ex-
presses the fact that a state of affairs or an action of an agent “is a sufficient condition
to guarantee that the institution creates some (usually normative) state of affairs”. As
Jones and Sergot suggest, this relation can be considered as “constraints of (operative
in) [an] institution”, and they express these constraints as conditionals embedded in a
modal operator. Jones and Sergot formalize this introducing a conditional connective
⇒s to express the “counts-as” connection holding in the context of an institutions.
They characterise the logic for⇒s as a classical conditional logic plus the axioms:

((A ⇒s B) ∧ (A ⇒s C)) ⊃ (A ⇒s (B ∧ C))
((A ⇒s B) ∧ (C ⇒s B)) ⊃ ((A ∨ C) ⇒s B)
((A ⇒s B) ∧ (B ⇒s C)) ⊃ (A ⇒s C)
In addition, Jones and Sergot’s analysis is integrated by introducing the normal

KD modality Ds such thatDsA means thatA is “recognised by the institution s”.
Accordingly, it is adopted the schema:(A ⇒s B) ⊃ Ds(A ⊃ B).

The limitation of this approach, according to Gelatiet al. [21], is that the conse-
quences of counts-as connections follow non-defeasibly (via the closure of the logic
for modalityDs under logical implication), whereas defeasibility seems a key feature
of such connections. The classical example is that in an auction if a person raises one
hand, this may count as making a bid. However, this does not hold if he raises his hand
and scratches his own head.

Finally, the adoption of the transitivity for their logic is criticized by Artosiet al.[3].
Artosi et al.[3]’s characterisation of the counts-as adopts a different perspective. Rather
than introducing a logic for the counts-as connection, and then linking it with aDs

logic, they use one conditional operator⇒ to express any defeasible normative con-
nections in any institutions. They use the sameDs operator as in [5] but they apply it
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to the components of normative links, to relativise them to a particular institution. Any
institution can only state what normative situation holds for itself, given certain condi-
tions, but according to a general type of conditionality. On the basis of⇒ they define a
relativised⇒s operator:(A ⇒s B) =def (A ⇒ DsB) ∧ (DsA ⇒ DsB)

The connective⇒ is characterised by reflexivity and cumulative transitivity, whose
combination does not prevent defeasibility. The system is completed by introducing a
restricted version of the detachment of the consequent. To avoid losing non-monotonicity,
Artosi et al. [3] do not accept the strengthening of antecedent property (SI in our in-
put/output logic), thus making their logic weaker.

In contrast, in our model we accept the strengthening of antecedent (SI) rule and
the cumulative transitivity (CT ). We do not accept instead identity (Id). First of all,
the adoption also ofId would make the system accepting also full transitivity. Non-
monotonicity is achieved via the constraint mechanism which uses also a priority or-
dering on the mental attitudes. Secondly, we do not acceptId because we want to keep
separate brute facts and institutional facts “whose nature - as also Artosiet al. [3] ac-
cept - is conceptually distinct from that of the empirical facts”.

Finally, a recent interesting approach to counts-as is the model of Grossiet al. [4].
They propose a framework for grounding a new formal semantics of expressions such
as: “A counts as B in institution c”, or “B supervenes A in institution c”. Constitutive
norms are interpreted essentially as contextualized subsumption relations establishing
taxonomies which hold only with respect to a specific (institutional) context.

8 Conclusions

In this paper we discuss the design of legal systems composed of constitutive and regu-
lative norms. We model legal systems as normative multiagent systems where the nor-
mative system is modelled as an agent using the agent metaphor: constitutive norms are
defined by the beliefs of the normative system and the regulative norms by its goals. The
characteristic of the counts-as relation is that it is not reflexive. The trade-off problem
between constitutive and regulative norms can be handled by as the trade-off between
beliefs and goals of the normative system. We show that constitutive norms, even if
they can be replaced by regulative norms, allow to create a level of abstraction to which
regulative norms can refer to, making it less sensitive to the changes in the legal system.

In [6] we extend this framework to model the problem of how the normative sys-
tem itself specifies who can change the normative system. This specification is made by
means of constitutive norms describe what facts count as the creation of new regulative
and constitutive norms in the normative system. This work is at the basis of the defi-
nition of contracts we make in [7]. Future work is, for example, elaborating the notion
of context to study which properties hold for it, and introducing hierarchies of norma-
tive systems composed of both constitutive norms and regulative norms, as we do for
obligations and permissions in [14].
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Abstract. The paper addresses the issue of contextual representations
of ontologies, as it arises in the area of normative system specifications
for modeling multi-agent systems. To this aim, the paper proposes a for-
malization of a notion of contextual terminology, that is to say, a termi-
nology holding only with respect to a specific context. The formalization
is obtained by means of a formal semantics framework which enables
the expressivity of common description logics to reason within contexts
(intra-contextual reasoning), allowing at the same time the possibility to
reason also about contexts and their interplay (inter-contextual reason-
ing). Using this framework, two complex scenarios are discussed in detail
and formalized.

1 Introduction

The present research is motivated by problems stemming from the domain of
normative system specifications for modeling multi-agent systems ([5, 19, 10]).
In [6, 18] contexts have been advocated to play a central role in the specification
of complex normative systems and normative systems of high complexity (for
instance legal systems, or institutional ones) are viewed not only as regulative
systems, but also as systems specifying conceptualizations, or categorizations, of
the domain of entities they are supposed to regulate. In [12, 9] we proposed and
applied a framework for representing this categorizing feature of normative sys-
tems via contextual taxonomic statements of the form “A counts as B in context
C” ([16]), where concept descriptions A and B displayed a very simple logical
form (essentially boolean compositions of concepts). This work intends to pursue
that research line further adding the necessary expressivity (essentially the pos-
sibility to deal with attributes or roles, i.e., binary relations besides concepts) to
model more complex scenarios: from simple taxonomies to rich description logic
terminologies.

The final aim consists in obtaining a framework in which to represent on-
tologies of different contexts and to reason about them both in isolation, i.e.,
within the contexts (intra-contextual reasoning), and in interaction, i.e. between
contexts (inter-contextual reasoning). For instance, at the intra-contextual level
a typical question would be of the form: given a set of subsumption relations
holding in context C, is A a subconcept of B in context C? At an inter-contextual
level instead, a typical question would be: given that context C is more concrete



than context D, is A a subconcept of B in context C? With such a machinery
it would then be possible to represent the ontological aspect of the regulating
activity of institutions in a formal way, and the ontologies of different institu-
tions could then be rigorously specified and reasoned about. To do this, we show
that the approach proposed in [12] can be naturally applied to richer description
logic languages thus providing the necessary expressive power we are interested
in. In fact, the framework presented here consists in a contextualized version of
the semantics of description logics. The proposal is tested in detail against two
different examples.

The exposition is structured according to the following outline. In Section
2 two scenarios are introduced which exemplify in detail the issues addressed
here, and some preliminary considerations are drawn. Section 3 is dedicated to
the exposition of the framework, and Section 4 to the formalization of the two
scenarios introduced in Section 2. Conclusions follow.

2 Preliminaries

2.1 Scenarios

We now depict two scenarios in order to state, in clear terms, the kind of rea-
soning patterns we are aiming to capture formally. They exemplify quite typical
forms of contextual conceptualizations occurring in the normative domain. The
first scenario deals with a rule establishing sufficient conditions for a person to
be liable of violating the regulation concerning access to public parks in three
different municipalities. The second scenario deals with the refinement of a de-
finition of “vehicle” from the abstract context of a general regulation to more
concrete contexts of municipal regulations. From a logical point of view, they
display description logic forms of reasoning at the level of the so-called taxo-
nomical boxes (TBoxes)1 (e.g., reasoning with value restriction and existential
quantification, role subsumption) which were not yet available in our previous
proposal ([12]).

Example 1. (The public park scenario: “liability in parks”) In the regu-
lation governing access to public parks in region R it is stated that vehicles are
not allowed within public parks and that: “persons using vehicles within public
parks are liable for violating the regulation”. In this regulation no mention is
made of (possible) subconcepts of the concept vehicle, e.g., cars, bicycles, which
may help in identifying an instance of vehicle, nor it is stated what it actually
means to drive a vehicle: does the fact that I am wheeling my bicycle imply
that I am driving it? In municipal regulations subordinated to this regional one,
and therefore inheriting its global directives, specific subconcepts are instead
handled. In municipality M1 and M2 the following rule holds: “persons driving
bicycles within parks are liable of violating the regulation”. In M3 instead, it

1 Taxonomical boxes or terminologies are, in the description logic vocabulary, sets of
inclusion relations between concepts.
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holds that to drive a bicycle does not constitute any violation. On the other
hand, in all M1, M2 and M3 it holds that cars are not allowed in public parks.
Moreover, in M2 it holds that “persons wheeling bicycles into public parks are
not liable for violating the regulation” despite liability arises in case bicycles
happen to be driven. In M1 and M3 instead, to wheel a bicycle is considered a
way of driving it.

DRIVE VEHICLE DRIVE CAR DRIVE BICYCLE WHEEL BICYCLE

R liable not classifiable not classifiable not classifiable

M1 liable liable liable liable

M2 liable liable liable not liable

M3 liable liable not liable not liable

Table 1. Liability in the public park scenario

In this scenario the concept of vehicle gets various interpretations. Instances
of car (w.r.t. the terminologies presupposed by M1, M2 and M3) are always
instances of vehicle, while instances of bicycle are only in some contexts
also instances of vehicle. What also gets various interpretations is the relation
driving: somehow driving in M2 has a different meaning than in M1 and M3.
Table 1 displays how sufficient conditions for determining liability come down
to be interpreted in three completely different ways by the contexts at issue,
although in all contexts it holds that persons driving vehicles are to be considered
liable. Note that context R cannot provide any qualification for actions such as
driving or wheeling a bicycle simply because its language cannot express those
notions.

Example 2. (The public park scenario: “teenagers on skateboards”)
Consider again a regulation governing access to public parks in region R where
it is stated that: “vehicles are not allowed within public parks”. Also in this
regulation no mention is made of (possible) subconcepts of the concept vehicle.
Nevertheless, a (partial) definition, specifying necessary conditions for something
to be a vehicle, is stated: “vehicles are conveyances which transport persons or
objects”. In municipal regulations subordinated to this regional one subcon-
cepts are instead introduced. This is done inheriting the definition stated at the
R level and refining it either incrementing the number of necessary conditions
for something to be considered a vehicle or stating sufficient ones. In municipal-
ity M1 the definition of vehicle is refined in the following sense: “self-propelled
conveyances which transport persons or objects are vehicles” and “vehicles are
self-propelled”. In M2, instead, the definition of vehicle is simply closed without
any refinement: “conveyances which transport persons or objects are vehicles”.
Besides, in both M1 and M2, it holds that“skateboards are conveyances which
are not self-propelled” and “teenagers are persons”. These rules determine a
different behavior of M1 and M2 with respect to concepts such as “skateboards
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transporting teenagers”. With respect to this concept the following rule holds
in M1: “skateboards transporting teenagers are not vehicles”. In M2 instead, it
holds that: “skateboards transporting teenagers are vehicles”.

The second scenario displays some other aspects of contextual conceptualiza-
tions. The concept of vehicle gets again various interpretations and is first
specified in its necessary conditions by context R and then completely defined
in the two concrete contexts M1 and M2. The abstract regulation states that all
vehicles are conveyances transporting persons or objects, leaving thus open the
possibility for some of such conveyances not to be vehicles. This is the case of
skateboards in M1 since M1 refines the abstract rule establishing more necessary
conditions (being self-propelled) for conveyances to be classified as vehicles. Con-
text M2 instead, simply closes the abstract rule through establishing that being
a conveyance transporting persons or objects is sufficient for being a vehicle. Be-
cause of this, the two contexts M1 and M2 validate terminologies diverging on the
conceptualization of the complex concept “skateboards transporting teenagers”.

These two scenarios exemplify interesting nuances typical of complex context-
dependent conceptualizations2. We will constantly refer back to them in the
remainder of the work, and our central aim will be to develop a formal semantics
framework able to represent analogous scenarios and to provide thus a rigorous
understanding of the forms of reasoning therein involved.

2.2 Contextualizing Terminologies

We want to devise a language and a semantics for talking about contextual
terminologies. More in detail, this turns out to devise a formal morphology and
a formal semantics meeting the following requirements.

Firstly, it should support reasoning about the validity of TBoxes with re-
spect to contexts giving a semantics to expressions of the type: “the concept
bicycle is a subconcept of the concept vehicle in context M1”. Besides this,
the framework should be able to express the fact that concepts may be unclas-
sifiable within specific contexts, that is, that specific subsumptions cannot be
said to be valid or not valid: in the context R of the regional regulation, whether
a person wheeling a bicycle within a public park is to be considered liable of
violating the regulation corresponds to a non evaluable subsumption since the
concept at issue is not part of the language of the context R (see Figure 2.1).
In some sense, it corresponds to a subsumption which is evaluated with respect
to the wrong context. Therefore, we want the framework to be able to express
whether a concept gets meaning within a context: “concept bicycle is mean-
ingful with respect to context M1”. Completely analogous expressions should be
available in order to handle a contextualization of role (or attribute) hierarchies
such as: “role wheel (wheeling) is a subrole of drive (driving) in context M2”
2 It is instructive to notice that both scenarios represent instances of a typical form

of contextual reasoning called “categorization” ([3]), or “perspective” ([1]), that is,
the form of reasoning according to which a same set of entities is conceptualized in
many different ways.
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and “role wheel is meaningful in context M2”. Secondly, it should provide a
representation of context interplay. In particular, we will introduce: a contextual
disjunction operator and a contextual focus operator3.

The first one yields a union of contexts: the contexts “viruses” and “bacte-
ria” can be unified on a language talking about microorganisms generating a
more general context like “viral or bacterial microorganisms”. The second one,
which plays a central role in our framework, yields the context consisting of
some information extracted from the context on which it is focused: the context
categorizing “crocodiles”, for instance, can be obtained via focusing the context
which categorizes all reptiles on the language talking only about crocodiles and
disregarding other reptiles. In other words, the operator prunes the informa-
tion contained in the context “reptiles” focusing only on what is expressible in
the language which talks about crocodiles and abstracting from the rest. Also
maximum and minimum contexts will be introduced: these will represent the
most general, and respectively the most specific, contexts on a language4. It is
important to notice that all operations explicitly refer to a precise language on
which the operation should take place. As we will see in the following section
our formal language will be tuned to incorporate this feature.

Finally, our language should represent specific relations between contexts.
Examples 1 and 2 consider groups of contexts in which all contexts are special-
izations of an abstract one (R). This suggests the consideration of a generality
relation between contexts5 expressing that a context is at most as general as
another one: the context of the abstract regulation R is somehow more general
than the concrete ones M1 and M26.

These intuitions about the semantics of context operators will be clarified and
made more rigorous in Section 3.2 where the semantics of the framework will be
presented, and in Section 4 where the examples will be formalized deploying all
these types of expressions.

3 A Formal Framework

Our proposal consists in mixing the semantics of description logic ([2]) with the
idea of modeling contexts as sets of models ([7]), delivering a framework able to
represent reasoning about sets of concept subsumptions, i.e., taxonomical boxes
(TBoxes), in a contextual setting.
3 In [12, 11] the focus operation is called abstraction. We decided to modify our termi-

nology in order to avoid confusions with other approaches to notions of abstraction
like for instance [8].

4 In this paper, we limit the number of context operations to disjunction and focus.
More operations are formalized in [12]. It is worth noticing, in passing, that similar
operations and special contexts are discussed in [17].

5 Literature on context theory often addresses this type of relation between contexts.
See for instance [15, 3].

6 As the discussion of the formalization of the examples will show (Section 4), there
are some more subtleties to be considered since R is not only more general but is
also specified on a simpler language.
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3.1 Language

The language we are defining can be seen as a meta-language for TBoxes de-
fined on AL description logic languages, which handle also concept union, full
existential quantification (we want to deal with concepts such as “either car or
bicycle” and “persons who drive cars”) and role complement (we want to be able
to talk about roles such as “not driving”)7.

The alphabet of the language LCT (language for contextual terminologies)
contains therefore the alphabets of a family of languages {Li}0≤i≤n. This family
is built on the alphabet of a given “global” language L which contains all the
terms occurring in the elements of the family. Moreover, we take {Li}0≤i≤n to
be such that, for each non-empty subset of terms of the language L, there exist
a Li which is built on that set and belongs to the family. Each Li contains
two non-empty finite sets Ai of atomic concepts (A), i.e., monadic predicates,
and Ri of atomic roles (R), i.e., dyadic predicates. These languages contain also
concepts and roles constructors. As to concept constructors, each Li contains the
zeroary operators ⊥ (bottom concept) and > (top concept), the unary operator
¬ (complement), and the binary operators u and t. As to role constructors,
each Li contains the unary operator R (role complement). Finally, the value
restriction operator ∀R.A (“the set of elements such that all elements that are
in a relation R with them are instances of A”) applies to role-concept pairs.

Besides, the alphabet of LCT contains a finite set of context identifiers c, two
families of zeroary operators {⊥i}0≤i≤n (minimum contexts) and {>i}0≤i≤n

(maximum contexts), one family of unary operators {fcsi}0≤i≤n (contextual fo-
cus operator) , one family of binary operators {gi}0≤i≤n (contexts disjunction
operator), one context relation symbol 4 (context c1 “is less general than” con-
text c2), two meaningfulness relation symbols “ . ↓c .” (concept A is meaningful
in context c) and “ . ↓r .” (role R is meaningful in context c), and finally two
contextual subsumption relation symbols “ . : . vc .” (within context c, concept
A1 is a subconcept of concept A2 ) and “ . : . vr .” (within context c, role R1

is a subrole of role R2) for, respectively, concept and role subsumption8. Lastly,
the alphabet of LCT contains also the sentential connectives ∼ (negation) and
∧ (conjunction) 9.

Thus, the set Ξ of context constructs (ξ) is defined through the following
BNF:

ξ ::= c | ⊥i | >i | fcsi ξ | ξ1 gi ξ2.

7 This type of language is indeed an ALC conceptual language extended with role
complement. See [2].

8 We use superscripts here in order to distinguish between meaningfulness of concepts
or roles, and subsumptions of concepts or roles. Nevertheless, in what follows, su-
perscripts will be dropped when no confusion arises in order to lighten the notation.

9 It might be worth remarking that language LCT is, then, an expansion of each Li

language. Notice also that all operators on contexts are indexed with the language
on which the operation they denote takes place.
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Concept constructs and role constructs are defined in the standard way. The set
P of roles descriptions (ρ) is defined through the following BNF:

ρ ::= R | ρ.

The set Γ of concept descriptions (γ) is defined through the following BNF:

γ ::= A | ⊥ | > | ¬γ | γ1 u γ2 | ∀ρ.γ.

Concept union and existential quantification are defined respectively as:

γ1 t γ2 =def ¬(¬γ1 u ¬γ2) and ∃ρ.γ =def ¬(∀ρ.¬γ).

Finally, the set A of assertions (α) is defined through the following BNF:

α ::= γ ↓c ξ | ρ ↓r ξ | ξ : γ1 vc γ2 | ξ : ρ1 vr ρ2 | ξ1 4 ξ2 | ∼ α | α1 ∧ α2.

Strict contextual subsumption and contextual equivalence are obviously defined:

ξ : γ1 @r γ2 =def ξ : γ1 vc γ2 ∧ ∼ ξ : γ2 vc γ1

ξ : ρ1 @r ρ2 =def ξ : ρ1 vr ρ2 ∧ ∼ ξ : ρ2 vr ρ1

ξ : γ1 ≡c γ2 =def ξ : γ1 vc γ2 ∧ ξ : γ2 vc γ1

ξ : ρ1 ≡r ρ2 =def ξ : ρ1 vr ρ2 ∧ ξ : ρ2 vr ρ1.

The set of atomic assertions of the language is then constituted by expressions
enabling exactly the kind of expressivity required in Section 2.2: meaningfulness
of concepts and roles in contexts, contextual subsumptions of concepts and roles,
generality ordering between contexts.

3.2 Semantics

As exposed in the previous section, a LCT consists of four classes of expressions:
Ξ (context constructs), P and Γ (role and concept descriptions), A (assertions).
Semantics of P and Γ will be the standard description logic semantics of roles and
concepts, on which our framework is based. Semantics for Ξ will be given in terms
of model theoretic operations on sets of description logic models, and at that
stage the semantics of assertions A will be defined via an appropriate satisfaction
relation. The structures obtained, which we call contextual terminology models
or ct-models, provides a formal semantics for LCT languages.

The firs step is then to provide the definition of a description logic model for
a language Li ([2]).

Definition 1. (Models for Li’s)
A model m for a language Li is defined as follows:

m = 〈∆m, Im〉

where:
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– ∆m is the (non empty) domain of the model;
– Im is a function Im : Ai∪Ri −→ P(∆m)∪P(∆m×∆m), such that to every

element of Ai and Ri an element of P(∆m) and, respectively, of P(∆m×∆m)
is associated. This interpretation of atomic concepts and roles of Li on ∆m

is then inductively extended:

Im(>) = ∆m

Im(⊥) = ∅
Im(¬γ) = ∆m\ Im(γ)

Im(γ1 u γ2) = Im(γ1) ∩ Im(γ2)
Im(∀ρ.γ) = {a ∈ ∆m | ∀b, < a, b >∈ Im(ρ) ⇒ b ∈ Im(γ)}

Im(ρ) = ∆m ×∆m\ Im(ρ).

A model m for a language Li assigns a denotation to each atomic concept (for
instance the set of elements of ∆m that instantiate the concept bike) and to each
atomic role (for instance the set of pairs of ∆m which are in a relation such that
the first element is said to “drive” the second element of the pair). Accordingly,
meaning is given to each complex concept (for instance the set of elements of
∆m that instantiate the concept vehicle t bike) and to each complex role (for
instance the set of pairs listing elements related by role drive).

3.3 Models for LCT

We can now define a notion of contextual terminology model (ct-model) for lan-
guages LCT .
Definition 2. (ct-models)
A ct-model M is a structure:

M = 〈{Mi}0≤i≤n, I〉
where:
– {Mi}0≤i≤n is the family of the sets of models Mi of each language Li. That

is, ∀m ∈ Mi, m is a model for Li.
– I is a function I : c −→ P(M0) ∪ . . . ∪ P(Mn). In other words, this func-

tion associates to each atomic context identifier in c a subset of the set of
all models in some language Li: I(c) = M with M ⊆ Mi for some i s.t.
0 ≤ i ≤ n. Function I can be seen as labeling sets of models on some lan-
guage i via atomic context identifiers. Notice that I fixes, for each atomic
context identifier, the language on which the context denoted by the identifier
is specified. We could say that it is I itself which fixes a specific index for
each atomic context identifier c.

– ∀m′,m′′ ∈
⋃

0≤i≤n Mi, ∆m′ = ∆m′′ . That is, the domain of all models m
is unique. We assume this constraint simply because we are interested in
modeling different conceptualizations of a same set of individuals.

Contexts are therefore formalized as sets of models for the same language.
This perspective allows for straightforward model theoretical definitions of op-
erations on contexts.
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3.4 Context focus

We model focus as a specific operation on sets of models which provides the
semantic counterpart for the contextual focus operator introduced in LCT . Intu-
itively, abstracting a context ξ to a language Li yields a context consisting in
that part of ξ which can be expressed in Li.

Let us first recall a notion of domain restriction (e) of a function f w.r.t. a
subset C of the domain of f . Intuitively, a domain restriction of a function f is
nothing but the function Cef having C as domain and s.t. for each element of
C, f and Cef return the same image: Cef = {〈x, f(x)〉 |x ∈ C}.

Definition 3. (Context focus operation: ei)
Let M ′ be a set of models, then: eiM ′ = {m | m = 〈∆m′ ,Ai ∪RieIm′〉 & m′ ∈
M ′}.

The following can be proved.

Proposition 1. (Properties of context focus)
Operation ei is: surjective, idempotent (ei(eiM) =eiM), normal (ei∅ = ∅), ad-
ditive (ei(M1 ∪M2) =eiM1∪eiM2), monotonic (M1 ⊆ M2 ⇒eiM1 ⊆eiM2).

Proof. A proof is worked out in [11].
The operation of focus allows for shifting from richer to simpler languages

and it is, as we would intuitively expect: surjective (every context, even the
empty one, can be seen as the result of focusing a different richer context, in the
most trivial case, a focus of itself), idempotent (focusing on a focus yields the
same first focus), normal (focusing the empty context yields the empty context),
additive (the focus of a context obtained via joining of two contexts can be
obtained also joining the focuses of the two contexts), monotonic (if a context
is less general then another one, the focus of the first is also less general than
the focus of the second one). Notice also that operation ei yields the empty set
of models when it is applied to a context M ′ the language of which is not an
expansion of Li. This is indeed very intuitive: the context obtained via focus of
the context “dinosaurs” on the language of, say, “gourmet cuisine” should be
empty.

A detailed comparison of our account of focus with approaches available in
the literature on context theory is discussed in [11].

3.5 Operations on contexts

We are now in a position to give a semantics to context constructs as introduced
in Section 3.1. In Definition 2 atomic contexts are interpreted as sets of models
on some language Li for 0 ≤ i ≤ n: I(c) = M ∈ P(M0) ∪ . . . ∪ P(Mn). The
semantics of context constructs Ξ can be defined via inductive extension of that
definition.
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Definition 4. (Semantics of context constructs)
Let ξ, ξ1, ξ2 be context constructs, then:

I(fcsi ξ) =eiI(ξ)
I(⊥i) = ∅
I(>i) = Mi

I(ξ1 gi ξ2) =ei(I(ξ1) ∪ I(ξ2)).

The focus operator fcsi is interpreted on the contextual focus operation intro-
duced in Definition 3, i.e., as the restriction of the interpretation of its argument
to language Li. The ⊥i context is interpreted as the empty context (the same on
each language); the >i context is interpreted as the greatest, or most general,
context on Li; the binary gi-composition of contexts is interpreted as the lowest
upper bound of the restriction of the interpretations of the two contexts on Li.

In [15] the statement about the need for addressing “contexts as abstract
mathematical entities” was set forth. Here, moving from an analysis of contex-
tual terminologies, we develop an account of context interplay based on model
theoretic operations. In some sense, we propose a view on contexts as “algebraic
entities”. In fact, it is easy to prove ([11]) that contexts, as conceived here, are
structured according to a Boolean Algebra with Operators ([14]). This observa-
tion distills the type of conception of context we hold here: contexts are sets of
models on different concept description languages; on each language the set of
possible contexts is structured in a Boolean Algebra; adding operations of focus
on a finite number of sublanguages yields a Boolean Algebra with Operators.

3.6 Assertions

The semantics of assertions is defined as follows.

Definition 5. (Semantics of assertions: |=)
Let ξ, ξ1, ξ2 be a context constructs, γ, γ1, γ2 concept description, then:

M |= γ ↓ ξ iff {Dc | 〈γ, Dc〉 ∈ Im & m ∈ I(ξ)} 6= ∅ (1)
M |= ρ ↓ ξ iff {Dr | 〈ρ,Dr〉 ∈ Im & m ∈ I(ξ)} 6= ∅ (2)
M |= ξ : γ1 v γ2 iff M |= γ1 ↓ ξ, M |= γ2 ↓ ξ

and ∀m ∈ I(ξ) Im(γ1) ⊆ Im(γ2) (3)
M |= ξ : ρ1 v ρ2 iff M |= ρ1 ↓ ξ, M |= ρ2 ↓ ξ

and ∀m ∈ I(ξ) Im(ρ1) ⊆ Im(ρ2) (4)
M |= ξ1 4 ξ2 iff I(ξ1) ⊆ I(ξ2). (5)

Clauses (1) and (2) specify when a concept, respectively a role, is meaningful
with respect to a context. This is the case when the set of denotations Dc and
Dr which the models constituting the context attribute to that concept (Dc

being a set of elements of the domain) or that role (Dr being a set of pairs of
elements of the domain), is not empty. If concept γ is not expressible in the

160



language of context ξ, then concept γ gets no denotation at all in context ξ.
This happens simply because concept γ does not belong to the domain of func-
tions Im, and there therefore exists no interpretation for that concept in the
models constituting ξ. The same holds for a role ρ. Clauses (3) and (4) deal
with satisfaction of contextual subsumptions. A contextual concept subsump-
tion relation between γ1 and γ2 holds iff concepts γ1 and γ2 are defined in the
models constituting context ξ, i.e., they receive a denotation in those models,
and all the description logic models constituting that context interpret γ1 as
a subconcept of γ2. Note that this is precisely the clause for the validity of a
subsumption relation in standard description logics, but together with the fact
that the concepts involved are actually meaningful in that context. Intuitively,
we interpret contextual subsumption relations as inherently presupposing the
meaningfulness of their terms10. A perfectly analogous observation holds also
for the clause regarding contextual role subsumption relations. Clause (5) gives
a semantics to the 4 relation between context constructs interpreting it as a
standard subset relation: ξ1 4 ξ2 means that context denoted by ξ1 contains at
most all the models that ξ2 contains, that is to say, ξ1 is at most as general as
ξ2. Clauses for boolean connectives are the obvious ones.

Notions of validity and logical consequence are classically defined. An asser-
tion α is valid if all ct-models M satisfy it. An assertion α is a logical consequence
of the set of assertions α1, . . . , αn if all ct-models satisfying α1, . . . , αn satisfy α.

4 Contextual Terminologies at Work

4.1 Formalizing the first scenario

We are now in the position to formalize Example 1.

Example 3. (Sufficient conditions for “liability”) To formalize the first sce-
nario within our setting a language L is needed, which contains the following
atomic concepts: person, liable, vehicle, car, bicycle; and the following
atomic roles: drive and wheel. Four atomic contexts are at issue here: the con-
text of the main regulation R, let us call it cR; the contexts of the munici-
pal regulations M1, M2 and M3, let us call them cM1, cM2 and cM3 respec-
tively. These contexts should be interpreted on two relevant languages (let us
call them L0 and L1) s.t. A0 = {person, liable, vehicle}, R0 = {drive} and
A1 = {person, liable, vehicle, car, bicycle}, R1 = {drive,wheel}. That is to
say, an abstract language concerning only persons, liability, vehicles and the ac-
tion of driving, and a more detailed language concerning, besides liable persons,
vehicles and driving, also cars, bicycles and the action of wheeling. The sets of
all models for L0 and L1 are then respectively M0 and M1.

10 For a more detailed discussion of these clauses we refer the reader to [12].
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To model the desired situation, our ct-model should then at least satisfy the
following LCT formulas:

cM1 g0 cM2 g0 cM3 4 cR (6)
∼ (car ↓ cR) ∧ ∼ (bicycle ↓ cR) ∧ ∼ (wheel ↓ cR) (7)
cR : person u ∃drive.vehicle v person u liable (8)
cM1 g1 cM2 g1 cM3 : car @ vehicle (9)
cM1 g1 cM2 : bicycle @ vehicle (10)
cM3 : bicycle v ¬vehicle (11)
cM1 g1 cM3 : wheel @ drive (12)
cM2 : wheel v drive (13)
cM1 g1 cM2 g1 cM3 : ∃wheel.car ≡ ⊥ (14)

Formula (6) plays a key role, stating that the three contexts cM1, cM2, cM3 are
concrete variants of context cR. It tells this by saying that the context obtained
by joining the three concrete contexts on language L0 (the language of cR) is
at most as general as context cR, that is: e0I(cM1)∪e0I(cM2)∪e0I(cM3) ⊆ I(cR)
(see Section 3.2). As we will see in the following, this makes cM1, cM2 and cM3

inherit what holds in cR. Formula (7) specifies what concepts and roles do not
get interpretation in the abstract context cR. Formula (8) formalizes the abstract
rule to the effect that persons driving vehicles (within public parks) are liable for
a violation of the applicable regulation. Formulas (9)-(11) describe the different
taxonomies holding in the three concrete contexts at issue, while formulas (12)
and (13) describe the different role hierarchies holding in those contexts. The
last formula can be seen as simply stating some background knowledge to the
effect that to wheel a car is an empty concept.

To discuss in some more depth the proposed formalization, let us first list
some interesting logical consequences of formulas (6)-(14). We will focus on sub-
sumptions contextualized to monadic contexts, that is to say, we will show what
the consequences of formulas (6)-(14) are at the level of the three contexts cM1,
cM2 and cM3 considered in isolation.

(6, 8) � cM1 : person u ∃drive.vehicle v person u liable

(9) � cM1 : person u ∃drive.car @ person u ∃drive.vehicle
(10) � cM1 : person u ∃drive.bicycle @ person u ∃drive.vehicle

(10, 12) � cM1 : person u ∃wheel.bicycle @ person u ∃drive.bicycle
(6, 8, 10) � cM1 : person u ∃drive.bicycle @ person u liable

(6, 8, 10, 12) � cM1 : person u ∃wheel.bicycle @ person u liable
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(6, 8) � cM2 : person u ∃drive.vehicle v person u liable

(9) � cM2 : person u ∃drive.car v person u ∃drive.vehicle
(10) � cM2 : person u ∃drive.bicycle @ person u ∃drive.vehicle
(13) � cM2 : person u ∃wheel.bicycle v person u ∃drive.bicycle

(10, 13) � cM2 : person u ∃drive.bicycle v person u ∃drive.vehicle
(6, 8, 10) � cM2 : person u ∃drive.bicycle @ person u liable

(6, 8) � cM2 : person u ¬liable v person u ¬∃drive.vehicle
(6, 8, 9, 10, 13) � ∼ cM2 : person u ∃wheel.bicycle @ person u liable

(6, 8) � cM3 : person u ∃drive.vehicle v person u liable

(9) � cM3 : person u ∃drive.car v person u ∃drive.vehicle
(11) � cM2 : person u ∃drive.bicycle @ person u ∃drive.¬vehicle
(12) � cM3 : person u ∃wheel.bicycle @ person u ∃drive.bicycle

(6, 8) � cM3 : person u ¬liable v person u ¬∃drive.vehicle
(6, 8, 11) � ∼ cM3 : person u ∃drive.bicycle @ person u liable

(6, 8, 11, 12) � ∼ cM3 : person u ∃wheel.bicycle @ person u liable

These are indeed the formulas that we would intuitively expect to hold in our
scenario. The list displays three sets of formulas grouped on the basis of the
context to which they pertain. Let us have a closer look to them. The first
consequence of each group results from the generality relation expressed in (6),
by means of which, the content of (8) is shown to hold also in the three concrete
contexts: in simple words, contexts cM1, cM2 and cM3 inherit the general rule
stating the liability of persons driving vehicles (within public parks). Via this
inherited rule, and via (9), it is shown that, in all contexts, who drives a car
is also held liable (second consequence of each group). As to cars and driving
cars then, all contexts agree. Where differences arise is in relation with how the
concept of bicycle and the role of wheeling are handled.

In context cM1, we have that it does not matter if somebody wheels or
actually drives a bicycle, because in both cases this would count as driving a
vehicle, and therefore of violating the regulation. In fact, in this context, a bicycle
is a vehicle (10) and to wheel is a way of driving (11). Context cM2, instead,
expresses a different view. Since bicycles count as vehicles (10), to drive a bicycle
is still a ground for liability. On the other hand, to wheel is actually classified as
a way of refraining from driving (13), and therefore, persons wheeling bicycles do
not count as persons driving vehicles, and do not commit any violation. Context
cM3 yields yet another terminology. Here bicycles are classified as objects which
are not vehicles (11). Therefore, although to wheel is conceived as a way of
driving (11), both to drive and to wheel a bicycle does not determine liability.
With respect to this, it is instructive to notice that even though both in cM2

and cM3 to wheel a bicycle is not a sufficient reason for being held liable, this
holds for two different reasons: in cM2 because of (13), and in cM3 because of
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(11). This illustrates how our framework is able to cope with some quite subtle
nuances that characterize contextual classifications.

4.2 A model of the scenario

In this section we expose a simple ct-model satisfying (6)-(14). Let us stipulate
that the models m that constitute our interpretation of contexts identifiers con-
sist of a domain ∆m = {a, b, c, d, e, f, g}. Being L0 and L1 the two languages at
issue, the domain of the ct-models is M0 ∪M1. A ct-model would then be, for
instance, a structure 〈M0 ∪M1, I〉 where I is such that:

– I(cM1) = {m1,m2} ⊆ M1 s.t. Im1(person) = {e, f, g}, Im1(vehicle) =
{a, b, c, d}, Im1(bicycle) = {a, b}, Im1(car) = {c, d}, Im1(drive) = {<
e, a >,< f, c >}, Im1(wheel) = {< e, a >}, Im1(liable) = {e, f} and Im2

agrees with Im1 on the interpretation of person, bicycle, car, vehicle and
Im2(drive) = {< f, c >,< g, d >}, Im2(wheel) = {< g, d >}, Im2(liable) =
{f, g}.

– I(cM2) = {m3,m4} ⊆ M1 s.t. Im3 and Im4 agree with Im1 on the inter-
pretation of person, bicycle, car, vehicle and Im3(drive) = {< f, d >,<
g, a >}, Im3(wheel) = {< e, a >}, Im3(liable) = {f, g} and Im4(drive) =
{< e, c >}, Im4(wheel) = {< f, a >}, Im4(liable) = {e}.

– I(cM3) = {m5} ⊆ M1 s.t. Im5 agrees with Im1 on the interpretation of
person, bicycle, car and Im5(vehicle) = {c, d}, Im5(drive) = {< e, a >
,< f, c >, < g, d >}, Im1(wheel) = {< e, a >}, Im1(liable) = {f, g}.

– I(cR) = {m | m = 〈∆m,A0 ∪R0eIi〉 and 1 ≤ i ≤ 5}, that is, cR is inter-
preted by the model as the union of all models constituting cM1, cM2 and
cM3 restricted to the language L0.

The model makes an interesting feature of our semantics explicit. In contexts cM1

and cM2 the set of liable persons do not coincide in the two models constituting
the context; nevertheless only persons driving vehicles are indeed liable. This
clearly shows that contexts can be viewed as clusters of possible situations all
instantiating the same terminology11.

4.3 Formalizing the second scenario

The formalization of the scenario introduced in Example 2 follows.

Example 4. (Categorizing “teenagers on skates”) The global language L
needed contains the following atomic concepts: conv, person, obj, vehicle,
teenager, skate; and the following atomic role: transp. Three are the atomic
contexts at issue here: the context of the main regulation R, let us call it cR; the
contexts of the municipal regulations M1 and M2, let us call them cM1 and cM2

respectively. These contexts should be interpreted on two relevant languages (let

11 We developed this intuition also in a modal logic setting modeling contexts as sets
of possible worlds. See [13].
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us call them L0 and L1) s.t. A0 = {conv, person, obj, vehicle}, R0 = {transp}
and A1 = A0 ∪ {self prop, teenager, skate}, R1 = R0. That is to say, an
abstract language concerning only conveyances, persons, objects, vehicles and
the attribute of transporting, and a more detailed language concerning, besides
this, also teenagers and skates. The sets of all models for L0 and L1 are then
respectively M0 and M1. To model the desired situation, a ct-model should then
at least satisfy the following LCT formulas:

cM1 g0 cM2 4 cR (15)
∼ (teenager ↓ cR) ∧ ∼ (skate ↓ cR) (16)
cR : vehicle v conv u ∀transp.(person t obj) (17)
cM1 : vehicle v self prop (18)
cM1 : conv u ∀transp.(person t obj) u self prop v vehicle (19)
cM2 : conv u ∀transp.(person t obj) v vehicle (20)
cM1 g1 cM2 : teenager @ person (21)
cM1 g1 cM2 : skate @ conv (22)
cM1 g1 cM2 : skate @ ¬self prop (23)

For reason of space, we cannot discuss this example in as many details as the
previous one. We stress the most important aspects. Formulas (15) and (16)
are the analogous of formulas (6) and (7). Formula (17) represents the abstract
constraints that context cR imposes on the concept vehicle.

Formulas (18), (19) and (20) express the additional constraints on the con-
cept vehicle holding in context cM1 and cM2 respectively: both contexts specify
sufficient conditions and context cM1 adds also new necessary ones (18). Formu-
las (21) and (22) state the intuitive background knowledge common to the two
concrete contexts. The point of the scenario consists in showing how teenagers
on skateboards are conceptualized in the three contexts, that is to say: how are
concept skateu∃transp.teenager and concept vehicle related in each context?
This can be easily shown via some relevant logical consequences of (15)-(23):

(15, 17, 18, 19) |= cM1 : conv u ∀transp.(person t obj) u self prop ≡ vehicle

(15, 17, 18, 19, 21, 22, 23) |= cM1 : skate u ∃transp.teenager v ¬vehicle
(15, 17, 20) |= cM2 : conv u ∀transp.(person t obj) ≡ vehicle

(15, 17, 20, 21, 22) |= cM2 : skate u ∃transp.teenager v vehicle.

These formulas show that in the two concrete contexts two different definitions
of vehicle hold, and therefore two different conceptualizations of concepts such
as skate u ∃transp.teenager: since skateboards are, in cM1, non self-propelled,
even if they are conveyances transporting people, they are not classifiable as
vehicles .
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5 Conclusions

We motivated and devised a formal framework for representing contextual on-
tologies via a contextualized version of description logic semantics. The key idea
has been to show that the basic intuition of understanding contexts as sets of
description logic models, which we presented in [12], works smoothly also with
subsumption statements of more complex concept descriptions. The next step
will be to side contextual terminologies with appropriate contextual assertion
boxes (ABoxes) in which to reason about contextual instantiations of concepts
and roles.

In future work we will focus on developing a proof theory along the lines
sketched in [11] and on analyzing the complexity of the framework especially
with respect to inter-contextual reasoning. We intend also to apply contextual
terminologies to the study of the contextual meaning of actions in agents insti-
tutions: raising a hand during a bid has a different meaning than raising a hand
during a scientific workshop. A natural way to do this, would be to exploit es-
tablished results about the relation between dynamic logic and description logic
([4]) to get to a contextualized form of dynamic logic.
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de Mántaras and L. Saitta, editors, Proceedings of ECAI’2004, including PAIS
2004, pages 343–347, 2004.

9. D. Grossi, H. Aldewereld, J. Vázquez-Salceda, and F. Dignum. Ontological as-
pects of the implementation of norms in agent-based electronic institutions. In
Proceedings of NorMAS’05, Symposium on normative multi-agent systems., Hat-
field, England, april 2005.

10. D. Grossi and F. Dignum. From abstract to concrete norms in agent institutions.
In M. G. et al. Hinchey, editor, Formal Approaches to Agent-Based Systems: Third
International Workshop, FAABS 2004, Lecture Notes in Computer Science, pages
12–29. Springer-Verlag, April 2004.

11. D. Grossi, F. Dignum, and J-J. Ch. Meyer. Context in categorization. In Proceed-
ings of CRR’05, International Workshop on Context Representation and Reason-
ing, Paris, July 2005.

12. D. Grossi, F. Dignum, and J-J. Ch. Meyer. Contextual taxonomies. In J. Leite and
P. Toroni, editors, Proceedings of CLIMA V Workshop, Lisbon, September, LNAI
3487, pages 33–51. Springer, 2005.

13. D. Grossi, J-J. Ch. Meyer, and F. Dignum. Modal logic investigations in the se-
mantics of counts-as. To be presented at ICAIL’05, Tenth International Conference
on Artificial Intelligence and Law, Bologna, June 2005.

14. B. Jónsson and A. Tarski. Boolean algebras with operators: Part I. American
Journal of Mathematics, 73:891–939, 1951.

15. J. McCarthy. Notes on formalizing contexts. In T. Kehler and S. Rosenschein,
editors, Proceedings of the Fifth National Conference on Artificial Intelligence,
pages 555–560, Los Altos, California, 1986. Morgan Kaufmann.

16. J. Searle. The Construction of Social Reality. Free Press, 1995.
17. Y. Shoham. Varieties of context. pages 393–407. Academic Press Professional,

Inc., 1991.
18. J. Vázquez-Salceda. The role of Norms and Electronic Institutions in Multi-Agent

Systems. Birkhuser Verlag AG, 2004.
19. J. Vázquez-Salceda and F. Dignum. Modelling electronic organizations. In

J. Muller V. Marik and M. Pechoucek, editors, Proceedings CEEMAS’03. LNAI
2691, pages 584–593, Berlin, 2003. Springer-Verlag.

167



Contract-related Agents

John Knottenbelt and Keith Clark

Dept of Computing, Imperial College London,
180 Queens Gate, London, SW7 2AZ, UK

{jak97,klc}@imperial.ac.uk

Abstract. We propose a simple event calculus representation of con-
tracts and a reactive belief-desire-intention agent architecture to enable
the monitoring and execution of contract terms and conditions. We use
the event calculus to deduce current and past obligations, obligation
fulfilment and violation. By associating meta-information with the con-
tracts, the agent is able to select which of its contracts with other agents
are relevant to solving its goals by outsourcing. The agent is able to
handle an extendable set of contract types such as standing contracts,
purchase contracts and service contracts without the need for a first-
principles planner.

1 Introduction
Multi-agent systems is a growing research area and has already started to find
application in industry in web services and the semantic web. There is also
increased interest in agent coordination and choreography. Our approach sees
contracts as a means of formally describing the relationships between agents
in terms of obligations and permissions, as well as providing a coordination
function.

By expressing the terms and conditions of a contract as a set of event-based
rules – and so long as the participating agents agree on the history of events
relevant to their contracts – an agent is able to obtain a completely unambiguous
and indisputable view of the state of the contract at any given point in time.

We claim that the AgentSpeak(L)[11] architecture, with relatively few ex-
tensions, enables an agent to behave in a reactive manner (as is the case with
service agents, where they react to obligations imposed on them) or a proactive
manner where it makes use of agreed or newly proposed client contracts in order
to impose obligations on other agents to do things for it. It may do this both
to satisfy its own goals, or to discharged obligations it has arising from other
contracts.

Starting off with a description of how contracts may be represented in the
event calculus, we give an example of a short-term contract to conduct a pur-
chase and a long-term standing contract to set-up short-term purchase contracts.
In section 3 we discuss how the agents may communicate with each other and in
section 4 we show how these communications can be used to effect the contract
state (such as established facts, obligation fulfilment and violation). Section 5



briefly presents the AgentSpeak(L) architecture and how we have used and ex-
tended it to incorporate reasoning about contracts. We give the plan libraries
for the customer and vendor agents which are able to monitor a general class of
purchase and standing contracts, of which the contracts presented in section 2
are instances. Finally we review related work and concluding remarks.

2 Contract Representation

The core of the contract representation language is the event calculus [10], where
communications are events and the contract rules specify how the events initiate
and terminate obligation fluents. We make an implicit assumption that an agent
is permitted to perform any communication that, taking into account the history
of the use of the contract up to this point, will initiate an obligation on another
party to the contract. This assumption has been sufficient for the examples
studied so far, however, we do intend to investigate explicit representation of
permissions in future work. In this paper we are using the Prolog variable syntax
convention where variables begin with an uppercase letter.

We are using the full event-calculus[12] without the releases predicate since
the examples we have considered so far do not require the use of non-inertial flu-
ents. We also dispense with the initiallyP and initiallyN predicates by provid-
ing a contract start event, and writing initiates(start, F, T) and terminates

(start, F, T) respectively. Figure 1 summarises the axioms of the event calcu-
lus.
holdsAt(F,T) ↔ happens(E,T1) ∧ T1<T ∧
initiates(E,F,T1) ∧ not clipped(T1,F,T).

notHoldsAt(F,T) ↔ happens(F, T1) ∧ T1<T ∧
terminates(E, F, T1) ∧ not declipped(T1,F,T).

clipped(T0,F,T1) ↔ ∃T[T0≤T ∧ T<T1 ∧ terminates(E,F,T)].

declipped(T0,F,T1) ↔ ∃T[T0≤T ∧ T<T1 ∧ initiates(E,F,T)].

Fig. 1. Event Calculus Summary

The body of a contract is represented by a binary relation, contractClause,
between the label of the contract and the clauses belonging to the contract.
Variables can be shared between the contract label and the clauses – those
appearing in the label are conceptually parameters to the contract. If we were
representing the contracts directly in Prolog, there would be one contractClause

definition for each rule of the contract. For example, Figure 2 shows the first
rule of a short term contract about a purchase transaction.
contractClause(

customerVendorContract_purchase(customer1:C, vendor:V |

vendorBank:VB, customerBank:CB, deliveryService:DS, item:I, price:P),

initiates(start, oblig(V, achieve(value(invoice-no, _)), T+100), T).

Fig. 2. Contract Clause as Prolog

1 To aid readability we employ the syntax field:Value to indicate a named field or
parameter.
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The label of the contract is customerVendorContract purchase(...). The pa-
rameters to the left of the | are the principals of the contract, usually the offeror
and the offeree in a normal two party contract. The rule reads that at the
start of the contract, the vendor (V) is obliged to announce the invoice number
(invoice-no) relating to the purchase within 100 time units. start is the event
marking the start of the contract’s lifetime. oblig is a 3-place fluent relation
between the bearer, the goal to be performed and its deadline. achieve indicates
a state of affairs is to be achieved. value is a binary fluent relating contract
variables to their values.

For ease of presentation, we adopt a more compact syntax, where the label is
written once at the beginning of the contract, and the rules are written inside the
following brace delimited block. Macro definitions for frequently used terms are
written in small caps and marked with ≡ and should be textually substituted
by the reader as they occur.

2.1 Short-term Contracts

Figure 3 shows the full text for a purchase contract, parameterised by the item
being purchased, the price, the vendor, the customer, the vendor’s and customer’s
bank, and a delivery service.
customerVendorContract_purchase(

customer:C, vendor:V |

vendorBank:VB, customerBank:CB, deliveryService:DS, item:I, price:P) {
Paid(R) ≡ paid(payer:C, payee:V, price:P, reference:R).

Delivered(R) ≡ delivered(item:I, destination:C, invoice-no:R).

InvoiceOblig(DL) ≡ oblig(V, achieve(value(invoice-no, _), DL).

PayOblig(R, DL) ≡ oblig(C, achieve(Paid(R)), DL).

DeliverOblig(R, DL) ≡ oblig(V, achieve(Delivered(R)), DL).

initiates(start, InvoiceOblig(T+100), T).

initiates(E, PayOblig(R, T+100), T) ← initiates(E, value(invoice-no, R), T).

initiates(E, DeliverOblig(R, T+300), T) ← initiates(E, value(invoice-no, R), T).

initiates(E, owns(owner:C, item:I), T) ←
holdsAt(value(invoice-no, R), T) ∧ initiates(E, fulfilled(PayOblig(R, _))).

terminates(E, owns(owner:V, item:I), T) ←
holdsAt(value(invoice-no, R), T) ∧ initiates(E, fulfilled(PayOblig(R, _))).

authoritative(V, value(invoice-no, _)),

authoritative(VB, Paid(_)).

authoritative(CB, Paid(_)).

authoritative(DS, Delivered(_)).

}

Fig. 3. Simple Purchase Contract

The first initiates rule, as described above, obliges the vendor to determine
an invoice number and to signal this as an event notification for the contract.
The vendor does this by sending an inform message to the customer (see sections
3 and 4.1). When the invoice number has been notified, the second and third
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initiates rules oblige the customer to concurrently pay within 100 time units
and the vendor to deliver within 300 time units and to signal completion as
contract related events.

The last initiates and the only terminates rule indicate that the customer
will become the new owner of the item when the payment obligation has been
fulfilled.

The authoritative clauses indicate which agents are authoritative for which
fluents. The concept is related to controllable propositions[7] — the difference
being that in our work the controlled proposition is limited in scope to a specific
contract, rather than to the entire agent society. In the example, only the vendor
has the authority to notify an invoice number. A notification by the customer
would not be considered a contract event.

This mechanism is also useful to identify trusted-third parties: the banks are
authoritative for the paid fluents (that is any payment from customer to vendor)
and the delivery agent is authoritative for the proof of delivery fluent. An agent
that is not authoritative for a fluent may attempt to communicate it, but the
communication would have no effect in this contract.

2.2 Long-term Contracts

It is useful to agree a contract about what contracts may be agreed in the future.
In Figure 4 we give an example standing contract specifying prices for rolls of wire
mesh, fixing screws and sheets of tin roofing. The vendor agent is constrained
by the standing contract to accept any purchase proposals matching the agreed
criteria. The purchase proposal is a reference, by means of the contract label, to
the simple purchase contract presented above.
customerVendorContract(customer:C, vendor:V |

vendorBank:VB, customerBank:CB, deliveryService:DS) {

initiates(E, oblig(V, do(X, replyTo(X, E)), T+100), T) ←
proposeEvent(E, C, V, _).

initiates(E, oblig(V, do(X, acceptEvent(X, E), T+100), T) ←
proposeEvent(E, C, V,

customerVendorContract_purchase(customer:C, vendor:V |

vendorBank:VB, customerBank:CB,

deliveryService:DS, item:I, price:P)) ∧
agreedPrice(item:I, price:P).

agreedPrice(item:wiremesh(width:10, height:10, gauge:10), price:10.00).

agreedPrice(item:fixingscrews(gauge:5, amount:1000), price 6.99).

agreedPrice(item:tinroofing(width:6, height:9), price 4.00).

}

Fig. 4. Standing Contract

The first initiates rule specifies that the vendor must reply to proposals
(of any kind) from the customer within 100 time units. The important syntax
here is the do(...) notation which indicates that the agent must bring about an
event satisfying a particular constraint. In this case the event must satisfy the
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replyTo constraint, meaning that it must be a valid reply to the accept event (i.e.
an accept or a reject). The following section defines the replyTo, proposeEvent
and acceptEvent predicates, which are common to all agents. Similarly the sec-
ond initiates rule specifies that the vendor must accept proposals meeting the
agreedPrice criterion.

3 Communication

In our system, events are the act of sending messages. The messages are inter-
preted by the agents according to a shared ontology, the domain independent
part of which is described here and in section 4. Only recorded events that are
relevant to a contract may progress the contract state. Real world events, such
as “the car leaving the drive way”, may be put in the context of a contract by
an inform event (or reported event, see below) to that effect.

We require that the events are observed by all contract principals because
the state of the contract depends on the history of events relevant to it. In a two
party contract, this requirement is trivially satisfied when one principal sends a
message to another.

Although the exact format of a message and its transport details will vary
from application to application and agent society to agent society, a well-formed
message should include a time-stamp, a unique message identifier, a field identi-
fying the message to which it is a reply (if any), message sender, message receiver,
a message content, context and the interaction protocol or conversation identi-
fiers. Messages relevant to a contract should include a context field corresponding
to the contract label. This information can be inferred if the received message is
in reply to an earlier message that was properly context-tagged. Figure 5 gives
an example representation of an accept event for the long term contract between
the customer and vendor (see Figure 4).

We list some predicates that can be used in the contract language and agent
code either as tests on received messages, or as constraints on messages about to
be sent (this commonly occurs when an agent is obliged to do a communication
subject to some specified constraints). The predicates are implemented in terms
of constraints on the message attributes above.

contractEvent(E, C) event E is in the context of contract C.
proposeEvent(PE, X, Y, P) PE is a propose event from X to Y for a proposal

P. Proposals take the form of contract labels. Propose events must specify
the propose protocol, which restricts the valid replies to accept or reject
events.

acceptEvent(A, PE) A is an acceptance event in reply to a proposal event, PE.
Accept events must specify the propose protocol. According to the protocol
rules (see replyTo below), there can only be one reply to a proposal, so if
there are any further accept or reject events they should be ignored. The
receiving agent should check the validity of the proposal event.

rejectEvent(R, PE) R is a reject event in reply to a proposal event, PE. Like
acceptEvents, rejectEvents should specify the propose protocol.
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informEvent(IE, X, Y, F) IE is an inform event from X to Y that F is true.
F is normally a fluent. Only agents that are authoritative about the fluent
(see subsection 4.1) may establish it in the context of the contract.

replyTo(R, E) R is a reply to event E. If E specifies a protocol, replyTo con-
strains R to be a valid response in the protocol. R and E must share the same
context and must agree on the protocol attribute. R’s in-reply-to attribute
must equal E’s message identifier.

reportEvent(RE, E) indicates that RE is a report of an actual event E. This is
most useful when E is an inform event from another contract that something
has been achieved. Only events which actually occur may be reported – this
constraint might be enforced by the requiring event senders to digitally sign
their events.

requestEvent(E, A, F) E is a request event for agent A to bring about that F
is true. A successful response is an inform event that F is now true.

accept(

time:20050121144600, identifier:cv123, in-reply-to:cv122,

sender:sales@wiremeshRus, receiver:jak97@imperial.ac.uk,

content:propose(

time:20050121130100,

identifier:cv122,

sender:jak97@imperial.ac.uk,receiver:sales@wiremeshRus,

content:customerVendorContract(

customer:jak97@imperial.ac.uk, vendor:sales@wiremeshRus,

vendorBank:finance@bank1, customerBank:finance@bank2,

deliveryService:deliver@pforce),

protocol:propose),

protocol:propose).

Fig. 5. Possible representation of an accept event

4 Contract Evaluation
An agent may have many contracts active at the same time. It is important
to be able to consider the contracts independently of each other (for example
to determine a contract’s state), and also their combined effect (for example
when outsourcing goals). For this reason we define a meta-interpreter predicate,
selon2, which evaluates queries relative to a specified contract. Subsection 4.3
describes how the individual contract effects are combined into the agent’s belief
store.

Figure 6 shows the core of the meta-interpreter. The first parameter is the
contract label, and the second is the formula to be evaluated. The agent can
now query what obligations are current with respect to a contract by asking
selon(C, holdsAt(oblig(A, G, DL), Now)) where Now is a time point representing
the current time and C is the label of an active contract.

The symbols not, ∧ and← are overloaded. Where they occur in a functional
context (in the second argument to selon), they should be read as functional
2 From the French, selon, meaning ”according to”
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selon(C, happens(E, T)) ← happens(E, T) ∧ contractEvent(E, C).

selon(C, happens(start, T)) ← happens(E, T) ∧
initiates(E, activeContract(C), T).

selon(C, R) ← contractClause(C, R ← S) ∧ selon(C, S).

selon(C, P ∧ Q) ← selon(C, P) ∧ selon(C, Q).

selon(C, not P) ← not selon(C, P).

selon(C, holdsAt(F, T)) ← selon(C, happens(E, T1)) ∧ T1<T ∧
selon(C, initiates(E, F, T1)) ∧ selon(C, not clipped(T, F, T1)).

selon(C, clipped(T0, F, T1)) ← selon(C, happens(E, T)) ∧ T0≤T ∧ T<T1 ∧
selon(C, terminates(E, F, T)).

Fig. 6. Contract meta-interpreter

terms; where they occur in a logical context (as part of the definition of selon)
they should be read as logical connectives. Further meta-interpreter rules are
presented below defining the concepts of authoritative agents, reported events
and obligation fulfilment and violation.

4.1 Authoritative Agents

In the simple purchase contract, the vendor was authoritative for the invoice
number. We capture this authority with an extension to the meta-interpreter:

selon(C, initiates(E, F, T)) ←
selon(C, authoritative(X, F)) ∧ informOrReportedEvent(E, X, F).

selon(C, terminates(E, G, T)) ← selon(C, incompatible(F, G)) ∧
selon(C, authoritative(X, F)) ∧ informOrReportedEvent(E, X, F).

informOrReportedEvent(E, X, F) ← informEvent(E, X, _, F) ∨
(reportEvent(E, I) ∧ informEvent(I, X, _, F)).

In the simple purchase contract, the delivery agent is authoritative for the
delivery fluent. The delivery agent is not a principal of the contract, however,
so in order for any delivery notification to have effect, it must be reported by
one of the principals (in this case the customer or the vendor). Direct or indirect
reporting of an inform event from the authoritative agent is deemed to be a valid
contract event by virtue of the last rule.

We have borrowed the incompatible predicate, which states which fluents
must be terminated in response to one being initiated, from the original event
calculus[10].

4.2 Obligation Fulfilment and Violation

We adopt a similar semantics to Dignum et al.[6] with respect to deadlines. An
obligation is fulfilled if the deadline has not yet expired. If the obligation was
to achieve a state of affairs represented by a fluent fulfillment has to have been
notified by an event that initiates the contract fluent. Where it was a more direct
obligation to bring about an event characterized by a constraint, that the event
has occurred is checked by showing that the constraint is now satisfied.
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An obligation is violated if the deadline has elapsed and it has not been
fulfilled. For simplicity’s sake, we omit rules allowing a violation to be repaired
(by meeting its sanction). We need three meta-interpreter rules to capture this:
two for achieve and do fulfilment and one for violation.

selon(C, initiates(E,

fulfilled(oblig(X, achieve(F), DL)), T)) ←
selon(C, holdsAt(oblig(X, achieve(F), DL), T)) ∧
T<DL ∧ selon(C, initiates(E, F, T)).

selon(C, initiates(E,

fulfilled(oblig(X, do(E, Constraint), DL)), T)) ←
selon(C, holdsAt(oblig(X, do(E, Constraint), DL), T))

∧ T<DL ∧ selon(C, Constraint).

selon(C, violated(oblig(X, G, DL), T)) ←
selon(C, holdsAt(oblig(X, G, DL), T)) ∧ DL<T ∧
not selon(C, holdsAt(fulfilled(oblig(B, G, DL)), T)).

4.3 Imported Fluents

Event calculus is used not only within the contract language definition, but also
by the agent at the top-level to manage its beliefs. We need some rules to model
that certain contracts have effects on the agent society outside of the contract
itself. An example of this is the simple purchase contract which concludes with
the transfer of ownership of the item from the vendor to the seller: reasoning
solely with respect to the purchase contract will not allow the agent to realise
that it does not own the item after selling it in the future. Since we need to
track the ownership changes over the course of several contracts, we pool the
ownership fluent into the agent’s own belief store:

initiates(E, F, T) ← importedFluent(F) ∧
holdsAt(activeContract(C), T) ∧ selon(C, initiates(E, F, T)).

terminates(E, F, T) ← importedFluent(F) ∧
holdsAt(activeContract(C), T) ∧ selon(C, terminates(E, F, T)).

importedFluent(owns(_, _)).

importedFluent(activeContract(_)).

The importedFluent predicate selects which contract fluents should be im-
ported into the agent’s belief store. activeContract is a fluent predicate indicat-
ing which contracts are active. Marking it as an imported fluent allows contracts
to spawn sub-contracts.

5 Agent Architecture
We now describe an agent architecture in the style of AgentSpeak(L) to enable
agents to respond to events related to all their active contracts in a timely
fashion. We give a brief introduction to a simplified version of AgentSpeak(L),
and then propose a plan library for the customer agent that will allow it to make
use of the standing and purchase contracts. AgentSpeak(L) is chosen as a basis
because it has a well understood operational semantics and there are available
implementations such as [16] and [4].
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5.1 AgentSpeak(L)

An AgentSpeak(L) agent architecture can be viewed as multi-threaded event-
triggered interruptible logic programming system [11].

There are two kinds of events, belief updates and new goal events. Belief
updates are represented as +b or -b depending on whether the particular belief,
b, is now true or false. Belief events model the changes in the environment as
perceived by the agent. New goal events are represented as +!g, where g is the
goal to achieve.

At the beginning of the agent cycle, the agent picks an event to handle from
the set of unhandled events. The plan library is consulted to see if there are
any plans that are triggered by the event. Each plan in the plan library has the
syntax: event:condition <- actions.

For example, +temperature(T) : T > 90 <- switch(heater, off). is a plan
from an environmental control agent. The plan is relevant to changes in temper-
ature, and applicable when the temperature rises beyond 90 degrees. The action
is to switch the heater off.

If the event in the head of the plan unifies with the selected event, the plan
is said to be relevant. The condition is a formula in terms of the current beliefs
of the agent and acts as a guard: the relevant plans whose condition formula
evaluates to true are said to be applicable. Finally, one plan is selected from the
applicable plans and an intention is created to monitor it.

The agent then picks an intention to execute, which involves executing the
plan body (actions) one step at a time. A step may be either a physical action,
an achieve goal (written !goal) or a test (written ?test).

Goal achievement is handled by suspending the intention and adding a new
goal event to the set of unhandled events. Future agent cycles will pick up the
new goal event, and look in the plan library (as before) for an applicable plan
to achieve it. The plan is then stacked on top of the intention that issued the
achieve goal action, so that once the goal has been achieved, execution of that
intention may continue.

Tests are queries to the agent belief store, and result in a set of variable
assignments which are substituted into the remaining plan steps.
5.2 Extensions to AgentSpeak(L)

We extend the AgentSpeak(L) in the following ways:

– Plans may include belief update steps, of the form +b or -b. This effects the
belief store of the agent in a similar way to Prolog’s assert and retract.

– An agent may have an initial set of desires, which can be selected and posted
as new goal events.

– In the example plan libraries below, we have also included some Prolog style
horn clauses to ease readability. Since these definitions can be folded directly
into the AgentSpeak(L) rules, they do not affect the operational semantics.

– “Fire and forget” goal execution, written !!goal. Instead of stacking the plan
for the goal on top of the existing intention, create a separate intention for
the achievement of the goal. This is useful when the agent requires simply
to start off a process to achieve a goal, but not to wait for its achievement.
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– The textually first applicable plan is selected if there is a choice and the
agent commits to that plan.

– We implement the following physical actions:
notify sends a message to all the principals of a given contract (see section

3), and logs it as a communication event.
waitReply waits for a reply to a given notification message to be received,

subject to a timeout.
waitContractEvent waits for an event that is relevant to the specified con-

tract. This is either an incoming communication event, or the lapsing of
any of the current obligations’ deadlines.

fail abandons an executing plan and marks it as failed.

5.3 Meta-information about Contracts
Instead of writing a set of plans to address specific contracts, such as customer-

VendorContract, we can write plans that address a general class of standing and
purchase contracts. We do this by abstracting common behaviour into agent-
specific meta-information about the contracts. We define a binary relation isa

which is true iff a particular contract belongs to a more general class of con-
tracts. The schematic rules below we say that customerVendorContract purchase

as an instance of purchaseContract and customerVendorContract as an instance of
standingContract that can be used to create new customerVendorContract purchase

contracts, so long as the item and price information match up with the agreed
prices in the standing contract.

customerVendorContract_purchase(X) isa purchaseContract(X).

customerVendorContract(Y ) isa standingContract(PC) :-

PC isa purchaseContract(Y , item:I, price:P)

selon(customerVendorContract(Y ), agreedPrice(item:I, price:P)).

It is also useful to know when a contract is complete. This is dependent on
the specific type of contract. For example, the standing contract above is open
ended - it is never completed, whereas the purchase contract ends successfully
with ownership of the item. complete is a binary predicate, first argument is the
contract and the second argument is the time of evaluation.

complete(PC, T) :-

PC isa purchaseContract(customer:C, _, item:I, _, _, _, _),

selon(PC, holdsAt(owns(owner:C, item:I), T)).

5.4 Plan Library for Contract Execution
We now describe a plan library for executing arbitrary contracts. For each active
contract, C, the agent must ensure that there is an intention to abide by it, by
invoking a plan for the goal monitor(C).

In the case of the vendor, we assume an initial desire to abide by their
standing contract, which will result in the goal to monitor it. However, as this
standing contract does impose any obligations on the customer agent, it is not
necessary for that agent to actively monitor it. As we shall see, the customer
may instead make use of the contract to achieve an ownership goal by creating
an active purchase sub-contract that it will monitor.
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+!monitor(C): now(Now) & complete(C, Now) <- true.

+!monitor(C): now(Now) & selon(C, holdsAt(oblig(Self, G, DL), Now)) &

not(observed(C,oblig(Self, G, DL)))

<- +observed(C,oblig(Self, G, DL)) ; !G by DL in C ;

!monitor(C).

+!monitor(C): now(Now) & selon(C, holdsAt(fulfilled(Oblig), Now)) &

not(observed(C,fulfilled(Oblig))

<- +observed(C,fulfilled(Oblig)) ; !obligFulfilled(C, Oblig);

!monitor(C).

+!monitor(C): now(Now) & selon(C, violated(Oblig, Now)) &

not(C,observed(violated(Oblig)))

<- +observed(C,violated(Oblig)); !obligViolated(C, Oblig) ;

!monitor(C).

+!monitor(C): true <- waitContractEvent(C) ; !monitor(C).

The conditions of the above plans query the state of the contract using
the selon predicate. The now predicate gives the current time. When the con-
tract is complete, as defined by the complete predicate in the contract meta-
information, the first rule is applicable and the execution plan terminates.

The second rule states that if there is a new obligation on the agent, a goal
of the form G by DL in C is posted. This goal event will be handled by other
plans in the plan library (see customer and vendor agent’s plan libraries below).
When the plan to achieve the goal completes, the monitor(C) goal is reposted to
carry on contract execution.

The third and forth rules monitor the contract for obligation fulfilment and
violation. obligFulfilled and obligViolated goals are posted, which may be
handled elsewhere in the agent’s plan library to keep track of, for example, the
reliability and reputation of the contract participants.

The last rule states that if the contract is not yet complete, the agent waits
for a communication event or for the earliest outstanding obligation deadline
to lapse before consulting the contract again. Although the condition of the
last plan is always true, our plan selection function selects the textually first
applicable plan.

5.5 Plan Library for Customer Agent

The role of the customer agent is to respond to desires to own an item. These
desires are manifested by achievement goals, which gives rise to intentions to
satisfy them. We show how the agent may make use of standing contracts (or
other means of achieving ownership) in an example plan library.

+!owns(owner:Self, item:I) :

now(Now) & not(holdsAt(owns(owner:Self, item:I), Now)) &

holdsAt(activeContract(SC), Now) &

SC isa standingContract(PC) &

PC isa purchaseContract(customer:Self, vendor:V, item:I, price:P,

vendorBank:VB, customerBank:SelfBank, deliveryService:DS) &

reliable(V), reliable(DS) &

fairPrice(item:I, price:P)
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<- ?proposeEvent(Proposal, Self, V, PC) ;

notify(SC, Proposal) ;

waitReply(Reply, Proposal, Now + 100) ;

!enact(Reply, Proposal).

+!enact(timedOut, Proposal) : true <- +noResponseTo(Proposal).

+!enact(Reply, Proposal) : rejectEvent(Reply, Proposal) &

rejectEvent(Proposal, Self, V, _) <- +rejected(Proposal).

+!enact(Reply, Proposal) : acceptEvent(Reply, Proposal) &

proposeEvent(Proposal, Self, V, PC) <- !monitor(PC).

The plan above is applicable to the goal of achieving ownership of a particular
item, if the agent does not already own it, and there is an agreed standing
contract mandating an acceptable price for the item with a (believed) reliable
vendor and delivery service. The plan body constructs a proposal event and
sends it to the vendor in the context of the standing contract, waits for a reply
and then acts on that reply. The vendor agent is obliged to respond with an
accept event within 100 time units, and should they fulfill that obligation the
resulting purchase contract will be monitored by the customer. If no response
comes in time, or the proposal is rejected, a belief to that effect is stored effecting
the customer’s future reliability estimate of the vendor.

There is only one possible obligation on the customer arising from the pur-
chase contract, and that is to pay for the item. We make the simplifying assump-
tion that the customer has enough money in his account:

+!achieve(paid(payer:Self, payee:V, price:P, reference:R)) by DL in PC :

now(Now) & holdsAt(activeContract(BC), Now) &

BC isa bankContract(customer: C, bank:B)

<- ?requestEvent(Request, SelfBank, paid(payer:C, payee:V, price:P,

reference:R)) ;

notify(BC, Request) ; waitReply(Reply, Request, Now + 100);

?reportEvent(Report, Reply);

notify(PC, Report).

After instructing the bank to transfer the money (in the context of the con-
tract between the customer and their bank), the customer waits for an acknowl-
edgement that this has been done and forwards it to the vendor in the context
of the purchase contract. It is this reported event that causes the paid fluent
to become established, and consequently for the customer to have fulfilled the
payment obligation to the vendor (see section 4.1).
5.6 Plan Library for Vendor Agent

The following plan library enables the vendor to accept and reject proposals for
purchase contracts. If the vendor is obliged to accept it, then by the generic
contract execution plan library, a goal will be posted to of the form do(X,

acceptEvent(X, E)) by DL in SC which is handled by the plan below.

+!do(X, acceptEvent(X, E)) by DL in SC: proposeEvent(E, C, Self, Proposal)

<- ?acceptEvent(X, E) ; notify(SC, X) ; !!monitor(Proposal).
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The condition of this plan extracts the proposed contract from the content
of the message, and the plan body constructs an accept event and sends it the
customer in the context of the standing contract. A separate intention is then
created to monitor the proposed contract. The plan for rejecting a proposal is
similar, except no intention is created to monitor the proposed contract.

Now we consider that the standing contract also obliges the agent to reply to
a proposal even if it is not obliged to accept it. We define two auxiliary predicates
obligedToAccept which is true iff the vendor is obliged to accept the proposal,
and shouldAccept which is true iff the it is in the vendor’s interest to accept the
proposal. shouldAccept includes checks like there is available stock, taking into
account already committed stock, and that the proposed price of the item is at
least twice the cost price.

obligedToAccept(SC, E, T) :-

selon(SC, holdsAt(oblig(Self, do(X, acceptEvent(X, E)), DL), T)).

shouldAccept(Proposal, T) :-

Proposal isa purchaseContract(customer:C, vendor:Self | price:P,

vendorBank:SelfBank, customerBank:CB, deliveryService:DS),

costPrice(item:I, price:CostPrice),

warehouse(item:I, availability:Warehouse),

committed(item:I, level:Committed),

Warehouse - Committed > 0,

P >= CostPrice * 2.

The following two plans make use of the predicates to decide whether to
accept or reject the proposal. The plan bodies are simply goals to accept or
reject which will be handled by the plans as the start of this subsection.

+!do(X, replyTo(X, E) by DL in SC: proposeEvent(E, C, Self, Proposal) &

now(Now) & shouldAccept(Proposal, Now) &

not(obligedToAccept(SC, E, Now))

<- +!do(X, acceptEvent(X, E)) by DL in SC.

+!do(X, replyTo(X, E) by DL in SC: proposeEvent(E, C, Self, Proposal) &

now(Now) & not(shouldAccept(Proposal, Now)) &

not(obligedToAccept(SC, E, Now))

<- +!do(X, rejectEvent(X, E)) by DL in SC.

There are two obligations that may result on the vendor during execution of
the purchase contract. The first is an obligation to announce an invoice number,
and the second is to arrange for delivery of the item.

+!achieve(value(invoice-no, _)) by DL in PC : true

<- -invoiceNo(Last) ;

?New is Last + 1; +invoiceNo(New) ;

?informEvent(E, Self, value(invoice-no, New)) ; notify(PC, E).

To achieve a fresh value for the invoice number, the vendor increments a
belief atom, invoiceNo, and then creates an inform event asserting its value to
send to the customer in the context of the purchase contract, PC.
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+!achieve(delivered(item:I, destination:C, invoice-no:R)) by DL in PC :

PC isa purchaseContract(customer:C, vendor:Self | price:P,

vendorBank:SelfBank, customerBank:CB, deliveryService:DS) &

now(Now) & holdsAt(activeContract(DC), Now),

DC isa deliveryContract(customer:V, deliveryService:DS)

<- ?requestEvent(Request,DS,delivered(item:I,destination:C,invoice-no:R)) ;

notify(DC, Request) ; waitReply(Reply, Request, Now + 100) ;

?reportEvent(Report, Reply) ; notify(PC, Report).

The vendor agent has no built-in capability to achieve delivery, so it must
make use of a third party. The above plan checks that its has an active contract,
DC, with the delivery service DS mentioned in the purchase contract (which we
assume it will have).

The vendor must create a request event to achieve the delivery and sent it
to DS in the context of DC. If successful, the delivery service will reply with
an inform that the item has been delivered, which is then forwarded by the
vendor to the customer in the context of the purchase contract, thus fulfilling
the vendor’s obligation to deliver the item.

6 Related Work
Our architecture shares the concepts of plan library, beliefs, intentions with
AgentSpeak(L). The addition of contracts not only reifies the concept of obli-
gations, but also extends the built-in behaviour of the agent by allowing it to
outsource goals that it cannot achieve itself.

In Agent0[13], agents are programmed by specifying a set of capabilities
(commitment rules). Instead of building the commitment rules directly into the
agent, our architecture allows these rules to be specified in the contract in the
form of event calculus initiates and terminates rules.

Verharen’s cooperative information agents [14] [15] are based on the language
action perspective. The architecture specifies three main categories of activities:
tasks (plans to achieve tasks organised with dependencies between the tasks),
transactions (message sequences organised with temporal ordering constraints),
and contracts, which are represented as deontic state machines of transaction
transitions. Our system does not mandate such a conceptual break down, rather
we envisage that higher level contract languages may be translatable into our
simpler event calculus syntax.

Social integrity constraints[1] can be used to specify and verify agent inter-
action protocols. The constraints express expectations on events that ought to
(or ought not to) occur given the occurrence of a previous triggering event. Each
expectation has an associated priority such that those with higher priority are
more ideal. The concept is related to obligations, but their focus is different:
social integrity constraints focus essentially on constraining the event history,
whereas obligations focus on constraining a particular agent behaviour. It would
be an interesting to attempt the expression of the one in terms of the other.

Artikis et al[2] describe a system for animating and specifying computational
societies. The system takes a global perspective, and so in order to make infer-
ences about the state of the society all the events relevant to it must be known.
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This is in contrast to our work, where conclusions are reached relative to each
contract rather than the society as a whole.

Kollingbaum and Norman describe a system of supervised interaction[8]
where agents are supervised by a third party called an authority. The authority
registers contracts between the agents, witnesses the communications between
the agents and enforces the norms specified in the contracts. Our system does
not require this infrastructure, although it does admit a logging agent should
the particular situation demand it. Furthermore the agents themselves are re-
sponsible for enforcing the contractual norms.

It is important that the contract is carefully constructed so that prohibitions
do not completely prevent the fulfillment of obligations. It is feasible to statically
check contracts for these kinds of potential conflicts[3]. The NoA architecture[9]
solves conflicts by prioritising permissions over prohibitions — obligation con-
sistency is determined by considering the action effects of plans to handle the
obligation. If all plans include actions that are prohibited or interfere with other
obligations, the obligation is found to be inconsistent and is not adopted.

Conflicts between obligations and desires may also emerge, and if so conflict
resolution will be important. The BOID architecture[5] describes a method of
resolving these conflicts. Beliefs, obligations, intentions and desires are repre-
sented as separate components with feedback loops between them. Each compo-
nent builds extensions (closure under logical consequence) of their propositional
theories, and conflicts between the components are resolved by prioritising the
components one over the other.

7 Conclusion
Contracts are a powerful and high level approach to programming agent be-
haviour. Furthermore, specifying the contractual relationships between agents
separately to the agents’ capabilities is not only good software engineering, be-
cause concerns are separated, but also facilitates analysis and verification since
the contracts are represented in a formal language, the event calculus. Event
calculus is especially suitable for contract language representation because the
semantics are unambiguous and, given a reliable log of events, the conclusions
derived cannot be disputed.

Finally, our agent architecture provides a simple, powerful, extensible means
to implement passive (by monitoring fulfilment and violation of obligations),
reactive (by reacting to new obligations), proactive (by taking advantage of con-
tracts to oblige other agents) and opportunistic (by accepting proposals that are
in the agent’s interest, but not necessarily obliged to accept) behaviours.
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Profiles of Behaviour for Logic-Based Agents
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Abstract. In an earlier paper [6] we presented a declarative approach for agent
control. In that work we described how control can be specified in terms ofcycle
theories, which define declaratively the possible alternative behaviours of agents,
depending on their internal state and (their perception of) the external environ-
ment in which they are situated. This form of control has been adopted for logic-
basedKGP agents[8, 2]. In this paper we show how using this form of control
specification we can specify differentprofilesof agents, how they would vary the
behaviourof agents and what advantages they have with respect to factors in the
application and in the environment, such as time-criticality.

1 Introduction

In an earlier paper [6] we described how to specify control of agents via cycle theo-
ries. The approach is based on representing and reasoning with preferences and allows
flexible control of the operations of agents. This takes the control beyond a fixed one-
size-fits-all approach and allows the operations of the agents to be chosen dynamically
given the circumstances of the environment, the state of the agent and its preferences.
Cycle theories have been adopted as the means of control in the KGP agent model [8, 2]
developed within the SOCS project1. KGP is a modular logic-based model developed
to cater for the challenges of open global computing environments. It relies upon a
collection of capabilities utilised within transitions controlled by cycle theories. All
the components are defined within computational logic, some using abductive logic
programming and others using logic programming with preferences. The capabilities
are designed to provide functionalities such as planning, reactivity, temporal reasoning
and goal decision, all of which have been envisaged useful, maybe even necessary,
for coping and adapting in a dynamic open environment. The KGP model has been
implemented within the PROSOCS platform [12].
The behaviour of KGP agents can be seen as the sequence of transitions or operations
they perform, and this sequence is determined by the agents’ cycle theories. Thus by
varying the cycle theory one can vary the behaviour of the agent. We have explored
a number of such variations resulting in different profiles of behaviour. In an earlier
paper [6] we briefly mentioned three, the focussed, careful and impatient profiles. In
this paper we detail the first two. We characterise them formally, show how to design
cycle theories that achieve them and discuss their advantages depending on the features
of the environment and application domains. Other profiles are described in [1].

1 http://lia.deis.unibo.it/Research/Projects/SOCS/



The motivation for this work is threefold: 1) to explore the degree of heterogeneity that
can be achieved by varying cycle theories; 2) to explore the advantages of different
profiles of behaviour with respect to different parameters such as the dynamic nature
of the environment and the time-critical nature of applications; 3) to explore how such
analysis can provide guidelines for implementers who use the PROSOCS platform.
Environments and circumstances in which agents have to function can vary. Some en-
vironments can be fairly static and predictable, while others can be highly dynamic
and unpredictable. Agents may or may not have strict deadlines for their activities, and
agents’ resources may be limited, thus constraining what they can do, or they may have
few resource restrictions. What interests us in this paper is to explore what profiles of
behaviour would be advantageous in what type of environment and under what circum-
stances. Moreover, we would like to explore how to define such profiles by varying the
control strategies of agents defined via cycle theories.
The paper is organised as follows. In Section 2 we present two examples to motivate
the careful and focussed profiles. In Sections 3 and 4 we describe the necessary back-
ground to our work. In Section 5 we describe the careful and the focussed profiles in
detail, show the characteristics of cycle theories that provably achieve these profiles,
and discuss the pros of the two behaviour profiles. In Section 6 we conclude.

2 Motivating Examples

In this section we motivate, in the context of concrete examples, the two profiles we
will study and formally define later, in Section 5.

2.1 Careful profile
Intuitively an agent endowed with this profile frequently re-examines its commitments
to ensure that he honours only those that are feasible and necessary and he is not encum-
bered by any infeasible or unnecessary commitments. The advantage of such a profile
is evident in a dynamic, unpredictable environment.
Consider an agentc who has sent its registration form to a conferenceconf05 and thus
believes that it has registered for the conference. But it now wishes not to be registered
at the conference. It sets itself this goal, and plans for it by generating an action to
cancel his registration atconf05. Suppose the agent knows that :

If it observes that the deadline for cancellation for a conference has reached
and it expects to cancel its registration at the conference then it should contact
its bank and tell them to stop its credit card payment to the conference.

Suppose before it has a chance to execute the action of cancellation of its registration it
receives a message from the conference secretary telling it that there was a problem with
its initial attempt at registration (for example the registration form arrived corrupted)
and so it is actually not registered.
An agent with the careful profile will immediately realise that there is no longer any
need to cancel its registration and consequently will not contact its bank to tell them to
stop the credit card payment. But, under the same circumstances, an agent with a differ-
ent profile might execute the (unnecessary) acts of contacting the bank and canceling
the payment.
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2.2 Focused profile

An agent may attempt to plan for multiple goals at once or may plan for one goal at
a time. If the agent has limited resources it may be better off trying one goal at a time
because typically it may not have enough resources for achieving multiple goals, and
attempting to do so would only lead to time-wasting failures. This is the motivation
behind our focussed profile. An agent endowed with the focussed profile focuses on
one goal at a time.
Suppose an agent has two goals, one to have a particular book and the other to have
a particular CD. Suppose the book costs£10 and the CD£15, and the agent has£20
available to spend. This agent cannot achieve both its goals, because due to its financial
constraints it cannot form a consistent plan that would achieve both goals. If the agent
has the focussed profile it will achieve one of them but if it has any other profile it may
not achieve either goal.
In the next two sections we give the background that is necessary in order to formally
define the profiles and show their consequences in terms of the behaviour of agents.

3 The KGP Model of Agency

Here we briefly summarise the KGP model for agents. Formal details can be found in
[8, 2]. This model relies upon

– an internal (or mental) state,
– a set ofreasoning capabilities, in particular supporting planning, temporal reason-

ing, reactivity and goal decision,
– a sensing capability, allowing agents to observe their environment and actions by

other agents,
– a set oftransition rules, defining how the state of the agent changes, and defined in

terms of the above capabilities,
– a set ofselection functions, to provide appropriate inputs to the transitions,
– a cycle theory, for deciding which transitions should be applied when, and defined

using the selection functions.

Internal state. This is a tuple〈KB,Goals, P lan, TCS〉, where:
– KB is the knowledge base of the agent, and describes what the agent knows (or

believes) of itself and of the environment.KB consists of various modules support-
ing the different reasoning capabilities of agents, and includingKB0, for holding
the (dynamic) knowledge of the agent about the external environment in which it is
situated.

– Goals is the set of properties that the agent wants to achieve, each one with an
associate time variable, possibly constrained by temporal constraints (belonging to
TCS), defining when the goals are expected to hold.

– Plan is a set of actions scheduled in order to satisfy goals. Each has an associated
time variable, possibly constrained by temporal constraints inTCS, similarly to
Goals, but defining when the action should be executed and imposing a partial
order over actions inPlan. Each action is also equipped with the preconditions for
its successful execution.
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– TCS is a set of constraint atoms (referred to astemporal constraints) in some given
underlying constraint language with respect to some structure equipped with a no-
tion of Constraint Satisfaction. We assume that the constraint predicates include
<,≤, >,≤,=, 6=. These constraints bind the time of goals inGoals and actions
in Plan. For example, they may specify a time window over which the time of an
action can be instantiated, at execution time.

Goals and actions are uniquely identified by their associated time variable, which is
implicitly existentially quantified within the overall state.
To aid revision and partial planning,Goals andPlan form atree2. The tree is given im-
plicitly by associating with each goal and action its parent.Top-levelgoals and actions
are children of the root of the tree, represented by the (arbitrary) symbol⊥.

Reasoning capabilities.These include:

– Planning, generating a plan, if one exists in the overall state, for any given set of
input goals. These plans arepartial or total. A partial plan consists of (temporally
constrained) sub-goals and actions. Atotal plan consists solely of (temporally con-
strained) actions.

– Reactivity, reacting to perceived changes in the environment by modifyingGoals,
Plan, andTCS.

– Goal Decision, revising the top-most level goals by adapting the agent’s state to
changes in its own preferences and in the environment.

– Temporal Reasoning, reasoning about the evolving environment, and making pre-
dictions about properties holding in the environment, based on the partial informa-
tion the agent acquires.

Transitions. The state of an agent evolves by applying transition rules, which employ
capabilities and the Constraint Satisfaction. The transitions are:

– Goal Introduction (GI), changing the top-level goals, and using Goal Decision.
– Plan Introduction (PI), changingGoals andPlan, and using Planning.
– Reactivity (RE), changingGoals andPlan, and using the Reactivity capability.
– Sensing Introduction (SI), changingPlan by introducing new sensing actions for

checking the preconditions of actions already inPlan, and using Sensing.
– Passive Observation Introduction (POI), changingKB0 by introducing unsolicited

information coming from the environment, and using Sensing.
– Active Observation Introduction (AOI), changingKB0 by introducing the outcome

of (actively sought) sensing actions, and using Sensing.
– Action Execution (AE), executing actions, and thus changingKB0.
– State Revision (SR), revisingGoals andPlan, and using Temporal Reasoning and

Constraint Satisfaction.

2 In the detailed model we actually have two trees, the first containingnon-reactivegoals and
actions, the second containingreactivegoals and actions. All the top-level non-reactive goals
are either assigned to the agent by its designer at birth, or they are determined by the Goal
Decision capability, via the GI transition (see below). All the top-level reactive goals and
actions are determined by the Reactivity capability, via the RE transition (see below). Here for
simplicity we overlook the distinction amongst the two trees.
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The effect of transitions is dependent on the concrete time of their application. We
briefly describe SR, as it will play an important role in section 5. Informally speaking,
SR revises a state by removing (i) all timed-out goals and actions, (ii) all executed
actions, (iii) all goals that have become obsolete because they are already believed to
have been achieved, (iv) siblings (in the tree) of goals and actions deleted in (i), and
(v) all descendants (in the tree) of goals deleted in (i)-(iv). A goal or action istimed-
out if and only if the temporal constraintsTCS of the state of the agent at the time of
application of SR constrain the time of the goal or action to be less than or equal to the
time of application of SR. A goal isachievedin a state if and only if it holds according
to the Temporal Reasoning capability.

Selection functions. Input to (some of the) transitions is given via selection functions,
taking the current stateS and timeτ as input:

– action selection function, cAS(S, τ), returning the set of actions inS to be executed
by AE at timeτ ;

– goal selection function, cGS(S, τ), returning the set of goals inS to be planned for
by PI at timeτ ;

– fluent selection function, cFS(S, τ), returning the set of properties inS to be sensed
by AOI at timeτ ;

– precondition selection function, cPS(S, τ), returning the set of preconditions of
actions inS for which sensing actions are to be introduced by SI at timeτ .

4 Cycle Theories

The behaviour of agents results from the application of transitions in sequences, re-
peatedly changing the state of the agent. These sequences are not fixed a priori, as in
conventional agent architectures, but are determined dynamically by reasoning with
declarative cycle theories, giving a form of flexible control. Cycle theories are given in
the framework of Logic Programming with Priorities (LPP). For the purposes of this
paper, we will assume that anLPP-theory, referred to asT , consists of four parts:

(i) a low-level partP , consisting of a logic program; each rule inP is assigned a name,
which is a term; e.g., one such rule, with namen(X), could be

n(X) : p(X)← q(X,Y ), r(Y )
(ii) a high-level partH, specifying conditional, dynamic priorities amongst rules inP ;

e.g., one such priority rule, calledh(X), could beh(X) : n(X) � m(X)← c(X),
to be read: if (some instance of) the conditionc(X) holds, then the rule inP with
name (the corresponding instance of)n(X) should be given higher priority than the
rule inP with name (the corresponding instance of)m(X).

(iii) an auxiliary partA, defining predicates occurring in the conditions of rules inP
andH and not in the conclusions of any rule inP ;

(iv) a notion of incompatibility, here given as a set of rules defining the predicate
incompatible, e.g. incompatible(p(X), p′(X)), to be read: any instance of the
literal p(X) is incompatible with the corresponding instance of the literalp′(X).
We refer to the set of all incompatibility rules asI.
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Any concrete LPP framework is equipped with a notion of entailment, that we denote
by |=pr. Intuitively, T |=prα iff α is the “conclusion” of a sub-theory ofP ∪A which is
“preferred” with respect toH ∪A in T over any other sub-theory ofP ∪A that derives
a “conclusion” incompatible withα (with respect toI). Here, we are assuming that the
underlying logic programming language is equipped with a notion of “entailment” that
allows to draw “conclusions”. In [10, 9, 7, 5, 3],|=pr is defined via argumentation.

Formalisation of Cycle theories.Here and in the rest of the paper, we will use notation
T (S,X, S′, τ) to represent application of transitionT at timeτ in stateS, given input
X, resulting in stateS′, and notation∗T (S,X) to represent that transitionT can be
potentially chosen as the next transition in stateS, with inputX.
Formally, a cycle theoryTcycle consists of the following parts.

– An initial partTinitial, that determines the possible transitions that the agent could
perform when it starts to operate. Concretely,Tinitial consists of rules of the form
∗T (S0, X)← C(S0, τ,X), now(τ)

which we refer to via the nameR0|T (S0, X). These rules sanction that, if condi-
tionsC hold in the initial stateS0 at the initial timeτ , then the initial transition
could beT , applied to stateS0 and inputX.

– A basicpartTbasic that determines the possible transitions following given transi-
tions, and consists of rules of the form
∗T ′(S′, X ′)← T (S,X, S′, τ), EC(S′, τ ′, X ′), now(τ ′)

which we refer to via the nameRT |T ′(S′, X ′). These rules sanction that, after
transitionT has been executed, starting at timeτ in the stateS and resulting in
stateS′, and the conditionsEC evaluated inS′ at the current timeτ ′ are satisfied,
then transitionT ′ could be the next transition to be applied inS′, with inputX ′.
EC are calledenabling conditionsas they determine whenT ′ can be applied after
T . They also determine inputX ′ for T ′, via calls to selection functions.

– A behaviourpartTbehaviour that contains rules describing dynamic priorities amongst
rules inTbasic andTinitial. Rules inTbehaviour are of the form
RT |T ′(S,X ′) �RT |T ′′(S,X ′′)←BC(S,X ′, X ′′, τ), now(τ)

with T ′ 6= T ′′, which we will refer to via the namePTT ′�T ′′ . Recall thatRT |T ′(·)
andRT |T ′′(·) are (names of) rules inTbasic ∪ Tinitial. Note that, with an abuse of
notation,T could be 0 in the case that one such rule is used to specify a priority over
the first transition to take place, in other words, when the priority is over rules in
Tinitial. These rules inTbehaviour sanction that, at the current timeτ , after transition
T , if the conditionsBC hold, then we prefer the next transition to beT ′ overT ′′.
The conditionsBC are calledbehaviour conditionsand give the behavioural profile
of the agent.

– An auxiliary part including definitions for any predicates occurring in the enabling
and behaviour conditions.

– An incompatibility part, in effect expressing that only one (instance of a) transition
can be chosen at any one time.

Hence,Tcycle is an LPP-theory where: (i)P = Tinitial∪Tbasic, and (ii)H = Tbehaviour.
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Operational Trace. The cycle theoryTcycle of an agent is responsible for its behaviour,
in that it induces anoperational traceof the agent, namely a (typically infinite) sequence
of transitions

T1(S0, X1, S1, τ1), . . . , Ti(Si−1, Xi, Si, τi), Ti+1(Si, Xi+1, Si+1, τi+1), . . .
such that

– S0 is the given initial state;
– for eachi ≥ 1, τi is given by the clock of the system (τi < τi+i);
– (Tcycle − Tbasic) ∧ now(τ1) |=pr ∗T1(S0, X1);
– for eachi ≥ 1

(Tcycle − Tinitial) ∧ Ti(Si−1, Xi, Si, τi) ∧ now(τi+1) |=pr ∗Ti+1(Si, Xi+1)
namely each (non-final) transition in a sequence is followed by the most preferred tran-
sition, as specified byTcycle. If, at some stage, the most preferred transition determined
by |=pr is not unique, we choose one arbitrarily.

Normal cycle theory. In defining profiles in section 5 we take thenormal cycle theory
as a starting point. This specifies a pattern of operation where the agent prefers to follow
a sequence of transitions that allows it to achieve its goals in a way that matches an
expected “normal” behaviour. Basically, the “normal” agent first introduces goals (if
it has none to start with) via GI, then reacts to them, via RE, and then repeats the
process of planning for them, via PI, executing (part of) the chosen plans, via AE,
revising its state, via SR, until all goals are dealt with (successfully or revised away).
At this point the agent returns to introducing new goals via GI and repeating the above
process. Whenever in this process the agent is interrupted via a passive observation,
via POI, it chooses to introduce new goals via GI, to take into account any changes
in the environment. Whenever it has actions which are “unreliable”, in the sense that
their preconditions definitely need to be checked, the agent senses them (via SI) before
executing the action. Whenever it has actions which are “unreliable”, in the sense that
their effects definitely need to be checked, the agent actively introduces actions that
aim at sensing these effects, via AOI, after having executed the original actions. The
full definition of the normal cycle theory is given in the appendix.

5 Behaviour Profiles

In this section we explore how cycle theories can be used to specify different profiles
of behaviour. We concentrate on two profiles, thecarefuland thefocussed.
In the careful profile the behaviour of the agent is such that it would re-examine its
commitments in terms of its goals and plans frequently to discard those that are no
longer needed or have become infeasible. Intuitively, this profile would be suitable for a
changing environment that intervenes in the agent’s operations, and the frequent ”self-
examination” of the agent can help it avoid being occupied with unnecessary activity
or activity which is bound to fail. It also ensures that the agent’s operations are not
hindered by superfluous items in the state and that reactive rules will not be triggered
unnecessarily by goals/actions that are timed-out and not achieved/executed.
With the focussed profile the agent concentrates on one (top-level) goal at a time and
only moves to other goals when that goal is achieved or is timed out. Intuitively this

190



profile is useful when the agent has goals that have become mutually unachievable. By
being focussed the agent increases its chances of achieving at least some of them.
Below we proceed to define each of the two profiles by giving a formal definition in
terms of trace characteristics, followed by specification of cycle theories that will in-
duce such traces. We then proceed to prove the advantages of the profile depending on
particular characteristics of the application.

5.1 Careful Profile

Definition 1 (Careful profile: trace-based characterisation).A careful agent is an
agent that will never generate an operational trace with two consecutive transitions
that are different from SR.
In fact, this condition is stronger than strictly necessary: As long as there are no re-
dundant or infeasible goals or actions no revision would be required. However, from
a pragmatic point of view, Definition 1 nevertheless provides us with an appropriate
characterisation of careful agents. This is so, becausecheckingwhether or not a state
includes redundant or infeasible goals or actions to be revised is just as costly as per-
forming a state revision in the first place.
Our next goal is to define a class of cycle theories that are guaranteed to induce an
operational trace where every other transition is an SR. As we shall see this is not
as straightforward a goal as it may seem. To illustrate the difficulties and to motivate
our choices (which are eventually going to overcome these difficulties), we start by
attempting to define a careful cycle theory as an extension of the normal cycle theory.

The normal-careful cycle theory. There are several ways of combining cycle theories
(in this case the normal cycle theory with the core rules necessary for characterising the
careful profile). One option would be to take the union of the two cycle theories (which
are sets of basic and behaviour rules) and then, where necessary, to introduce additional
behaviour rules that determine the agent’s behaviour in case of conflict between the
rules stemming from the different parts. Another way, which gives the profile designer
less freedom but which results in much simpler cycle theories, would be to work at the
level of basic rules as far as possible and to use suitable enabling conditions to control
the agent’s behaviour. This is the approach we are going to follow here.
To design a careful agent, we need to ensure that basic rules expressing thatSRshould
follow any other transitionT get priority over any conflicting rules. Instead of using
behaviour rules to this effect, we are simply going to delete such conflicting rules in the
first place. Hence, we end up with the following approach:

– Step 1:Take the normal cycle theory as a starting point.
– Step 2:Remove any basic rules (inTbasic) that speak about two consecutive tran-

sitions both of which are different fromSR.
– Step 3:Add the following basic rule (toTbasic) for eachT different fromSR:

RT |SR(S′, {}) : ∗SR(S′, {})← T (S,X, S′, τ)

Note that there cannot be any enabling conditions in this kind of new rule:SRneeds
to be enabled underanycircumstances. Note also that Step 3 might re-introduce rules
which already belong toTbasic. This causes no theoretical or practical problem. We thus
end up with the followingnormal-careful cycle theory:
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– Tinitial is as for the normal cycle theory.
– Tbasic consists of the above rules of the formRT |SR and of the following rules:

RSR|PI(S
′, Gs) : ∗PI(S′, Gs)← SR(S, {}, S′, τ ′), Gs = cGS(S′, τ), Gs 6= {}, now(τ)

RSR|GI(S
′, {}) : ∗GI(S′, {})← SR(S, {}, S′, τ ′), Gs = cGS(S′, τ), Gs = {}, now(τ)

Tbasic does not contain any other rules, because all the remaining basic rules in
the normal cycle theory speak about transitions that should follow transitions other
thanSRand these are fixed for the careful profile.

– Tbehaviour is empty. Indeed, it turns out that also all of the rules inTbehaviour in
the normal cycle theory areredundant, because they speak about what to do after a
transition other thanSR.

In summary, the normal-careful cycle theory will force an agent to alternate betweenSR
andPI or GI (depending on whether there are currently goals to plan for or not). Such
an agent would be careful, but not very useful. Below we improve the cycle theory to
overcome this inadequacy.

The core-careful cycle theory.We improve the normal-careful cycle theory by adding
that every transition exceptSR, itself, should be enabled afterSR. Thus,Tbasic in the
core-careful cycle theorycontains, in addition to the basic rules in the normal-careful
cycle theory, the following rules:

RSR|RE(S′, {}) : ∗RE(S′, {})← SR(S, {}, S′, τ)
RSR|AE(S′, As) : ∗AE(S′, As)← SR(S, {}, S′, τ ′), As = cAS(S′, τ), As 6= {}, now(τ)
RSR|SI(S

′, P s) : ∗SI(S′, P s)← SR(S, {}, S′, τ ′), P s = cPS(S′, τ), P s 6= {}, now(τ)
RSR|AOI(S

′, F s) : ∗AOI(S′, F s)← SR(S, {}, S′, τ ′), F s = cFS(S′, τ), F s 6= {}, now(τ)
RSR|POI(S

′, {}) : ∗POI(S′, {})← SR(S, {}, S′, τ)

The following proposition states thecorrespondencebetween thecore-careful cycle
theoryand the (trace-based characterisation of the) careful profile given in Definition 1:

Proposition 1 (Careful profile). The core-careful cycle theory induces the careful pro-
file of behaviour: Any agent using this cycle theory will never generate an operational
trace with two consecutive transitions that are different from SR.

Proof. This follows immediately from the fact that the basic part of the cycle theory
forces an SR after every other type of transition, and there is exactly one basic rule to
determine the follow-up of any transition different fromSR.

Other careful cycle theories The two careful cycle theories we have considered so
far are just two examples; there is a range of cycle theories that conform to the careful
behaviour profile. Our second example, the core-careful cycle theory is the most general
cycle theory conforming to the careful profile.
For concrete applications, we may wish to combine the features of careful behaviour
with other more specific features. We can construct a careful cycle theory of our choice
by taking the core-careful cycle theory as a starting point and then imposing additional
behaviour constraints using the following means:

– strengthening the enabling conditions in basic rules that determine the follow-up
transition for an SR;

– deleting basic rules that determine the follow-up transition for an SR;

192



– adding any kind of behaviour rules;
– deleting rules that have become redundant due to other changes.

Note, however, that wecannotadd any enabling conditions to the basic rules that state
thatSRhas to follow any other transition. Otherwise, the resulting cycle theory cannot
be guaranteed to conform to the careful profile of behaviour anymore. We also cannot
delete such a rule, unless it has already become redundant due to other changes in
the cycle theory. On the other hand, we do have complete freedom with respect to the
behaviour rules we might wish to add, because the basic rules never admit any conflict
as to what transition to choose after a transition different fromSRin the first place.
Clearly, any such careful cycle theory will also induce the careful profile of behaviour
in the sense of Proposition 1.

A property of the careful profile. Informally, under certain circumstances:

– Careful agents will never generate a reaction via the reactivity transition to timed-
out unachieved goals or timed-out unexecuted actions.

– Careful agents will never generate a reaction via the reactivity transition to actions
that may not be timed out yet but which are unexecuted and are no longer necessary.

More formally:

Theorem 1. The following will never contribute to the generation of a reaction (i.e. an
action inPlan or goal inGoals) via the RE transition:

1. a timed-out unexecuted action,
2. a timed-out unachieved goal,
3. an unexecuted action whose execution is no longer needed, i.e.

(a) with an ancestor which has already been achieved, or
(b) with a sibling that has been timed-out, or
(c) with an ancestor which has been timed-out,

provided that no action and no goal is timed out between an SR transition and its
immediate successor if that is an RE transition.

Proof. Let the assumption hold that no action and no goal is timed out between an SR
transition and its immediate successor if that is an RE transition. Suppose a careful agent
applies RE in a stateS = 〈KB,Goals, P lan, TCS〉. Then by Definition 1, because
SR must have been applied in the state immediately prior toS, no action or goal of the
type specified in 1–3, above exists in stateS. Therefore no such action or goal could
possibly contribute to the generation of any reaction by RE.

5.2 Focussed Profile

In the focussedprofile of behaviour an agent does not plan for more than one top-level
goal at a time. More specifically, a focussed agent remains committed to a goal amongst
its top-level goals until

– that goal has been successfully achieved, or
– that goal has become infeasible, or
– that goal is not preferred by the Goal Decision capability anymore, when invoked

by theGI transition, or
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– that goal has an empty plan in the state.3

The advantages of the focussed profile come into effect in highly time-critical domains
as well as domains where an agent has several goals with mutually incompatible plans.
In such situations, a focussed agent can be expected to achieve, at least, some goals,
whereby an unfocussed agent may fail completely. This applies, in particular, to agents
that have a preference for total planning. By concentrating planning on a single goal at
a time, a focussed agent is likely to be faster and it will also avoid wasting computing
resources over incompatible plans for other goals.
Formally, the focussed profile has the following characteristic: A focussed agent, un-
der no circumstances, will generate an operational trace that includes a state with two
distinct top-level goals with children, neither of which is either achieved or infeasible.
Here, a goalG is calledfeasibleiff neither itself nor any of its descendents is timed-out.
Note that this notion of infeasibility need not persist. A goalG may, at some point,
be infeasible, because an action in its current plan is timed-out, butG may again be-
come feasible later on, after the agent has revised its state and computed a new plan.
Therefore, the only way to ensure that switching to a new top-level goal for planning
is admissible (under the focussed profile) is to first check that infeasible goals willstay
infeasible. This requires an SR. Hence, we can give the following alternative definition
of the focussed profile, which is simpler than our earlier definition.

Definition 2 (Focussed profile: trace-based characterisation).A focussed agent is
an agent that, under no circumstances, will generate an operational trace that includes
a state with two top-level goals with children.

This definition is stronger (more restrictive) than our first definition, but as argued ear-
lier, it is operationally equivalent to that definition, because an agent can only be sure
that switching goals will not violate the focussed profile after having executed an SR
(or after having performed an analogous check).

Possible extensions.Note that, according to our definition, focussed agents do not deal
with more than one top-level goal at a time, but may switch between top-level goals in
some situations, as exemplified by the following example.

Example 1.Consider the following (portion of a) trace:

. . . , SR(S, {}, S′, τ), P I(S′, Gs, S′′, τ ′), . . .

with the top-level goals ofS, S′, S′′ given by{G1, G2}. Assume thatG1 already has got
a plan inS, i.e. the set of items inGoals(S)∪Plan(S) with ancestorG1 is not empty.
Assume also thatG2 has no plan inS, i.e. the set of items inGoals(S)∪Plan(S) with
ancestorG2 is empty. Suppose that all items in the plan forG1 in S are timed-out atτ ,
and thusS′ is such thatGoals(S′) is the set of all top-level goals inS′ andPlan(S′) =
{}. Suppose also that neitherG1 nor G2 are timed-out or achieved atτ ′, but PI is
introducing a plan forG2, so that the set of items inGoals(S′′) ∪ Plan(S′′) with
ancestorG2 is not empty. The agent with this trace is focussed according to definition 2.
However, it does switch from dealing with goalG1 to dealing with goalG2, despite goal
G1 being still unachieved and feasible.

3 The need for this last item will become clear in Example 1.
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Definition 2 of focussed agent may be modified to prevent goal switching, by com-
paring successive agent states in traces and force that once an agent has been plan-
ning/executing for one top-most level goal in one state, it must stick to that goal in suc-
cessive states, until the goal has been achieved or has become unachievable. This would
amount to getting rid of the last item in the informal description of focussed agent at
the beginning of Section 5.2 (and adding some other suitable conditions instead). This
stronger definition of focussed agent would however force extending the notion of cy-
cle theory and operational trace, either by looking at histories of transitions rather than
individual transitions when deciding on the next transition, or by introducing additional
information into cycle theories, such as variables holding the current top-level goal be-
ing dealt with. We therefore leave the stronger definition to future work.
Note also that our notion of focussed agent only refers totop-levelgoals, and not to
sub-goals or actions. The notion of focussed agent could be extended so as to define
agents that are focussed all the way, from top-level goals down.

Focussed Cycle Theories.To achieve the abstract specification, we need a cycle theory
that ensures that before any PI an SR has been performed. This is to ensure that we can
proceed with planning for a top-level goal even if some of its current children have
become infeasible. However, rather than implementing this behaviour directly, we are
going to ensure that PI is only enabled with respect to a set of goals that a focussed
agent may plan for given its current state according to the Definition 2. (This, in effect,
encourages an SR transition when a PI transition is not enabled.)

Definition 3 (Focussed cycle theories).A cycle theory is called focussed iff the initial
rule R0|PI(S,Gs) (in Tinitial) and the basic rule (inTbasic) RT |PI(S,Gs) for any
transitionT include the enabling conditionfocussed(Gs′, S,Gs), where:

– given thatGs is the set of goals to which PI will be applied andGs′ ⊇ Gs is the
set of goals returned by the goal selection function, then

– the predicatefocussed(Gs′, S,Gs) holds iff all the goals inGs are descendants of
the same top-level goal (possibly including that top-level goal itself) and no other
top-level goal has got any children.

The focussed variant of the normal cycle theory would have inTinitial the rule

R0|PI(S0, Gs) : ∗PI(S0, Gs) ← Gs′ = cGS(S0, τ),

focussed(Gs′, S0, Gs), Gs 6= {}, now(τ)

instead of the original rule

R0|PI(S0, Gs) : ∗PI(S0, Gs)← Gs = cGS(S0, τ), Gs 6= {}, now(τ)

Similarly, the focussed variant of the normal cycle theory would have inTbasic the rule

RAE|PI(S
′, Gs) : ∗PI(S′, Gs) ← AE(S,As, S′, τ ′), Gs′ = cGS(S′, τ),

focussed(Gs′, S,Gs), Gs 6= {}, now(τ)

instead of the original rule
RAE|PI(S

′, Gs) : ∗PI(S′, Gs)← AE(S,As, S′, τ ′), Gs = cGS(S′, τ), Gs 6= {}, now(τ)

The correspondencebetween the trace-based characterisation of thefocussed profile
and the class of focussed cycle theories may be stated as follows:
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Proposition 2 (Focussed profile).Any cycle theory that is focussed according to Def-
inition 3 induces the focussed profile of behaviour according to Definition 2.

Proof. The enabling conditionfocussed(Gs′, S,Gs) restricts the set of goals for which
the agent may plan to precisely the set of goals that are available for planning according
to the trace-based characterisation of the focussed profile. The claimed correspondence
then follows immediately from the fact that PI is the only transition that can add non-
top-level goals to a state.

A property of the focussed profile. Let a focussed agent be one equipped with a
focussed cycle theory, and a normal agent be one equipped with the normal cycle theory.
Then if the two agents have a set of goals for which they have no compatible plans then
the focussed agent may be able to achieve at least some of its goals while the normal
agent may not be able to achieve any of the goals. The theorem below shows under what
conditions the focussed agent is guaranteed to achieve more of its goals compared to
the normal agent. Note that conditions 1-6 simply set the scene for the theorem whereas
conditions 7-9 restrict features of the environment and the application.

Theorem 2. Let f be a focussed agent andn be a normal agent. Letf andn be in a
stateS = 〈KB,Goals, P lan, TCS〉 at timeτ such that all the conditions below hold:
1. Plan is empty.
2. Goals consists of top-level goalsG1, . . . ,Gn, n > 1 4.
3. The goal selection function, in stateS, at all timesτ ′, τ ′ ≥ τ , selects the same set

of k goals for some1 < k ≤ n, until one or more such goals are achieved. Assume
these goals are{G1, . . . , Gk}, without loss of generality.

4. The agents’ PI transition produces a total plan for all its input goals.
5. At all times afterτ , given input goals{G1, . . . , Gk}, the agents’ PI transition re-

turns no plan, because none exists in the overall state.
6. At all times afterτ , given input goals{Gi}, i = 1, . . . k, the agents’ PI transition

returns a (total) plan.

Then,f will achieve at least one of the goals amongstG1, . . . ,Gn, whilen will achieve
none of them, provided that:

7. The agents’ RE transition generates no goals or actions.
8. No POI, AOI transitions are performed, and no GI transition is performed after the

establishment of top-level goalsG1, . . . ,Gn.
9. Goals and actions are non-time critical, i.e. no goal or action is timed out.

Proof. (Sketch) Consider the case of the normal agentn: by conditions 3,5,7,8 the state
of n remains the same (although time progresses). In this state, by conditions 3 and 5,
n can never make any progress towards achieving any of its top-level goals.
Now consider the case of the focussed agentf : At some timeτ1, τ1 ≥ τ , f performs PI.
By conditions 3 and 6 and the definition of the focussed profile a goalGi, i = 1, . . . k,
is selected and PI succeeds in producing a complete plan forGi, and updates its state
by adding all the produced actionsAs to its Plan and updatingTCS appropriately.

4 Conditions 1. and 2. can arise, for example, iff andn have just executed GI starting from the
same initial state.
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These new actions will then all be executed. They will not be timed-out by condition 9.
So they may be removed from the state of the agent by SR only if their associated goal
is achieved. Any new goals and actions that may be introduced by later applications of
PI will not interfere with the execution of the actions in As. Therefore, finally, after all
the actions are executed, it will be possible to prove by the Temporal Reasoning that
goalGi which was selected at timeτ1 is achieved.

Note that conditions 7–9 are sufficient but not necessary conditions. For example con-
dition 8 can be replaced with one that requires only that any observation recorded as
a result of a POI is “independent” of the goalsG1, . . . ,Gn, and allows GI transitions
but imposes restrictions on their frequency. It is possible to construct examples where
some, possibly many, of conditions 7–9 do not hold, but still the focussed agent per-
forms better than the normal one in goal achievement terms.

6 Conclusion

In this paper, building on our earlier work [6], we have further explored the use of
cycle theories for declarative control of agents. We showed how in the case of KGP
agents we can define concrete and useful agent profiles or personalities by varying the
rules in cycle theories. We showed two such profiles in detail, careful and focussed,
and exemplified and formally proved their advantages. The cycle theories for these two
profiles are no more complicated than the normal cycle theory, and possibly, in the case
of the careful profile, the cycle theory is simpler.
The careful profile is best suited to a dynamic unpredictable environment, but one in
which the agent does not have strict deadlines. The focussed profile is best suited to
resource-bounded agents. The theoretical analysis of the profiles not only allows ex-
ploration of heterogeneity of agents, but it can also provide guidelines to designers of
agents and implementers, for example those using the PROSOCS platform. There is
scope for exploring a number of other profiles, some of which have been introduced in
[1]. Exploring other profiles, parameterising their advantages and disadvantages accord-
ing to factors in the environment and application domains and exploring how profiles
can be usefully combined are subjects of current and future research. Currently we see
no problem in combining the careful and focussed profiles.
Our work on profiles shares some of the objectives of the work on commitment strate-
gies based on the BDI model [11]. Three commitment strategies have been defined,
blind, single minded, andopen minded. They are defined by expressing relationships
between current and future intentions. A blindly committed agent, for example, main-
tains its intentions as long as it believes that it has achieved them, while a single minded
agent maintains its intentions until it believes they are achievable. Our work on profiles
and their consequences goes some way beyond these commitment strategies.
Our approach shares the aims of 3APL [4] to make it possible to program the agent cycle
and make the selection mechanisms explicit. But it goes beyond 3APL by abandoning
the concept of fixed cycles and replacing it with dynamic programmable cycle theories.
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A Normal cycle theory in full

– Tinitial:
R0|GI(S0, {}) : ∗GI(S0, {})← empty goals(S0)
R0|PI(S0, Gs) : ∗PI(S0, Gs)← Gs = cGS(S0, τ), Gs 6= {}, now(τ)
R0|POI(S0, {}) : ∗POI(S0, {})← poi pending(τ), now(τ)

– Tbasic:
rules for deciding what might follow AE:
RAE|PI(S′, Gs) : ∗PI(S′, Gs) ← AE(S,As, S′, τ ′), Gs = cGS(S′, τ), Gs 6=
{}, now(τ)
RAE|AE(S′, As′) : ∗AE(S′, As′)←AE(S,As, S′, τ ′), As′ = cAS(S′, τ), As′ 6=
{}, now(τ)
RAE|AOI(S′, Fs) : ∗AOI(S′, Fs)← AE(S,As, S′, τ ′), Fs = cFS(S′, τ), Fs 6=
{}, now(τ)
RAE|SR(S′, {}) : ∗SR(S′, {})← AE(S,As, S′, τ ′)
RAE|GI(S′, {}) : ∗GI(S′, {})← AE(S,As, S′, τ ′)
rules for deciding what might follow SR:
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RSR|PI(S′, Gs) : ∗PI(S′, Gs) ← SR(S, {}, S′, τ ′), Gs = cGS(S′, τ), Gs 6=
{}, now(τ)
RSR|GI(S′, {}) : ∗GI(S′, {})← SR(S, {}, S′τ ′), Gs = cGS(S′, τ), Gs = {}, now(τ)
rules for deciding what might follow PI:
RPI|AE(S′, As) : ∗AE(S′, As) ← PI(S,Gs, S′, τ ′), As = cAS(S′, τ), As 6=
{}, now(τ)
RPI|SI(S′, Ps) : ∗SI(S′, Ps) ← PI(S,Gs, S′, τ ′), Ps = cPS(S′, τ), Ps 6=
{}, now(τ)
rules for deciding what might follow GI:
RGI|RE(S′, {}) : ∗RE(S′, {})← GI(S, {}, S′, τ)
RGI|PI(S′, Gs) : ∗PI(S′, Gs) ← GI(S, {}, S′, τ ′), Gs = cGS(S′, τ), Gs 6=
{}, now(τ)
rules for deciding what might follow RE:
RRE|PI(S′, Gs) : ∗PI(S′, Gs) ← RE(S, {}, S′, τ ′), Gs = cGS(S′, τ), Gs 6=
{}, now(τ)
RRE|SI(S′, Ps) : ∗SI(S′, Ps) ← RE(S, {}, S′, τ ′), Ps = cPS(S′, τ), Ps 6=
{}, now(τ)
RRE|AE(S′, As) : ∗AE(S′, As) ← RE(S, {}, S′, τ ′), As = cAS(S′, τ), As 6=
{}, not(τ)
RRE|SR(S′, {}) : ∗SR(S′, {})← RE(S, {}, S′, τ ′)
rules for deciding what might follow SI:
RSI|AE(S′, As) : ∗AE(S′, As) ← SI(S, Ps, S′, τ ′), As = cAS(S′, τ), As 6=
{}, now(τ)
rules for deciding what might follow AOI :
RAOI|AE(S′, As) : ∗AE(S′, As)← AOI(S, Fs, S′, τ ′), As = cAS(S′, τ), As 6=
{}, now(τ)
RAOI|SR(S′, {}) : ∗SR(S′, {})← AOI(S, Fs, S′, τ ′)
RAOI|SI(S′, Ps) : ∗SI(S′, Ps) ← AOI(S, Fs, S′, τ ′)Ps = cPS(S′, τ), Ps 6=
{}, now(τ)
rules for deciding when POI should take place:
RT |POI(S′, {}) : ∗POI(S′, {})← T (S,X, S′, τ ′), poi pending(τ), now(τ)
for all transitionsT ;
rules for deciding what might follow POI :
RPOI|GI(S′, {}) : ∗GI(S′, {})← POI(S, {}, S′, τ)
RPOI|RE(S′, {}) : ∗RE(S′, {})← POI(S, {}, S′, τ)
RPOI|SR(S′, {}) : ∗SR(S′, {})← POI(S, {}, S′, τ)

– Tbehaviour:
GI is given higher priority if there are no goals in Goals and actions inPlan:
PTGI�T ′ :RT |GI(S, {}) � RT |T ′(S,X)← empty goals(S), empty plan(S)
for all T, T ′, with T ′ 6= GI andT possibly 0;
GI is also given higher priority after a POI :
PPOIGI�T :RPOI|GI(S′) � RPOI|T (S, S′) for all T 6= GI;
after GI, RE is given higher priority :
PGIRE�T :RGI|RE(S, {}) � RGI|T (S,X) for all T 6= RE;
after RE, PI is given higher priority :
PREPI�T :RRE|PI(S,Gs) � RRE|T (S,X) for all T 6= PI;
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after PI, AE is given higher priority, unless there are actions in the actions se-
lected for execution whose preconditions are “unreliable” and need checking,
in which case SI will be given higher priority:
PPIAE�T :RPI|AE(S,As) � RPI|T (S,X)← not unreliable pre(As)
for all T 6= AE;
PPISI�T :RPI|SI(S, Ps) � RPI|T (S,As)← unreliable pre(As)
for all T 6= SI;
after SI, AE is given higher priority :
PSIAE�T :RSI|AE(S,As) � RSI|T (S,X) for all T 6= AE;
after AE, AE should be given higher priority until there are no more actions
to execute inPlan, in which case either AOI or SR should be given higher
priority, depending on whether there are actions which are “unreliable”, in
the sense that their effects need checking, or not:
PAEAE�T :RAE|AE(S,As) � RAE|T (S,X) for all T 6= AE;
PAEAOI�T :RAE|AOI(S, Fs) � RAE|T (S,X)← empty executable plan(S), unreliable post(S)
for all T 6= AOI;
PAESR�T :RAE|SR(S, {}) � RAE|T (S,X)← empty executable plan(S), not unreliable post(S)
for all T 6= SR;
after SR, PI should have higher priority:
PSRPI�T :RSR|PI(S,Gs) � RSR|T (S, {}) for all T 6= PI;
after any transition, POI is preferred over all other transitions :
PTPI�T ′ : RT ||OI(S) � RT |T ′(S,X) for all T, T ′, with T ′ 6= POI andT
possibly 0;
in the initial state, PI is given higher priority :
P0
PI�T :R0|PI(S,Gs) � R0|T (S,X) for all T 6= PI;

– The auxiliary part includes definitions forempty goals, unreliable pre,unreliable post,
empty executable plan, poi pending etc. Note thatpoi pending(τ) holds when
there is an input from the environment pending.
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Abstract. We discuss the application of Model-Based Diagnosis in (agent-based)
planning. Here, a plan together with its executing agent is considered as a system
to be diagnosed. It is assumed that the execution of a plan can be monitored by
making partial observations of the results of actions. These observations are used
to explain the observed deviations from the plan by qualifying some action in-
stances that occur in the plan as behaving abnormally. Unlike in standard model-
based diagnosis, however, in plan diagnosis we cannot assume that actions fail
independently. We focus on two sources of dependencies between failures: such
failings may occur as the result of malfunctioning of the executing agent or may
be caused by dependencies between action instances occurring in a plan. There-
fore, we introduce causal rules that relate health states of the agent and health
states of actions to abnormalities of other action instances. These rules enable us
to determine the underlying causes of plan failing and to predict future anomalies
in the execution of actions.

1 Introduction

The well-known quote:”No plan survives its first contact with the enemy”should re-
mind us thatdiagnosisconstitutes an unavoidable part of the plan execution process.3

Since there is a huge number of potential factors that might influence, or even prevent,
correct plan execution, it is not surprising that current approaches to plan diagnosis are
rather diverse.

The aim of this paper is to adapt and extend a classical Model-Based Diagnosis
(MBD) approach to the diagnosis of plans. To this end, first we will show how a plan
consisting of a partially ordered set of actions can be viewed as a system to be di-
agnosed and how a diagnosis can be established usingpartial observationsof a plan
in progress. Distinguishing between normal and abnormal execution of actions in a
plan, we then introduce sets of actions qualified as abnormal to explain the deviations

? This research is supported by the Technology Foundation STW, applied science division of
NWO and the technology programme of the Ministry of Economic Affairs (the Netherlands).
Project DIT5780: Distributed Model Based Diagnosis and Repair

3 The quote is attributed to the Prussian Field Marshall Von Moltke.



between expected plan states and observed plan states. Hence, in this approach, a plan
diagnosis is just a set of abnormal actions that is able to explain the deviations observed.
Although plan diagnosis conceived in this way is a rather straightforward application
of MBD to plans, we do need to introduce new criteria for selecting acceptable plan
diagnoses: First of all, while in standard MBD usually subset-minimal diagnoses, or
within themminimum (cardinality)diagnoses, are preferred, we also prefermaximum
informativediagnoses. The latter type of diagnosis maximizes the exact similarity be-
tween predicted and observed plan states. Although maximum informative diagnoses
are always subset minimal, they are not necessarily of minimum cardinality. More dif-
ferences between MBD and plan diagnosis appear if we take a detailed look into the
reasons for choosing minimal diagnoses. The idea of establishing a minimal diagnosis
in MBD is governed by the principle ofminimal change: explain the abnormalities in
the behavior observed by changing the qualification from normal to abnormal for as
few system components as necessary. Using this principle is intuitively acceptable if
the components qualified as abnormal are failingindependently. However, as soon as
dependenciesexist between such components, the choice for minimal diagnoses cannot
be justified. As we will argue, the existence of dependencies between failing actions in
a plan is often the rule instead of an exception. Therefore, we will refine the concept of
a plan diagnosis by introducing the concept of acausal diagnosis. To establish such a
causal diagnosis, we consider both the executing agent and its plan as constituting the
system to be diagnosed and we explicitly relate health states of the executing agent and
subsets of (abnormally qualified) actions to the abnormality of other actions in the form
of causal rules. These rules enable us to replace a set of dependent failing actions (e.g. a
plan diagnosis) by a set of unrelatedcausesof the original diagnosis. This independent
and usually smaller set of causes constitutes a causal diagnosis, consisting of a health
state of an agent and an independent (possibly empty) set of failing actions. Such a
causal diagnosis always generates a cover of a minimal diagnosis. More importantly,
such causal diagnoses can also be used to predict failings of actions that have to be
executed in the plan and thereby also can be used to assess the consequences of such
failures for goal realizability.

This paper is organized as follows. First of all, in the next section, we place our
approach into perspective by discussing some related approaches to plan diagnosis.
Section 3 introduces the preliminaries of plan-based diagnosis, while Section 4 for-
malizes plan-based diagnosis. Section 5 extends the formalization to determining the
agent’s health state. Finally, we briefly discuss some computational aspects of (causal)
plan diagnosis.

2 Related research

In this section we briefly discuss some other approaches to plan diagnosis. Like we use
MBD as a starting point to plan diagnosis, Birnbaum et al. [1] apply MBD toplan-
ning agentsrelating health states of agents tooutcomesof their planning activities, but
not taking into account faults that can be attributed to actions occurring in a plan as a
separate source of errors. However, instead of focusing upon the relationship between
agent properties and outcomes of plan executions, we take a more detailed approach,
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distinguishing two separate sources of errors (actions and properties of the executing
agents) and focusing upon the detection of anomalies during the plan execution. This
enables us to predict the outcomes of a plan on beforehand instead of using them only
as observations.

Another approach that directly applies model-based diagnosis to plan execution has
been proposed in [6]. Here, the authors focus on agents each having an individual plan,
and where conflicts between these plans may arise (e.g. if they require the same re-
source). Diagnosis is applied to determine those factors that are accountable forfuture
conflicts. The authors, however, do not take into account dependencies between health
modes of actions and do not consider agents that collaborate to execute a common plan.

Kalech and Kaminka [10, 11] applysocial diagnosisin order to find the cause of
an anomalous plan execution. They consider hierarchical plans consisting of so-called
behaviors. Such plans do not prescribe a (partial) execution order on a set of actions. In-
stead, based on its observations and beliefs, each agent chooses the appropriate behavior
to be executed. Each behavior in turn may consist of primitive actions to be executed,
or of a set of other behaviors to choose from. Social diagnosis then addresses the issue
of determining what went wrong in the joint execution of such a plan by identifying the
disagreeing agents and the causes for their selection of incompatible behaviors (e.g.,
belief disagreement, communication errors). This approach might complement our ap-
proach when conflicts not only arise as the consequence of faulty actions, but also as
the consequence of different selections of sub-plans in a joint plan.

Lesser et al. [3, 9] also apply diagnosis to (multi-agent) plans. Their research con-
centrates on the use of acausal modelthat can help an agent to refine its initial diagnosis
of a failingcomponent(called atask) of a plan. As a consequence of using such a causal
model, the agent would be able to generate a new, situation-specific plan that is better
suited to pursue its goal. While their approach in its ultimate intentions (establishing
anomalies in order to find a suitable plan repair) comes close to our approach, their
approach to diagnosis concentrates on specifying the exact causes of the failing of one
singlecomponent(task) of a plan. Diagnosis is based on observations of a component
without taking into account the consequences of failures of such a component w.r.t. the
remaining plan. In our approach, instead, we are interested in applying MBD-inspired
methods todetectplan failures. Such failures are based on observations during plan ex-
ecution and may concern individual components of the plan, but also agent properties.
Furthermore, we do not only concentrate on failing components themselves, but also on
the consequences of these failures for the future execution of plan elements.

3 Preliminaries

3.1 Model based Diagnosis

In Model-Based Diagnosis (MBD) [4, 5, 13] a systemS is modeled as consisting of a
setComp of components and their relations, for each componentc ∈ Comp a setHc

of health modesis distinguished and for each health modehc ∈ Hc of each component
c a specific (input-output) behavior ofc is specified. Given some input toS, its output
is defined if the health mode of each componentc ∈ Comp is known. The diagnostic
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engine is triggered whenever, under the assumption that all components are functioning
normally, there is a discrepancy between the output as predicted from the input obser-
vations, and the actually observed output. The result of MBD is a suitable assignment
of health modes to the components, called adiagnosis, such that the actually observed
output isconsistentwith this health mode qualification or can beexplainedby this
qualification. Usually, in a diagnosis one requires the number of components qualified
as abnormally to be minimized.

3.2 States

We consider plan-based diagnosis as a simple extension of model-based diagnosis where
the model is not a description of an underlying system but aplan of an agent. Before
we discuss plans, we discuss ourobject-or resource-basedview on the world, assum-
ing that for the planning problem at hand, the world can be simply described by a set
Obj = {o1, o2, . . . , on} of objects, their respectivevalue domainsSi and their (current)
valuessi ∈ Si.4 A state of the worldσ then is an element ofS1×S2× . . .×Sn. It will
not always be possible to give a complete state description. Therefore, we introduce a
partial stateas an elementπ ∈ Si1 × Si2 × . . . × Sik

, where1 ≤ k ≤ n and1 ≤
i1 < . . . < ik ≤ n. We useO(π) to denote the set of objects{oi1 , oi2 , . . . , oik

} ⊆ Obj
specified in such a stateπ. The valuesj of objectoj ∈ O(π) in π will be denoted by
π(j). The value of an objectoj ∈ Obj not occurring in a partial stateπ is said to be
unknown (or unpredictable) inπ, denoted by⊥. Partial states can be ordered with re-
spect to their information content:π is said to be contained inπ′, denoted byπ v π′, iff
O(π) ⊆ O(π′) andπ′(j) = π(j) for everyoj ∈ O(π). We say that two partial statesπ,
π′ areequivalentmodulo a set of objectsO, denoted byπ =O π′, if for everyoj ∈ O,
π(j) = π′(j). Finally, we define the partial stateπ restricted to a given setO, denoted
by π �O, as the stateπ′ v π such thatO(π′) = O ∩O(π).

3.3 Goals

An (elementary) goalg of an agent specifies a set of states an agent wants to bring about
using a plan. Here, we specify each such a goalg as a constraint, that is a relation over
some productSi1 × . . .× Sik

of domains.
We say that a goalg is satisfied by a partial stateπ, denoted byπ |= g, if the

relationg contains at least one tuple(vi1 , vi2 , . . . , vik
) such that(vi1 , vi2 , . . . vik

) v π.
We assume each agent to have a setG of such elementary goalsg ∈ G. We useπ |= G
to denote that all goals inG hold inπ, i.e. for allg ∈ G, π |= g.

3.4 Actions and action schemes

An action schemeor plan operatorα is represented as a function that replaces the values
of a subsetOα ⊆ Obj by other values, dependent upon the values of another setO′

α ⊇
Oα of objects. Hence, every action schemeα can be modeled as a (partial) function
fα : Si1 × . . . × Sik

→ Sj1 × . . . × Sjl
, where1 ≤ i1 < . . . < ik ≤ n and

4 In contrast to the conventional approach to state-based planning, cf. [8].

204



{j1, . . . , jl} ⊆ {i1, . . . , ik}. The objects whose value domains occur indom(fα) will
be denoted bydomO(α) = {oi1 , . . . , oik

} and, likewiseranO(α) = {oj1 , . . . , ojl
}.

Note that it is required thatranO(α) ⊆ domO(α). This functional specificationfα

constitutes thenormalbehavior of the action scheme, denoted byfnor
α .

Example 1.Figure 1 depicts two statesσ0 andσ1 (the white boxes) each characterized
by the values of four objectso1, o2, o3 ando4. The partial statesπ0 andπ1 (the gray
boxes) characterize a subset of values in a (complete) state. Action schemes are used to
model state changes. The domain of the action schemeα is the subset{o1, o2}, which
are denoted by the arrows pointing toα. The range ofα is the subset{o1}, which is
denoted by the arrow pointing fromα. Finally, the dashed arrow denotes that the value
of objecto2 is not changed by operator(s) causing the state change.

α

π0

π1

o1 o2 o3 o4

σ1

σ0

Fig. 1.Plan operators & states.

The correct execution of an action may fail either because of an inherent malfunc-
tioning or because of a malfunctioning of an agent responsible for executing the ac-
tion, or because of unknown external circumstances. In all these cases we would like
to model the effects of executing such failed actions. Therefore, we introduce a set of
health modesMα for each action schemeα. This setMα contains at least the normal
modenor, the modeab indicating the most general abnormal behavior, and possibly
several other specific fault modes. The most general abnormal behavior of actionα is
specified by the functionfab

α , wherefab
α (si1 , si2 , . . . , sik

) = (⊥,⊥, . . . ,⊥) for ev-
ery partial state(si1 , si2 , . . . , sik

) ∈ dom(fα).5 To keep the discussion simple, in the
sequel we distinguish only the health modesnor andab.

Given a setA of action schemes, we will need to consider a setA ⊆ inst(A) of
instancesof actions inA. Such instances will be denoted by small roman lettersai. If
type(ai) = α ∈ A, such an instanceai is said to be oftypeα. If the context permits
we will use “actions” and “instances of actions” interchangeably.

5 This definition implies that the behavior of abnormal actions is essentially unpredictable.
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3.5 Plans

A plan is a tupleP = 〈A, A, <〉 whereA ⊆ Inst(A) is a set of instances of actions
occurring inA and (A,<) is a partial order. The partial order relation< specifies a
precedence relation between these instances:a < a′ implies that the instancea must
finish before the instancea′ may start. We will denote thetransitive reductionof < by
�, i.e.,� is the smallest subrelation of< such that the transitive closure�+ of �
equals<.

We assume that if in a planP two action instancesa anda′ are independent, in prin-
ciple they may be executed concurrently. This means that the dependency relation< at
least should capture all resource dependencies that would prohibit concurrent execution
of actions. Therefore, we assume< to satisfy the followingconcurrency requirement:

If ranO(a) ∩ domO(a′) 6= ∅ thena < a′ or a′ < a.6

That is, for concurrent instances, domains and ranges do not overlap.

Example 2.Figure 2 gives an illustration of a plan. Arrows relate the objects an action
uses as inputs and the objects it produces as its outputs to the action itself. In this plan,
the dependency relation is specified asa1 � a3, a2 � a4, a4 � a5, a4 � a6 and
a1 � a5. Note that the last dependency has to be included becausea5 changes the
value ofo2 needed bya1. The actiona1 shows that not every object occurring in the
domain of an action need to be affected by the action. The actionsa5 anda6 illustrate
that concurrent actions may have overlapping domains.

4 Standard Plan Diagnosis

Let us assume, for the moment, that each action instance can be viewed as an indepen-
dent component of a plan. To each action instancea a health modema ∈ {nor, ab} can
be assigned and the result is called aqualifiedplan. In establishing which part of the
plan fails, we are only interested in those actions qualifies as abnormal. Therefore, we
define a qualified versionPQ of a planP = 〈A, A, <〉 as a tuplePQ = 〈A, A, <,Q〉,
whereQ ⊆ A is the subset of instances of actions qualified as abnormal (and therefore,
A−Q the subset of actions qualified as normal).

Since a qualificationQ corresponds to assigning the health modeab to every action
in Q and sincefab

a (si1 , si2 , . . . , sik
) = (⊥,⊥, . . . ,⊥) for every actiona ∈ Q with

type(a) = α, the results of anomalously executed actions are unpredictable. Note that
a “normal” planP corresponds to the qualified planP∅ and furthermore that in our
context “undefined” is considered to be equivalent to “unpredictable”.

4.1 Qualified Plan execution

For simplicity, when a planP is executed, we will assume that every action takes a unit
of time to execute. We are allowed to observe the execution of a planP at discrete times

6 Note that sinceranO(a) ⊆ domO(a), this requirement excludes overlapping ranges of con-
current actions, but domains of concurrent actions are allowed to overlap as long as the values
of the object in the overlapping domains are not affected by the actions.
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Fig. 2. Plans and action instances. Each state characterizes the values of four objectso1, o2, o3

ando4. States are changed by application of action instances

t = 0, 1, 2, . . . , k wherek is the depth of the plan, i.e., the longest<-chain of actions
occurring inP . Let depthP (a) be the depth of actiona in planP = 〈A, A, <〉.7 We
assume that the plan starts to be executed at timet = 0 and that concurrency is fully
exploited, i.e., ifdepthP (a) = k, then execution ofa has been completed at time
t = k + 1. Thus, all actionsa with depthP (a) = 0 are completed at timet = 1 and
every actiona with depthP (a) = k will be started at timek and will be completed at
timek+1. Note that thanks to the above specified concurrency requirement, concurrent
execution of actions having the same depth leads to a well-defined result.

Let Pt denote the set of actionsa with depthP (a) = t, let P>t =
⋃

t′>t Pt′ , P<t =⋃
t′<t Pt′ andP[t,t′] =

⋃t′

k=t Pk. Execution ofP on a given initial stateσ0 will induce a
sequence of statesσ0, σ1, . . . , σk, whereσt+1 is generated fromσt by applying the set
of actionsPt to σt. Instead, however, of assuming total states and total state transitions,
we define the (predicted) effect of the execution of planP on a given (partial) stateπ at
time t ≥ 0, denoted by(π, t).

We say that(π′, t + 1) is (directly) generated by execution ofPQ from (π, t), ab-
breviated by(π, t) →Q;P (π′, t + 1), iff the following conditions hold:

1. π′ � ranO(a) = fnor
a (π � domO(a)) for eacha ∈ Pt − Q such thatdomO(a) ⊆

O(π), that is, the consequences of all actionsa enabled inπ can be predicted and
occur inπ′.8

7 Here,depthP (a) = 0 if {a′ |a′ � a} = ∅ anddepthP (a) = 1 + max{depthP (a′) | a′ �
a}, else. If the context is clear, we often will omit the subscriptP .

8 An actiona is enabled in a stateπ if domO(a) ⊆ O(π).
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Fig. 3.Plan execution with abnormal actions

2. O(π′) ∩ ranO(a) = ∅ for eacha ∈ Q ∩ Pt, since the result of executing an
abnormal action cannot be predicted (even if such an action is enabled inπ);

3. O(π′) ∩ ranO(a) = ∅ for eacha ∈ Pt with domO(a) 6⊆ O(π), that is, even if
an actiona is enabled in (the complete state)σt, if a is not enabled inπ v σt, the
result is not predictable and therefore does not occur inπ′, since it is not possible
to predict the consequences of actions that depend on values not defined inπ.

4. π′(i) = π(i) for eachoi 6∈ ranO(Pt), that is, the value of any object not occurring
in the range of an action inPt should remain unchanged. Here,ranO(Pt) is a
shorthand for the union of the setsranO(a) with a ∈ Pt.

For arbitrary values oft ≤ t′ we say that(π′, t′) is (directly or indirectly) generated
by execution ofPQ from (π, t), denoted by(π, t) →∗

Q;P (π′, t′), iff the following
conditions hold:

1. if t = t′ thenπ′ = π;
2. if t′ = t + 1 then(π, t) →Q;P (π′, t′);
3. if t′ > t + 1 then there must exists some state(π′′, t′ − 1) such that(π, t) →∗

Q;P

(π′′, t′ − 1) and(π′′, t′ − 1) →Q;P (π′, t′).

Note that(π, t) →∗
∅;P (π′, t′) denotes the normal execution of a normal planP∅.

Such a normal plan execution will also be denoted by(π, t) →∗
P (π′, t′).

Example 3.Figure 3 gives an illustration of an execution of a plan with abnormal ac-
tions. Suppose actiona3 is abnormal and generates a result that is unpredictable (⊥).
Given the qualificationQ = {a3} and the partially observed stateπ0 at time pointt = 0,
we predict the partial statesπi as indicated in Figure 3, where(π0, t0) →∗

Q;P (πi, ti)
for i = 1, 2, 3. Note that since the value ofo1 and ofo5 cannot be predicted at time

208



t = 2, the result of actiona6 and of actiona8 cannot be predicted andπ3 contains only
the value ofo3.

4.2 Diagnosis

Suppose now that we have a (partial) observationobs(t) = (π, t) of the state of the
world at timet and an observationobs(t′) = (π′, t′) at timet′ > t ≥ 0 during the exe-
cution of the planP . We would like to use these observations to infer the health states of
the actions occurring inP . Assuming a normal execution ofP , we can (partially) pre-
dict the state of the world at a time pointt′ given the observationobs(t): if all actions
behave normally, we predict a partial stateπ′∅ at timet′ such thatobs(t)→∗

P (π′∅, t′).
Since we do not require observations to be made systematically,O(π′) and O(π′∅)
might only partially overlap. Therefore, if this assumption holds, the values of the ob-
jects that occur in both the predicted state and the observed state at timet′ should match,
i.e, we should have

π′ =O(π′)∩O(π′
∅) π′∅.

If this is not the case, the execution of some action instances must have gone wrong and
we have to determine a qualificationQ such that the predicted state derived usingQ
agrees withπ′. This is nothing else then a straight-forward extension of the diagnosis
concept in MBD to plan diagnosis (cf. [5]):

Definition 1. Let P = 〈A, A, <〉be a plan with observationsobs(t) = (π, t) and
obs(t′) = (π′, t′), wheret < t′ ≤ depth(P ) and letobs(t)→∗

Q;P (π′Q, t′) be a deriva-
tion assuming a qualificationQ. ThenQ is said to be aplan diagnosisof 〈P, obs(t), obs(t′)〉
iff π′ =O(π′)∩O(π′

Q) π′Q.

So in a plan diagnosisQ the observed partial state (π′) at timet′ and the predicted
state (π′Q) assuming the qualificationQ at timet′ agree upon the values of all objects
occurring in both states.

Example 4.Consider again Figure 3 and suppose that we did not know that action
a3 was abnormal and that we observedobs(0) = ((s1, s2, s3, s4), 0) and obs(3) =
(s′1, s

′
3, s

′
5), 3). Using the normal plan derivation relation starting withobs(0) we will

predict a stateπ′∅ at timet = 3 whereπ′∅ = (s′′1 , s′′2 , s′′3). If everything is ok, the values
of the objects predicted as well as observed at timet = 3 should correspond, i.e. we
should haves′j = s′′j for j = 1, 3. If, for example, onlys′1 would differ froms′′1 , then
we could qualifya6 as abnormal, since then the predicted state at timet = 3 using
Q = {a6} would beπ′Q = (s′′3) and this partial state agrees with the predicted state on
the value ofo3.

Note that for all objects inO(π′)∩O(π′Q), the qualificationQ provides anexplana-
tion for the observationπ′ made at time pointt′. Hence, for these objects the qualifica-
tion provides anabductive diagnosis[4] for the normal observations. For all observed
objects inO(π′)−O(π′Q), no value can be predicted given the qualificationQ. Hence,
by declaring them to be unpredictable, possible conflicts with respect to these objects
if a normal execution of all actions is assumed, are resolved. This corresponds with the
idea of aconsistency-based diagnosis[13].
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If Q is a plan diagnosis of〈P, obs(t), obs(t′)〉, then every supersetQ′ ⊇ Q is also
a plan diagnosis, since in that case we haveπ′Q′ v π′Q and thereforeπ′ =O(π′)∩O(π′

Q)

π′Q implies π′ =O(π′)∩O(π′
Q′ )

π′Q′ . Clearly then, the smaller a diagnosis is, the more
values it will predict that are also actually observed in the resulting plan state. This,
like in MBD, is a reason for us to preferminimumdiagnoses among the set of minimal
diagnoses.

But there is a caveat: a minimum diagnosis only minimizes abnormalities to ex-
plain deviations; as important however for a diagnosis might be itsinformation content,
i.e. the exactness it provides in predicting the values of the variables occurring in the
observed stateπ′. This means that besidesminimizingthe cardinality of abnormalities
another criterion could bemaximizingthe exactness of the similarity by maximizing
|O(π′) ∩O(π′Q)| i.e. maximizing the number of variables having the same value in the
predicted state and the observed state. Therefore, besides a minimum diagnosis we also
define the notion of amaximum informative diagnosis:

Definition 2. Given plan observations〈P, (π, t), (π′, t′)〉, a qualificationQ is said to
be aminimum plan diagnosisif for every plan diagnosisQ′ it holds that|Q| ≤ |Q′|.

Q is said to be amaximum informative plan-diagnosisiff for all plan diagnosesQ∗,
it holds that|O(π′) ∩O(π′Q)| ≥ |O(π′) ∩O(π′Q∗)|.

Note that for every maximum informative diagnosisQ we haveO(π′) ∩ O(π′Q) ⊆
O(π′) ∩ O(π′∅), whereobs(t)→∗

∅;P (π′∅, t′) is the partial state derivation assuming a
normal planexecution.

Also note that every maximum informative diagnosis is a minimal diagnosis. So
both minimum plan diagnoses and maximum informative plan diagnoses are the result
of different criteria for selecting minimal diagnoses, as the following example shows:

Example 5.To illustrate the difference between minimum plan diagnosis en maximum
informative diagnosis, consider again the plan execution depicted in Figure 3. Given
obs(0) andobs(3) and a deviation in the value ofo2 at time t = 3, there are three
possible minimum diagnoses:D1 = {a1}, D2 = {a3} andD3 = {a6}. D2 andD3 are
also maximum-informative diagnoses.

5 Causes of plan-execution failures

Unlike in classical MBD, minimum diagnosis and maximum-informative diagnosis
need not provide the best explanation for the differences between observed effects of
a plan execution and the predicted effects. The reason is that often in a plan instances
of actions do not fail independently. For example, suppose that we have a plan for car-
rying luggage from a depot to a number of waiting planes. Such a plan might contain
several instances of a drive action pertaining to the same carrier controlled by an agent.
Suppose that an instanceai of some drive action (type)α behaves abnormally because
of malfunctioning of the carrier. Then it is reasonable to assume that other instances
aj of the same drive action that occur in the planafter ai can be predicted to behave
abnormally, too. Another possibility is that a number of instances of actions is related
the malfunctioning of anagentexecuting several actions in the plan. For example, in
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the luggage example, the carrier is controlled is by a driving agent. If this agent itself is
not functioning well, all driving actions as well as loading and unloading actions might
be affected.

Such dependencies between action instances and between agent health states and
action instances imply that sometimes qualifying an instance of an action as being ab-
normal implies that other instances of actions must be qualified a being abnormal, too.
Minimum and information-maximum diagnosis do not take into account these depen-
dencies between action failures. Therefore, we must take into consideration the under-
lying causesof a plan-execution failure.

5.1 Causal Rules

To be able to include a malfunctioning of an executing agent as a possible cause, we will
consider a plan together with its executing agent as the system to be diagnosed. Here, an
agent will be simply represented by a setH of specific health states. To identify causes
of action failures, we use a setR of causal rulesin combination with plan diagnosis. A
causal rule is a rule that can appear in the following forms:

– (α1, α2, . . . , αk) → αk+1, wherek ≥ 1 and, fori = 1, 2 . . . , k + 1, αi ∈ A are
action types. This type of rule relates the occurrence of a set of failed actions to the
occurrence of a failed action implied by them. The intuitive meaning of these rules
is that if during plan execution there are, fori = 1, . . . , k, action instancesai of
type αi that have been qualified as abnormal up to timet, then it is inferred that
from time t + 1 on all instances of actions of typeαk+1 will behave abnormally,
too.

– (h;α1, α2, . . . , αk) → αk+1, wherek ≥ 0, h ∈ H is a health state(h 6= nor)
of the plan executing agent and, fori = 1, 2 . . . , k + 1, αi ∈ A are action types.
This type of rule relates the occurrence of an agent abnormalityh and a set of action
abnormalities occurring at timet to the inference of a failed action at timet+1. The
intuitive meaning of such a rule is that if during plan execution at some timet′ ≤
t + 1 the agent operates in some abnormal health statesh and, fori = 1, 2, . . . , k,
there are action instancesai of typeαi that have been qualified as abnormal up to
timet, then it is inferred that from timet+1 on all instances of actions of typeαk+1

that occur in the plan will behave abnormally, too.9 If k = 0, this rule establishes a
health state as a single cause for action failure.

The intuitive idea behind a causal diagnosis is to be able to explain a given plan
diagnosisQ by a (usually smaller) set of qualifications (causes)Q′ together with some
health stateh of the agent established at timet using the set of causal rulesR. Using
such a pair consisting of a health state and a qualification should enable us to generate,
using the rules inR, a set containingQ.

To define the effect of applyingR to a set of (unique) instances of actions occurring
in a plan, we first construct the setinst(R) of instance of actions with respect to given
planP = 〈A, A, <〉 as follows:

9 We allow abnormal health states to be detected at the same time that abnormal action conse-
quences are generated.
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– For every ruler of the form(α1, α2, . . . , αk) → αk+1 ∈ R, inst(R) contains an
instance(ai1 , ai2 , . . . , aik

) → aik+1 of r whenever there exists at ≥ 0 such that
{ai1 , ai2 , . . . , aik

} ⊆ P≤t andaik+1 ∈ P>t.
– For every ruler of the form(h;α1, α2, . . . , αk) → αk+1 ∈ R, inst(R) contains

the instances(h; ai1 , ai2 , . . . , aik
) → aik+1 , whenever there exists at ≥ 0 such

that{ai1 , ai2 , . . . , aik
} ⊆ P≤t andaik+1 ∈ P>t.

For eachr ∈ inst(R), let ante(r) denote the antecedent ofr andhd(r) denote the
head ofr. Furthermore, letAb ⊆ {h} be a set containing an abnormal agent health state
h or be equal to the empty set (signifying a normal state of the agent) and letQ ⊆ A
be a qualification of instances of actions. We can now define a causal consequence of a
qualificationQ and a health stateAb usingR as follows:

Definition 3. An instancea ∈ A is a causal consequence of a qualificationQ ⊂ A and
the health stateAb using the causal rulesR if

1. a ∈ Q or
2. there exists a ruler ∈ inst(R) such that

(a) for eachai ∈ ante(r) eitherai is a causal consequence ofQ or ai ∈ Ab, and
(b) a = hd(r).

The set of causal consequences ofQ usingR andAb is denoted byCR,Ab(Q).

We have a simple characterization of the set of causal consequencesCR,Ab(Q) of a
qualificationQ and a health stateAb using a set of causal rulesR:

Observation 1 CR,Ab(Q) = CnA(inst(R) ∪Q ∪Ab).

Here,CnA(X) restricts the set of the set of classical consequences of a set of proposi-
tionsX to the setLit(A). To avoid cumbersome notation, we will omit the subscripts
R andAb from the operatorC and useC(Q) to denote the set of consequences of a
qualificationQ using a health stateAb and a set of causal rulesR.

We say that a qualificationQ is closed under the set of rulesR and an agent health
stateAb if Q = C(Q), i.e,Q is saturated under application of the rulesR.

Proposition 1. The operatorC satisfies the following properties:

1. (inclusion): for everyQ ⊆ A, Q ⊆ C(Q)
2. (idempotency): for everyQ ⊆ A, C(Q) = C(C(Q))
3. (monotony): ifQ ⊆ Q′ ⊆ A thenC(Q) ⊆ C(Q′)

Proof. Note thatC(Q) = Cn(inst(R)∪Q∪Ab)∩A. Hence, monotony and inclusion
follow immediately as a consequence of the monotony and inclusion ofCn. Monotony
and inclusion implyC(Q) ⊆ C(C(Q)). To prove the reverse inclusion, letCn∗(Q) =
Cn(instr(R) ∪Q ∪Ab). Then by inclusion and idempotency ofCn we have

C(C(Q)) = Cn∗(C(Q)) ∩A ⊆ Cn∗(Cn∗(Q)) ∩A = Cn∗(Q) ∩A = C(Q)

�
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Thanks to Proposition 1 we conclude that every qualification can be easily extended
to a closed setC(Q) of qualifications. Due to the presence of causal rules, we require
every diagnosisQ to be closed under the application of rules, that is, in the sequel we
restrict diagnoses to closed setsQ = C(Q).

Now we define a causal diagnosis as a qualificationQ such that its set of conse-
quencesC(Q) constitutes a diagnosis:

Definition 4. Let P = 〈A, A, <〉 be a plan,R a set of causal rules and letobs(t) and
obs(t′) be two observations witht < t′. Then a qualificationQ ⊆ A is a causalAb-
diagnosis of(P, obs(t), obs(t′)) if C(Q) ∩ P[t;t′] is a diagnosis of(P, obs(t), obs(t′)).

Like we defined a minimum diagnosis, we now define two kinds of minimum causal
diagnoses: a minimum causalsetdiagnosis and a minimum causaleffectdiagnosis:

Definition 5. Let P = 〈A, A, <〉 be a plan andobs(t) andobs(t′) with t < t′ be two
observations.

1. A minimum causal set diagnosisis a causal diagnosisQ such that|Q| ≤ |Q′| for
every causal diagnosisQ′ of P ;

2. A minimum causal effect diagnosisis a causal diagnosisQ such that|C(Q)| ≤
|C(Q′)| for every causal diagnosisQ′.

Maximum informative causal set and maximum informative causal effect diagnoses are
defined completely analogous to the previous definitions using standard diagnosis.

The relationships between the different diagnostic concepts we have distinguished
is partially summarized in the following proposition:

Proposition 2. LetP = 〈A, A, <〉 be a plan andobs(t) andobs(t′) with t < t′ be two
observations.

1. |Q| ≤ |Q′| for every minimum causal set diagnosisQ and minimum closed diag-
nosisQ′ of P ;

2. |Q| ≤ |Q′| for every minimum causal effect diagnosisQ and minimum closed
diagnosisQ′ of P

Proof. Both properties follow immediately from the definitions and the inclusion prop-
erty ofC. �

5.2 Causal diagnoses and Prediction

Except for playing a role in establishing causalexplanationsof observations, (causal)
diagnoses also can play a significant role in thepredictionof future results (states) of
the plan or even the attainability of the goals of the plan. First of all, we should realize
that a diagnosis can be used to enhance observed state information as follows: Suppose
thatQ is a causalAb-diagnosis of a planP based on the observationsobs(t) andobs(t′)
for somet < t′, let obs(t) →∗

C(Q);P (π′Q, t′) and letobs(t′) = (π′, t′). SinceC(Q)
is a diagnosis,π′ andπ′Q agree upon the values of all objects occurring in both states.
Therefore we can combine the information contained in both partial states by merging
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them into a new partial stateπ′t = π′Q t π′. Here, the mergeπ1 t π2 of two partial
statesπ1 andπ2 is simply defined as the partial stateπ whereπj = πi

j iff πi
j is defined

for i = 1, 2 and undefined else.π′t can be seen as the partial state that can be obtained
by direct observation at timet and by making use of previous observations and plan
information.

In the same way, we can use this information and the causal consequencesC(Q) to
derive a prediction of the partial states derivable at timest′′ > t′:

Definition 6. Let Q is a causalAb-diagnosis of a planP based on the observations
(π, t) and(π′, t′) wheret < t′. Furthermore, letobs(t)→∗

C(Q);P (π′Q, t′) and letobs(t′) =
(π′, t′). Then, for some timet′′ > t′, (π′′, t′′) is the partial state predicted usingQ and
the observations if(π′Q t π′, t′)→∗

C(Q);P (π′′, t′′).

In particular, if t′′ = depth(P ), i.e., the plan has been executed completely, we can
predict the values of some objects that will result from executingP and we can check
which goalsg ∈ G will still be achieved by the execution of the plan, based on our
current knowledge. That is, we can check for which goalsg ∈ G it holds thatτ |= g. So
causal diagnosis might also help in evaluating which goals will be affected by failing
actions.

5.3 Complexity and implementation issues

It is well-known that the diagnosis problem is computationally intractable. The decision
forms of both consistency-based and abductive based diagnosis are NP-hard ([2]). It is
easy to see that standard plan diagnosis has the same order of complexity. Concerning
(minimal) causal diagnoses, we can show that they are not more complex than estab-
lishing plan diagnoses if the latter problem is NP-hard. The reason is that in every case
the verification ofQ′ being anAb-causal diagnosis is as difficult as verifying a plan
diagnosis under the assumption that the setinstP (R) is polynomially bounded in the
size||P || of the planP .10 Also note that subset minimality (under a set of rulesinst(R)
of a set of causes can be checked in polynomial time.

The implementation of the diagnostic process is rather straight forward (see for
instance [13]). First, we have to predict the expected result of the plan keeping of the
actions involved in establishing the value of each object. Second, we determine which
of the predicted values conflict with observed values resulting in conflict sets. Third, we
have to solve a minimal hitting set problem given the conflict sets.

6 Conclusion

We have presented a new object-oriented model to specify plans and to apply techniques
developed for model-based agent diagnosis. We distinguished two types of diagnosis:
minimum plan diagnosis and maximum informative diagnosis to identify (i) minimum
sets of anomalously executed actions and (ii ) maximum informative (w.r.t. to predicting

10 The reason is that computing consequences of Horn-theories can be achieved in a time linear
in the size ofinstP (R).
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the observations) sets of anomalously executed actions. Assuming that a plan is carried
out by a single agent, anomalously executed actions can be correlated if the anomaly is
caused by some malfunctions in the agent. Therefore, (iii ) causal diagnoses have been
introduced and we have extended the diagnostic theory enabling the prediction of future
failure of actions.

Current work can be extended in several ways. We mention two possible extensions:
First of all, we could improve the diagnostic model of the executing agent. The

causal diagnoses are based on the assumption that the agent enters an abnormal state
at some time point and stays in that state until the agent is repaired. In our future work
we wish to extend the model such that the agent might evolve through several abnormal
states. The resulting model will be related to diagnosis in Discrete Event Systems [7,
12]. Moreover, we intend to investigate plan repair in the context of the agent’s current
(abnormal) state.

Secondly, we would like to extend the diagnostic model with sequential observa-
tions and iterative diagnoses. Here, we would like to consider the possibilities of diag-
nosing a plan if more than two subsequent observations are made, the best way to detect
errors in such cases and the construction of enhanced prediction methods.
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Abstract. This paper studies the notion of ability and its relation with
the notion of action in a multi-agent context. It introduces the distinction
between two notions respectively called “theoretical ability” and “abil-
ity”. The main contribution of this paper is a model of these notions in
the Situation Calculus.

1 Introduction

Allocating tasks or planning in a multi-agent context [8], [3], requires taking into
account what the agents are able to do, i.e., the agent abilities, in order to assign
tasks to agents who are able to perform them.

The notion of ability must then be modelled and this implies to explicit the
parameters which define this notion.

Obviously, the agent itself, or the group of agents, is one of these parameters.
But what is the nature of what the ability applies on? For instance, when we
say that John is able to paint the door, do we mean that John is able to perform
a particular action which consists in applying paint with a specific brush on the
door? Or do we mean that John is able to see to it that the door is painted,
by the means he wants, for instance by delegating this task to someone else?
Modelling ability thus implies modelling actions.

In the literature, there are two main approaches to action theory. The first
one consists in giving in the language means to explicitly represent actions. This
is the case of dynamic logic for instance [9], which offers modal operators to speak
about the execution of an action, and also the execution of an action by an agent.
This is also the case of situation calculus [14, 16], which allows one to represent
actions, their preconditions and their effects, but also situations, considered as
results of the successive application of actions in an initial situation. On the
contrary, actions are not explicitly represented in the second approach. The
operators defined there only allow to express the fact that the agent sees about
some property to be true (cf. the operator stit [11] and the notion of agency in
[7]).

As the notion of ability is strongly linked to the notion of action, it has
been studied according to these two approaches. For instance, the multi modal
dynamic logic KARO [18] aims at defining agent ability to perform an action
according to the first approach. Primitive concepts are the agent’s knowledge,



its capacity to perform an action, the effects of an action and the opportunity
associated with an action. Ability and opportunity are two intertwined notions,
we will come back on it later.

Concerning the second approach, the notion of ability does not bear on ac-
tions, but on the fact that a property is true [10, 7]. These two formalisms are
based on propositional modal logics. In [7], Elgesem defines ability and action as
primitive notions. He considers a function f which determines for a given world
w and a goal ϕ the worlds in which the agent has realized its ability to see to it
that ϕ is true from w. Thus, an agent is able to see to it that ϕ is true if and
only if the set of worlds f(w, ϕ) is not empty. With this definition, ability and
action, which is also defined by f , are two binded notions. For instance, if an
agent sees to it that ϕ is true, then this agent is able to see to it that ϕ. In [10],
Horty uses temporal models to represent actions: an agent sees to it that ϕ is
true at a moment m if it restricts the “histories” which m belongs to in order
that ϕ is true. The ability for an agent to see to it that ϕ is true is defined as
the possibility (in the classical sense, see [2]) for the agent to see to it that ϕ is
true. Let us notice that with this formalism, Horty avoids several paradoxes. In
particular, it cannot be deduced that if ϕ is true, then the agent has the ability
to see to it that ϕ.

We must also mention [12], in which the authors use the situation calculus to
model the notion of “ability to reach a goal”, i.e., “ability to make a proposition
true”. Two definitions are given in a mono-agent context. According to the one
the authors find the simplest to use, the agent has the ability, in a situation s, to
make ϕ true (i.e., the agent is able to reach the goal ϕ) if there exists a sequence
of actions such that the agent knows in s that executing these actions will make
ϕ true. In other terms, the agent has the ability to make ϕ true if he knows a
plan to achieve ϕ.

This brief state of the art shows that there is no consensus on what the
ability applies on. However, we find in the literature several points of agreement
relatively to the notion of ability.

First, the notion of ability must not be confused with the notion of possibility
nor with the notion of permission [17]. These possible confusions are due to
ambiguities of the natural language. For instance, the sentence “I can open the
door” is sometimes used to say “I am able to open the door” according to the
notion of ability we study here. But this sentence is also sometimes used to say
“I have now the possibility to open the door” (because, for instance, the door is
now unlocked), but this does not mean that I am able to do so. Here, it refers to
a notion of possibility. Finally, this sentence is sometimes used to mean “I have
the permission to open the door”, which still does not imply that I am able to
do so and which refers here to a deontic notion.

Secondly, several people agree on the fact that two kinds of ability must be
distinguished [17, 18, 5, 1].

One can first distinguish what is called “generic ability” by some people (or
“ability”by others) and which refers to the agent’s competences to perform an
action in normal conditions. “I can open the door” means here that I know what
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to do to open the door, independently of my current intellectual or physical state
and of the current state of the world. Thus, with this point of view, I can say “I
am able to open the door” even if my arms are broken or the door is locked.

One can also distinguish what is called “occasional ability” by some people
(or “pragmatic possibility”, or “opportunity to exercise an ability” by others)
and which refers to the current situation. Here, “I can open the door” means
that I have the generic ability to open the door and the current situation is such
that conditions are favourable for me to use this generic ability (for instance,
my arms are not broken and the door is unlocked).

Finally, in a multi-agent context, one of the main problems is to define the
notion of ability relatively to a group of agents, and in particular to infer the
ability of the group from the abilities of the individuals of the group. For instance,
what are the conditions for saying that a group of people is able to paint the
door? Or a group of people is able to first sand the door, then to paint it? The
problem is not trivial since the notion of ability previously called “occasional”
is a dynamic notion which depends on the state of the world in which it is
evaluated. But in a multi-agent context, the dynamic of the world is hard to
foresee because several agents may change the world.

This paper presents a preliminary study of the notion of ability in a multi-
agent context. As far as we know, no previous work has already attacked the
same question in a multi-agent context. In particular, it must be noticed that
the notion we are trying to model here is different from the one Pauly has
studied [15]. Indeed, in his work “an agent (or a group of agents) can bring
about a proposition” means that this agent (or group of agents) has a (collective)
efficient strategy which makes this proposition true, whatever the other people
do. In particular, the logic defined by Pauly does not apply when a first agent
can bring about a proposition and another one can bring about its contrary.

This paper is organized as follows. In section 2, we informally discuss some
requirements about the notion of ability. In section 3 we propose a formal model,
in the Situation Calculus, of concepts related to ability and we justify the use of
such formalism. Some properties of this model are given in 4, and an example
is detailed in 5. Section 6 presents an implementation of our modelling and
section 7 is devoted to a discussion and presents some perspectives.

2 Informal requirements about ability

Our modelling lies on the following choices:

– The ability we focus on bears on actions. We aim at characterizing the mean-
ing of being able to perform actions, i.e., to perform a procedure [6].

– We aim at explicitly representing actions, their preconditions and their ef-
fects. We consider the general case when some primitive actions may require
several agents to be performed (for instance, lifting an heavy door requires
two agents).

– We aim at defining the ability of an agent to perform an action as the
combination of its competences and some favourable conditions that allow it
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to perform that action. But we also aim at making a difference between the
conditions which are related to the agent only from those which are not. For
doing so, we introduce an intermediary notion called “theoretical ability”.

2.1 Model of action

In our model of action, any primitive action is specified by its preconditions
which are the conditions under which it can be performed, independently of any
agent. When these conditions are true, we say that the action is possible [16].

Example 1. For instance, “painting” is only possible if there is some paint and
a brush.

2.2 Model of ability

In our model, the primitive notion is the notion of competence described as
follows:

Competence Competence represents the knowing-how of the agent (or agents)
relatively to an action. This knowledge may be inborn or may result from a
learning phase. In our model, this information is considered as primitive.

For instance, we will have initial data like: “John is competent to paint a
door” or “John and Peter are competent together to lift the door”. The first
sentence means that John knows the successive gestures he has to make so that
the door is painted. The second sentence means that they both know how to
coordinate their gestures in order to lift the door.

In this work, we will assume that the competences of the agents can not be
deleted: once an agent is competent to perform an action, he will always be.
This assumption seems to be justified in many applications with rather short
temporal horizon where it can be assumed that the agents do not loose their
competences. As we will see, this assumption can be easily removed.

It must be noticed that this notion of competence is different from the one
Cohen and Levesque consider in [4], where, if an agent competent for a propo-
sition p believes p, then p is true.

Theoretical ability From the notion of competence,we first define the notion
of theoretical ability as follows:

Definition 1. Let A be a non empty group of agents (possibly a singleton) and
α be a primitive action. A is theoretically able to perform α if:

1. A is competent to perform α
2. some conditions, related to the agents of A, are true.

Remember that competence is considered to be a primitive notion. The con-
ditions expressed in point 2 concern the agent (its physical state for instance),
but not all the environment.
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Example 2. For instance, an agent is theoretically able to paint a door if it is
competent for paint a door and if it is not tired.

Notice that this notion is close to the notion of ability of [18].

Ability The notion of ability is finally defined from the notion of theoretical
ability by taking into account the conditions which define the possibility to
perform the action.

Definition 2. Let A be a non empty group of agents (possibly a singleton) and
α be a primitive action. A is able to perform α if:

1. A is theoretically able to perform α

2. α is possible.

Notice that the notion of possibility in this definition is the one defined by
Reiter in [16]. The possibility here is a set of conditions concerning the state of
the world excepting the agent.

Example 3. For instance, an agent is able to paint a door if it is theoretically
able to paint the door (i.e, competent for painting the door, not tired) and if
there is some paint and a brush.

This notion of ability is a kind of occasional ability in the sense of section 1.

It can also be noticed that the previous condition “α is possible” is very close
to the notion of “opportunity to exercise an ability” mentioned in [5], as well as
the one mentioned in [18]. It means that, in our approach, an agent is able to
perform an action if it has the opportunity to exercise the theoretical ability to
perform this action.

2.3 Extensions to more complex actions

Considering only primitive actions is not enough and we must also consider more
complex actions obtained by composition of primitive ones. In this preliminary
work, we focus on sequences (like for instance: “lift the door, then paint it”.)

We would like to validate the following assertion (cf. [18]): agent a is able
to perform the sequence α then β if a is able to perform α and, once a has
performed α, a is able to perform β.

Example 4. For instance, assume that sanding a door is tiring. Then, we would
like to deduce that John is not able to sand then to paint the door (i.e, not able
to perform the action “sand then paint”). Indeed, even if John is able to sand
the door, once he will have sanded it, he will be tired. Thus, he will not be able
to paint the door.
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2.4 Deriving ability of a group from abilities of individuals

In a multi-agent context, it is necessary to extend these previous notions for a
group of agents. We will say that a group of agents is able to perform a primitive
action if one of its sub-group (possibly a singleton) is able to perform it. Notice
that in some cases, only a subgroup may be competent to do some action: an
agent does not have the competence to carry a piano, but a group of three agents
may have it.

As for the sequences, we would like to validate the fact that a group is able
to perform the action “α then β” if one of its sub-group is able to perform α

and, once this sub-group has performed α, the group is able to perform β.

Example 5. Consider now that Peter is also competent to paint the door and is
not tired. Then the group {John, Peter} is able to sand the door then to paint
it. Indeed, John is able to sand it (see previously) and, once John has sanded
the door, the group is still able to paint the door (because Peter has remained
not tired).

3 Model of ability in the Situation Calculus

3.1 The Situation Calculus

We suggest to use the Situation Calculus to model these notions for two reasons:

– firstly, this formalism is a good candidate for modelling actions since it offers
means to explicitly express preconditions and effects of actions;

– secondly, an important problem underlying this present work, the frame
problem (i.e, how to express what are the changings induced by the perfor-
mance of an action by an agent and how to express what remains unchanged),
has been provided a solution in the Situation Calculus by Reiter.

3.2 The language

We consider a first order language LCS which will allow us to model and reason
about actions and ability. In this language, the changes of the world are resulting
from action performances. It is defined as follows:

– a set of constants to represent agents A.
– a set of functions and constants used to represent primitive actions, with

parameters or without.
For instance the term “paint(x)” will represent the action “to paint the
object x”.

– A unary predicate primitive(.) used to list the primitive actions.
Thus, primitive(paint(x)) means that paint(x) is a primitive action.

– a binary function ; used to represent the sequence of actions.
sand(x); paint(x) will represent the action which consists in sanding the
object x then painting it.
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– a constant S0 used to represent the initial situation.
– a ternary function do.

do(A, paint(x), s) represents the situation which follows from the situation
s, when the group of agents A has painted the object x.
Notice that here, unlike the “classical” Situation Calculus, the agent is not
a parameter of the function which represents the action, but is a parameter
of the function do which represents the performance of the action.

– a set of predicates called relational fluents which represent properties which
may be changed by the performance of an action. The last argument of a
fluent is a situation.
For instance, painted(door, S0) expresses that the door is painted in the
initial situation S0.

– a particular binary fluent Poss used to express that an action is possible in
a situation.

– a particular binary fluent is competent and is used to represent the fact that
an agent (or a group) is competent for performing a primitive action.
For instance, competent({a}, paint(door), s) expresses that agent a is com-
petent to paint the door in situation s.

– a particular ternary fluent is able t and is used to represent the fact that an
agent (or a group) is theoretically able to perform an action.
able t({a}, paint(door), S0) expresses that agent a is, in situation S0, theo-
retically able to paint the door.

– a particular ternary fluent is able and is used to represent the fact that an
agent (or a group) is able to perform an action.
able({a}, paint(door), S0) expresses that agent a is, in situation S0, able to
paint the door.

3.3 The axioms

Description of the initial situation First, the initial state of the world must
be represented. For doing so, for any fluent f and for any tuples t1, . . . , tn of
ground terms such that f(t1, . . . , tn) is true in the initial situation, we consider
the following axiom:

f(t1, . . . , tn, S0) (1)

In particular, since competent is a fluent, for any group G competent for
performing the primitive action α in the initial situation S0, we consider the
following axiom:

competent(G, α, S0) (2)

Primitive actions For any primitive action α, we consider an axiom of the
following form:

primitive(α) (3)
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Precondition axioms for primitive actions We represent the preconditions
of the primitive actions (i.e., the conditions that make the performance of the
action possible) by an axiom of the following type:

∀α∀S Poss(α, S) ↔ pre(α, S) (4)

Precondition axioms for sequence We then extend this kind of axioms for a
sequence α; β where α is a primitive action and β is a complex action as follows:

∀S∀G∀α∀β Poss(α, S) ∧ Poss(β, do(G, α, S)) ↔ Poss(α; β, S) (5)

Axiom (5) expresses that α; β is possible in S iff α is possible in S and β is
possible after the performance of α in S.

Successor state axioms Following Reiter [16], for any fluent f(t1, . . . , tn), we
consider a successor state axiom which specifies all the ways the value of the
fluent may change.

∀S∀G∀α Poss(α, S) → f(t1, . . . , tn, do(G, α, S)) ↔ (6)

γ+

f (t1, . . . , tn, α, S) ∨ (f(t1, . . . , tn, S) ∧ ¬γ−f (t1, . . . , tn, α, S))

γ+

f (t1, . . . , tn, α, S) represents the conditions which make f true after α has

been performed in S. γ−f (t1, . . . , tn, α, S) represents the conditions which make
f false after α has been performed in S.

Since competent is a fluent, we have to express a successor state axiom for it.
In this paper, we assume that the competence is not deleted, i.e once an agent
is competent to perform an action. This is expressed by:

∀α∀β∀G∀S Poss(β, S) → (competent(G, α, do(G, β, S)) ↔ competent(G, α, S))
(7)

One can wonder why we have chosen to use a fluent to represent competence
if we assume that competence does not change during execution of action. Let
us claim that our modelling allows to relax this assumption easily by modifying
axiom (7).

Theoretical ability axioms For any primitive action α, we consider an axiom
of the following form:

∀G∀S competent(G, α, S) ∧ conditions t(G, α, S) → able t(G, α, S) (8)

It expresses that a group G is theoretically able to perform α in situation
S if G is competent for α in S and if some conditions related to G and α are
satisfied.
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Finally, in order to derive the theoretical ability for a group of agents, we
consider:

∀G∀G′∀α∀S primitive(α) ∧ (G′ ⊆ G) ∧ able t(G′, α, S) → able t(G, α, S) (9)

∀G G′ α β S (G′ ⊆ G)∧able t(G′, α, S)∧able t(G, β, do(G′, α, S)) → able t(G, α; β, S)
(10)

Axiom (9) expresses the fact that if a sub group G′ of G is theoretically able
to perform a primitive action α, then the group G is also theoretically able to
perform α. Axiom (10) expresses that if a sub-group G′ of G is theoretically able
to perform α and if G is theoretically able to perform β once G′ has performed
α, then G is theoretically able to perform α; β (i.e., to perform α then β).

Ability axioms Finally, the following axiom allows to derive the ability of a
group:

∀G∀α∀S able t(G, α, S) ∧ Poss(α, S) → able(G, α, S) (11)

4 Some properties of this model

Proposition 1. Let Σ = {(1), . . . , (11)} be the set of axioms presented previ-
ously. Then :

Σ ⊢ ∀α∀β∀G∀G′∀S able(G, α, S)∧able(G′, β, do(G, α, S)) → able(G∪G′, α; β, S)

This proposition is proved by an inductive proof on the length of the sequence
α; β.

This proposition means that if the group G is able to perform α in the
situation s and if the group G′ is able to perform β after G has performed α in
S, then the group G ∪G′ is able to perform α; β in S.

A corollary is the following:

Proposition 2. Let Σ = {(1), . . . , (11)} be the set of axioms presented previ-
ously. Then :

Σ ⊢ ∀α∀β∀G∀S able(G, α, S) ∧ able(G, β, do(G, α, S)) → able(G, α; β, S)

Proposition 3. Let Σ = {(1), . . . , (11)} be the set of axioms presented previ-
ously, f be a fluent and α a primitive action.
Σ ⊢ ∀G∀S Poss(α, S) → f(. . . , do(G, α, S)) 6=⇒ Σ ⊢ ∀S∀G′ f(. . . , S) →
able(G′, α, S).
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This proposition is proved by finding a counter example.
This result guaranties that we do not validate the paradox mentioned in

introduction: “if ϕ is true, then the agent has the ability to see to it that ϕ”.
Reformulated in our model, this come to say that we do not validate: if α is an
action so that a postcondition is that f is true (i.e, after any performance of α

by a group of agents G, f is true) and if f is true in a situation S, then any
group of agents G′ is able to perform α.

5 Example

5.1 Description of the example

Let a, b and c be three agents.

– Primitive actions we consider are: to lift the door (lift), to sand the door
(sand), to paint the door (paint).

– Competence of agents are: a is competent for sanding the door and for paint-
ing it. b is only competent for painting the door. a and b together are com-
petent for lifting the door. c is not competent for any action.

– The initial situation is such that there is a sander (sander(S0)) and it works,
there is some paint and the agents are not tired (for each agent a, ok(a, S0)
holds).

– Sanding is possible if the sander works.
– Painting is possible if there is some paint (paintr).
– An agent is theoretically able to sand the door if it is competent for doing

so and if it is not tired ; an agent is theoretically able to paint the door is
it is competent for doing so and if it is not tired ; two agents are together
theoretically able to lift the door is they are together competent for doing
so and if they are not tired.

– Successive state axioms are defined as follows:
An agent is tired iff it has sanded the door, or it has participated in lifting
the door.
There is paint left after the execution of an action, except if it is a painting
action.
No action makes the sander out.

5.2 Formulas in the Situation Calculus

Description of the initial situation (axioms (1) and (2))

ok(a, S0)
ok(b, S0)
ok(c, S0)

paint r(S0)
sander(S0)

competent({a, b}, lift, S0)
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competent({b, a}, lift, S0)

competent(a, sand, S0)

competent(a, paint, S0)

competent(b, paint, S0)

Primitive actions (axioms (3))

primitive(lift)

primitive(sand)

primitive(paint)

Preconditions axioms for primitive actions (axioms (4))

∀S Poss(lift, S)

∀S sander(S) ↔ Poss(sand, S)

∀S paint r(S) ↔ Poss(paint, S)

Successive state axioms (axioms (6))

∀B∀Y ∀S Poss(Y, S) → (sander(do(B, Y, S)) ↔ sander(S))

∀A∀X∀S Poss(X, S) → (paint r(do(A, X, S)) ↔ paint r(S) ∧ ¬(X = paint))

∀A∀B∀X∀S poss(X, S) → (ok(A, do(B, X, S)) ↔
((ok(A, S) ∧ (B = A) ∧ ¬(X = sand))∨
(ok(A, S) ∧ (A ∈ B) ∧ ¬(X = lift))∨

(ok(A, S) ∧ ¬(A ∈ B))))

Theoretical ability axioms (axioms (8))

∀A∀B∀S competent(A, B, lift, S)∧ok(A, S)∧ok(B, S) → able t({A, B}, lift, S)

∀A∀S competent(A, sand, S) ∧ ok(A, S) → able t(A, sand, S)

∀A∀S competent(A, paint, S) ∧ ok(A, S) → able t(A, paint, S)

241



5.3 Some conclusions

Let us denote Σ the set of axioms (1),. . . ,(11). Then,

– ⊢ Σ → able t(a, paint, S0)
In the initial situation, a is theoretically able to paint the door because it is
competent for doing it and it is not tired.

– ⊢ Σ → able t(a, paint, do(a, paint, S0))
Since painting does not make the agent tired, a is still theoretically able to
paint after he has painted.

– 6⊢ Σ → able(a, paint, do(a, paint, S0))
But, after a has painted the door, there is no more paint, so it cannot be
proved that a is able to paint the door again (even if it is theoretically able
as it is shown previously)

– 6⊢ Σ → able t(a, sand; paint, S0)
Indeed, after having sanded the door, a will be tired, so he will not be
theoretically able to paint the door.

– 6⊢ Σ → able t(a, paint, do({a, b}, lift, S0))
After the group a, b has lifted the door, a and b are tired. Thus, a is not
theoretically able to paint the door.

– ⊢ Σ → able({a, b}, paint; lift, S0)
The group a, b is able to paint then lift the door. Indeed once a or b will have
painted the door, a and b will not be tired. So they will be able to lift the
door.

– 6⊢ Σ → able({a, b}, lift; paint, S0)
The group a, b is not able to lift then to paint the door. Indeed once a and
b will have lifted the door, a and b will both be tired. So none of them will
be able to paint the door.

– Let us add now that agent c is competent for painting the door:
Let Σ′ the set obtained by adding the formula competent(c, paint, S0) to Σ.
Thus ⊢ Σ′ → able({a, b, c}, lift; paint, S0)
The group a, b, c is now able to lift then to paint the door. Indeed, if agents
a and b lift the door, then this does not make c tired. So c is able to paint
the door after a and b have lifted the door.

6 Implementation

This model has been implemented in Prolog. As in [13], we use a binary predicate
holds in order to represent fluents. For instance, ok(a, S0) is represented by
holds(ok([a]), S0). The successor state axiom for fluent ok is expressed by
the following clause:

holds(ok(A), do(B,X,S)) :-

B=A, \+ (X=sand), holds(ok(A),S), Poss(X,S);

member(A,B), \+ (X=lift), holds(ok(A),S), Poss(X,S);

\+ member(A,B), holds(ok(A),S), Poss(X,S).
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We can show that, given a group of agents G and an action α primitive
or not, we have Σ ⊢ able t(G, α, S0) (resp. Σ ⊢ able(G, α, S0)) if and only
if Prolog with negation as failure proves holds(able_t(G,alpha),S0) (resp.
holds(able(G,alpha),S0)). For instance, resuming the example presented in
section 5.3 using negation as failure, we can now show that the answer to the
question holds(able([a,b], [paint,lift], S0)) is yes and the answer to
holds(able([a,b], [lift,paint], S0) is no3.

7 Discussion

In this paper, we have presented an attempt to model in the Situation Calculus
the notions of theoretical ability and ability of an agent towards an action in
a multi-agent context. Definitions of these two notions to groups of agents has
also been given.

In this model, agents’ theoretical ability depends on their competence and
on some conditions depending on the agents. Agents’ ability is then defined from
theoretical ability and from some conditions which do not depend on the agents.

Introducing the notion of theoretical ability is of course interesting from a
modelling point of view since it makes a distinction between conditions which are
related to the agents who perform the actions and conditions which are not. But
it may also be interesting in the preliminary phase of planning when choosing
the agents who will be in charge of the task to be performed. Indeed, proving
that the chosen agents are not even theoretically able to perform the global task
is enough to prove that the task will never be performed by these agents and
that changing agents is required.

However, if one is only interested in proving that a group of agents is able
to perform an action, the intermediary notion of theoretical ability is not useful
and definitions have to be compacted as follows:

∀G∀S competent(G, α, S) ∧ conditions t(G, α, S) ∧ Poss(α, S) → able(G, α, S)

This preliminary work has many perspectives.
First, some more formal properties on this model must be proved. In partic-

ular, formal relations with existing works mentioned in the introduction have to
be established.

Secondly, another assumption could be made when inferring the ability of a
group from the abilities of its agents. Indeed, the model presented here assumes
that a group of agents is able to perform an action if one of its member is able to
do so. But this assumes that the conditions for an agent to be theoretically able
to perform an action do not depend on the fact that this agent belongs or not to
a group. But it could happen that a single agent is theoretically able to perform
an action but when it belongs to a group, it is no longer able (not because the
others agents prevent him to do so but because belonging to a group changes
the conditions sufficient for him to be theoretically able to perform the action).

3 Notice that we implement sequence of actions as lists in Prolog.
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Thirdly, we have to extend this work by considering more types of complex
actions like concurrence, iteration or conditionals. We must also take into account
time and action durations. For doing so, the solution provided in [6] can be
adopted.

Finally, the model presented here does not take external actions into account.
In particular, fluents are changed only by actions performed by the agents we
consider. But in many applications, the world may change because some other
agents we don’t know change it. A immediate solution we could study, consists
in introducing an “external agent” who could be used to model the evolution of
the world which are independent from the other agents.
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But never put a person to death on the testimony of only one
witness. There must always be at least two or three witnesses.

Deuteronomy 17:6 (New Living Translation)

Abstract. We present a framework for reasoning about trustworthiness,
with application to con�ict resolution and belief formation at various de-
grees of reliability. On the basis of an assignment of relative trustworthi-
ness to sets of information sources, a lattice of degrees of trustworthiness
is constructed; from this, a priority structure is derived and applied to
the problem of forming the right opinion in the presence of possibly con-
�icting information. Consolidated with an unquestioned knowledge base,
this provides an unambiguous account of what an agent should believe,
conditionally on which information sources are trusted. Applications in
multi-agent doxastic logic are sketched.

1 Introduction

To trust an information source, in the simplest, unconditional form, is to believe
every piece of information that the source provides. While providing a paradigm,
this notion of trust has limited application to realistic scenarios. In general, the
trust we have in our information sources, which may vary in kind from teachers
to newspapers to legal witnesses, is not unconditional: we believe what we are
told by a trusted source only as long as we don't possess knowledge to the
contrary. This simple observation motivates the approach to trust that we will
be discussing in this paper. Conditional trust in an information source is a default
attitude: To believe what you are told, unless you know better.

When looking for information, we often need to consider several sources.
Sources may vary widely with regard to their reliability, and a cautious default
approach then informs us to let the more trustworthy ones take priority over
those that are less trustworthy. Furthermore, we often need to consider more
than one source at a time. Notions of agreement or corroboration, as well as the
consolidation of information drawn from di�erent sources, are essential.

What we present here is a framework for reasoning about relative trustwor-
thiness, with sets of information sources as the basic trusted units. The main part
of the paper is structured as follows. Section 2 addresses properties of the trust
relation itself, making only informal reference to notions of information. Building
on a simple trustworthiness relation (2.1), rational trust attitudes are identi�ed



and ordered according to strength (2.2, 2.3), and ordered in a tree structure of
�fallbacks� (2.4). Section 3 employs this structure to provide an account of trust
in terms of default conditionals. Notions of information, as provided by individ-
ual sources as well as collections of sources, are de�ned in 3.1. The prioritized
default logic Æ> is brie�y presented in section 3.2. The defaults approach is
then made explicit in section 3.3, which presents a method for expressing trust
attitudes as formulae of Æ>.

For the presentation of the core theory, we assume that the information
provided by sources is expressed in propositional logic. However, the theory
is equally applicable if one wants to use a more, or less, complex language.
Looking forward, section 3.4 outlines how the analysis can be applied to multi-
agent doxastic logic, to enable the representation of doxastic agents with varying
degrees of trust that the beliefs of other agents are true.

The expression of trusting attitudes in terms of prioritized defaults provides
an answer to the following non-trivial question: Given that we possess a body of
antecedent knowledge, and are provided with information from a set of variously
trusted sources, what is it reasonable to believe?

This work builds on two main sources. For the theory of trustworthiness, the
most important is the work of John Cantwell [1, 2], in which the basic relation
of trustworthiness is de�ned in a way that is close to the one given here. For the
aspects that relate to default inference and belief, the prioritized belief logic Æ
[9, 10, 12], which is closely related to that of [7], has been the primary source of
reference.

We consider the following to be guiding principles for what follows.

Given a collection of sources, what all sources agree on is at least as
trustworthy as what only some agree on.

(1)

If some unit x is trusted, and y is at least as trustworthy as x, then
rationality demands that y should be trusted too.

(2)

Accept information from a trusted unit as true, unless it is inconsistent
with what you have already accepted.

(3)

2 A trustworthiness relation

2.1 The basic pre-order on information sources

Let S be a (possibly empty) �nite set of sources. The trustworthiness relation
E is a relation between subsets of S; we will often refer to these as source
units. A source unit is an entity that is capable of providing information, as
follows: A singleton unit {a} provides exactly what the single source a does.
A non-singleton unit provides only what follows from the contribution of every
member. Informally, think of a non-singleton source unit as making a �common
statement�, i.e., the strongest that its members all agree on.

Notation: Small Latin letters a, b, c denote sources, small variable letters
x, y, z range over source units, capital Latin letters A,B,C denote particular
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sets of source units, and capital variable letters X,Y, Z range over arbitrary sets
of source units. We will sometimes have to collect sets of source units, for which
we shall use capital Greek letters Γ,∆.

We assume that the trustworthiness relation is re�exive and transitive (a
pre-order). Two source units x and y may be trustworthiness-equivalent, written
x ∼ y.

x ∼ y =def xE y and y E x (4)

We write xC y to express that y is strictly more trustworthy than x.

xC y =def xE y and not x ∼ y (5)

Source units that are unrelated by E will be called independent, denoted x o y.
Intuitively, we interpret independence as a consequence of lack of knowledge;
neither of xB y, xC y, and x ∼ y is known to obtain. If no two source units are
independent, we say E is connected.

We assume that every source, however it is combined with other sources,
makes a non-negative contribution of information. Together with (1), this implies
that enlargement of a source unit with new members may never yield a unit
that provides a stronger set of information. Hence, a unit will be at least as
trustworthy as every unit that it contains as a subset. This motivates taking the
following principle, which we will occasionally refer to as monotonicity, to be
valid.

xE x ∪ y . (6)

It follows that for each source unit x, the following hold.

xE S , (7)

∅E x . (8)

To see why (7) is valid, note that S only provides information which is com-
mon to, is agreed upon, by all the sources. At the other extreme, we stipulate
that the empty set is a limit case that always provides inconsistent information,
motivating (8).

In referring to particular source units in examples we will consistently simplify
notation by omitting brackets: aCbc is, e.g., shorthand for {a}C{b, c}. Likewise,
the set {{a}, {a, b}} will be denoted a, ab. Observe that the symbol a should,
depending on the context, either be taken as a reference to the source a or to
the singleton source set {a} or to the singleton source set collection {{a}}.

2.2 The poset of trust-equivalent source units

To have an attitude of trust, given some S, is to trust a (possibly empty) set
of source units. In the following, we will allow ourselves to talk about attitudes
as being the sets of source units themselves, and to say that a source unit is
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�included� in an attitude of trust, meaning that that source unit is among those
trusted. The empty set represents the attitude of placing trust in none of the
sources.

Given a trust relation C, we can distinguish those trust attitudes that respect
the relation. The relevant principle is expressed in rule (2), that x may only be
trusted if every y D x is trusted as well. We will in this section identify the
permissible trust attitudes according to this principle.

We will use the following standard terminology. In a poset (S,≤) the ≤-
relation is re�exive, transitive and anti-symmetric. The poset has a unique cover
relation �, de�ned as x � y i� x < y and x ≤ z < y implies z = x. C ⊆ S is
an antichain if every two distinct elements in C are incomparable by ≤. Note
in particular that ∅ is an antichain. Every subset of S has ≤-minimal elements,
and the set of these elements is an antichain. ↑C denotes an up-set, de�ned as
{x | (∃y ∈ C)(y ≤ x)}. The set of antichains in a poset is isomorphic to the set
of up-sets under set inclusion.

If an attitude of trust includes a source set x, but not an equivalently trust-
worthy source set y, then the attitude is not permissible. This motivates a focus
on the equivalence classes of S modulo ∼. Where x ⊆ S,

[x] =def {y : x ∼ y} (9)

Let Ṡ be the set of all equivalence classes of S modulo ∼. We will say a set of
sources x is vacuous with regard to trustworthiness if x ∈ [∅]. In the extreme
case that every set of sources is a member of [∅], the trustworthiness relation
itself is said to be vacuous.

Where X and Y are in Ṡ, de�ne a relation Ċ of relative strength between
them as follows.

X Ċ Y =def (∃x ∈ X)(∃y ∈ Y )(xC y) (10)

Let X Ė Y designate X Ċ Y or X = Y and let X ȯY designate independence.

Lemma 1. (Ṡ, Ė ) is a poset in which [∅] is the unique minimum and [S] the
unique maximum. (Ṡ, Ė ) is a linear order i� (℘S,E) is connected.

Proof. Monotonicity entails the unique minimum and maximum. The other
properties follow easily from the construction of (Ṡ, Ė ).

Example 1. Assume that the set of sources S contains just a and b, and that
aCab, bCab, ∅Ca, and ∅Cb (i.e., the source units a, b, and ab are non-vacuous,
and ab is more trustworthy than both a and b). The following �gure shows Hasse
diagrams of the poset (Ṡ, Ė ), given 1. aC b, 2. a ∼ b, and 3. a o b.

1. ab

a

b

∅

2. ab

a, b

∅

3. ab

a
��

∅
???

b
??

���
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Relation 1. requires information provided by a to take precedence over informa-
tion provided by b. Relation 2. emerges from taking a to precisely as reliable as
b: it is only rational to accept a's contribution given that b's is accepted as well
(in the event that a and b contradict each other, it is ruled out that either can be
trusted separately). Relation 3. re�ects a situation in which less is known about
the relative trustworthiness of a and b than in 1. and 2, i.e., neither is known to
be better or equivalent to the other. With this relation, trusting b but not a is
not irrational; so the range of admissible attitudes is wider. In particular, where
the information a provides is incompatible with what b provides, the relation
doesn't rule out making a choice of trusting just one of the two.1 Compared to
1. and 2., this relation o�ers more freedom, but less guidance.

The following example, which is developed further in later sections, applies
the theory to a reasonably realistic scenario.

Example 2 (Tra�c accident). A tra�c accident has occurred. We have been
assigned the task of �nding witnesses, assessing their relative trustworthiness,
gathering their statements on what came to pass, weighing the evidence accord-
ing to trustworthiness and �nally presenting an account of the accident according
to a reasonable standard (threshold) of trust.

~

a

c
b

Assume, for this example, that the criterion ac-
cording to which sources are deemed trustworthy
or not is their viewpoint relative to the incident,
and that we are provided with a drawing (right),
illustrating the accident ~ and the positions of
the witnesses. At the outset, we know that there
are three witnesses, a, b, and c, but nothing about their respective trustworthi-
ness. Making no prior assumptions, we start out with the weakest possible trust
relation (0. below).
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By applying information provided by the drawing, we are able to considerably
strengthen the trust relation. We will consider a sequence of three steps.

1 When the case arises that a and b contradict each other, a choice will implicitly
favour a revision of the trust relation to be like 1. or 2. If the subject opts to trust
a over b, 1. is favored; if neither, this favors 2.
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1. Seeing that c was closer to where the accident took place than the others,
we take c to be more trustworthy than both: aC c and bC c.

2. Because a and b are farther apart than a and c, their viewpoints are likely to
be more divergent. Whatever can be observed from widely di�erent perspectives
is likely to hold true. Therefore, we will assume acC ab.

3. Because b and c are close together, we add bcC ac as well.
We choose to make no further additions to the relation. In particular, we

refrain from making a judgment whether a is more trustworthy than b, or vice
versa, or just as trustworthy as b: we consider a and b to be independent. This
means it will be consistent with the trust relation to make a choice between
which of a and b to trust. If they should happen to contradict each other, our
lack of knowledge as to which is more trustworthy then presents us with the
option to trust just one of the two.

Note that c is more trustworthy than b in 2. and 3., but that the relationship
is not preserved when combined with a (ac C ab holds). Indeed, the following
substitution principles are not valid; given z[y/x] = (z \ x) ∪ y,

If xC y and x ⊂ z, then z C z[y/x]
If x ∼ y and x ⊂ z, then z ∼ z[y/x] .

2.3 A lattice of trust levels

We know from Lemma 1 that (Ṡ, Ė ) is a poset. Given the poset it is straightfor-
ward to identify the permissible trust attitudes: a trust attitude is permissible if
it is an up-set in (Ṡ, Ė ). Technically, we will represent an attitude by its set of
minima, or equivalently, by an antichain in the partial order (Ṡ, Ė ). We de�ne
the set T of permissible trust attitudes as follows,

T = {∪Γ | Γ is an antichain in (Ṡ, Ė )}

We will use the symbol f to denote the attitude that no source unit is trusted,
∪∅.

There is a natural relation of strength between permissible trust attitudes.
Having a weak trust attitude means trusting only what many sources agree on,
or perhaps none; a strong attitude means trusting many sources, or perhaps all.
Let Γ and ∆ be antichains in (Ṡ, Ė ). Then we de�ne

∪Γ ≤ ∪∆ i� ↑∆ ⊆ ↑Γ.

By de�nition, f is ≤-maximal in T. This is natural, as the corresponding atti-
tude of trusting no source unit will always have a maximal degree of reliability.
Ordered by ≤, the members of T form a lattice in which lesser nodes represent
stronger trust attitudes. It is natural to talk about the permissible trust attitudes
as corresponding to a hierarchy of degrees of trust. We shall hence occasionally
refer to T as the set of trust levels.

In the lattice (T,≤) A < B intuitively means that B is a level of trustwor-
thiness that is genuinely greater than A. Let u denote meet and t denote join.
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Then AtB is the weakest trust level that is at least as strong as both A and B;
if A and B are not comparable by ≤, then it is stronger. AuB is the strongest
trust level that is at least as weak as both A and B.

Example 3 (Lattices for example 2).
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The lattice of trust levels makes explicit what the permissible trust attitudes
are and how they are related with regard to strength. This can form the basis
for choosing, in a given scenario, a threshold of trust: a level that is deemed
su�ciently trustworthy. Setting a threshold may also be described in terms of
risk. If A < B, then to choose A as the threshold of trust is to take a greater risk
with regard to trusting sources than if B is chosen. Determining a threshold of
trustworthiness amounts to �xing a �limit� of risk, to draw a line between what
is trusted, and not trusted, in the non-relative sense of the word. For example,
with a threshold at AtB, if A and B are comparable, risk is limited to what
follows from trusting the more trustworthy of the two; if incomparable, then
to the greatest degree of risk that represents comparably less risk than both A
and B. To say that AuB lies within the risk limit means that A and B are
both considered reliable (i.e., that all source units in A and B provide only true
information).

A threshold of trust can be conveniently speci�ed by reference to the source
units trusted. Observe that each member of Ṡ is a member of T. Therefore, any
expression using members of Ṡ (i.e., equivalence classes of source units), u and
t denotes a unique level of trust.

Example 4 (Threshold for example 3). Say that we adopt the attitude to �trust
all that ab and ac deliver, as long as it is con�rmed by bc� as a threshold. This
attitude is expressible as ([ab]u[ac])t[bc]. Given relations 0., 1., and 2., the atti-
tude amounts to trusting only what a, b, and c agree on, because (abu ac)t bc =
(ab, ac)t bc = abc. With the stronger relation 3., it denotes the level ab.
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2.4 A tree of fallbacks for broken trust

The core of a default conception of relative trust in information sources is the
default rule (3) to accept what you are told, unless it is in con�ict with what
you already know We presently interpret this rule with respect to relative trust.
Let us consider a trusting subject that has only permissible trust attitudes. In
the non-relative sense of �trust�, f is always trusted, and a level X is trusted,
on condition that every Y ≥ X is also trusted, by default.

Now, if trusting at a levelX is inconsistent with trusting at a superior level Y ,
trust at X is broken; X is not trustable. This will obtain whenever information
provided at X is inconsistent with antecedent knowledge, or with information
accepted at a superior level. The signi�cance of of trusting at X should then be
identi�ed with trusting some superior, trustable level; call this the fallback of X.
The fallback, as the value of a blocked default, is the key notion that allows us
to view relative trust as a default attitude.

Let X be an element of T di�erent from f, and let Γ be the ≤-cover of X.
Given that Γ is singleton, we straightforwardly identify

⋃
Γ as the appropriate

fallback of X. Where not, note that by construction of the lattice, X is a level
composed of a set of simpler levels, the members of Γ . That trust is broken
at X means some of these levels are not trustable. In this case, the fallback
of X should be identi�ed as a level with greater trustworthiness than every Y
immediately superior to X. Let the fallback f(X) of X be de�ned as

f(X) = lub(Γ ) in (T,≤) .

The fallback function is unde�ned for f; otherwise every node has a unique
fallback. f, representing the trust level of antecedent knowledge, is always the
fallback of [S]. Note that every path from the lattice maximum f to a trust
level X must go through f(X), and that f(X) is the ≤-minimal node with this
property.

The fallback tree (T,≺) is de�ned as the weakest relation such that for all
X ∈ T, f(X) ≺ X. It is easy to show that the fallback tree is indeed a tree with
root f.

Example 5 (Fallback trees for example 3).
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3 Trust in terms of defaults

The aim of this section is to implement the default approach to the information
trust model based on a function I which assigns propositional content to each
source in S. The default interpretation of fallback trees is then encoded into the
logic Æ>. Encoding fallback trees in Æ> will allow us to give precise answers to
questions such as, �which trustworthiness levels support a belief in a proposition
φ?�, and �is φ entailed by the beliefs of a given degree of trustworthiness?�. Æ>
is a natural choice as representation language for default inferences. It allows
a simple representation of ordered supernormal defaults theories as well as a
natural extension to multi-agent languages.

The basic assignment of information to sources is a mapping from members of
S to expressions in a formal language. In section 3.1 we use the simple language
of propositional logic to this end. However, there is no intrinsic reason for using
this language to represent information, and one can easily conceive of using more
complex languages for this purpose. Section 3.4 explores possibilities for using
multi-agent langauges.

3.1 Information provided by sources

Basically the information interpretation of the trust model assigns formal ex-
pressions to each source in S. The assignment function I must then be extended
to source units (sets of sources) and trust attitudes (sets of source units). To
implement this we identify the corresponding operations of agreement and con-
solidation of information content. In propositional logic these operations will be
implemented simply by means of disjunctions and conjunctions.

Let us denote the informational content of a source a in S by Ia, which is a for-
mula of propositional logic. Intuitively, the information Ix provided by a source
unit is de�ned to be the strongest proposition that every member of the unit sup-
ports � the strongest that the members all agree on. If x = {a1, . . . , an}, ai ∈ S,
then Ix = Ia1 ∨ · · ·∨ Ian . The value of I∅, on the common understanding of 0-ary
disjunctions, will be assumed to be the propositional falsity constant ⊥. The
empty set hence gives a contribution which is always unacceptable.

De�ne the consolidated informational contribution of x1, . . . , xn ⊆ S as IX =
Ix1 ∧ · · ·∧Ixn . That is, we de�ne the informational contribution of a set of source
units as the strongest consequence that would follow from taking each unit as a
source of evidence. Observe in particular that I[∅] will always be ⊥. By convention
If is >.

3.2 Intermezzo: The Logic Æ>

Æ> is an �Only knowing� logic, generalizing the pioneering system of Levesque [7]
with language constructs for the representation of various degrees of con�dence
for a doxastic subject.

The object language of Æ> extends the language of propositional logic by
the addition of modal operators: � (necessity) and modalities Bk (belief) and
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Ck (co-belief) for each k in a �nite index set I. The index set represents the
distinct degrees of con�dence and comes along with a partial order which gives
the indices relative strength. bk ϕ is de�ned as ¬Bk ¬ϕ and denotes that ϕ is
compatible with belief at degree of con�dence k.

A formula ϕ is completely modalized if every occurrence of a propositional
letter occurs within the scope of a modal operator and purely Boolean if it
contains no occurrences of modal operators. The �all I know at k� expression
Ok ϕ abbreviates Bk ϕ∧Ck ¬ϕ, meaning that precisely ϕ is believed with degree
of con�dence k. A formula of the form

∧
k∈I Ok ϕk is called an OI-block. If each

ϕk is purely Boolean, the OI -block is said to be prime.
Æ> is a special instance of the system Æρ introduced in [8] and further

analyzed and motivated in [12]; the references contain in particular an axiomati-
zation, a formal semantics and proofs of soundness, completeness and the �nite
model property. A particularly strong property of Æ> is the Modal Reduction
Theorem: for each OI -block ϕI and for some m ≥ 0, there are prime OI -blocks
ψI1 , . . . , ψ

I
m such that ` ϕI ≡ (ψI1 ∨ · · · ∨ ψIm).2

A prime OI -block determines the belief state of the agent in a unique and
transparent way; if such a formula is satis�able, it has essentially only one model.
A non-prime OI -block only implicitly de�nes the belief state and has in general
a number of di�erent models. The Modal Reduction Theorem relates an implicit
belief representation to an explicit representation by a provable equivalence. To
determine whether m > 0 in the statement of the theorem is Σp

2 -hard.
If there is only one degree of con�dence, Æ> is equivalent to Levesque's

system of only knowing, for which there is a direct correspondence between a
stable expansion in autoepistemic logic and a prime formula O ϕ. A prime OI -
block is a natural generalization of the notion of stable expansion to a hierarchical
collection of expansions.

3.3 Encoding the fallback tree as defaults in Æ>

We now describe how to use a fallback tree to extract information, both between
contributions of the sources, which may be more or less mutually compatible,
and between these contributions and a set of antecedently given information.

To facilitate the discussion let us say that a fallback tree is information
labelled if each node X in the tree is labelled with IX . The labels express the
information contribution attached to the trust level X.

We will assume that a knowledge base, denoted κ, is given with unconditional
trustworthiness. Informally, say that (precisely) κ, a formula of propositional
logic, is believed with full conviction. The notion of trustworthiness is directly
relevant to the notions of con�dence and belief, as is clear by the simple obser-
vation that information stemming from highly trustworthy sets of sources will
be considered reliable with a greater degree of con�dence than that which is

2 In the sequel ` denotes the provability relation of Æ> (which extends the provability
relation of classical logic).
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provided by less trustworthy sources. Following the default interpretation for-
mulated in principle (3), we can de�ne a simple procedure which reveals what
information may reliably be said to be supported at each level of trustworthiness.
De�ne the following formula by induction over the fallback tree.

βf = κ

βX =

{
βf(X) ∧ IX if βf(X) ∧ IX is PL-consistent,

βf(X) otherwise.

Then βX denotes what a rational agent should believe at a degree of con�dence
corresponding to the trust attitude X.

The modal logic Æ> is suitable for the representation of fallback trees and
the associated default principle. In the encoding we use the set of trust levels T
as the index set which individuates modalities in the language of Æ>. Let (T,≺)
be the fallback tree and ≺∗ be the re�exive, transitive closure of ≺. For X ∈ T
we de�ne

δX = bX IX ⊃ IX .

Note that δX is equivalent to ¬ IX ⊃ BX ¬ IX , i.e., should ϕ be false, the subject
will believe that it is. We will refer formulae of this form as default conditionals
when they occur within a modal O-context, since the conditional then has the
force of formalizing the property corresponding to the statement �the proposition
IX holds by default�.

The default interpretation of the default structure is formalized by the fol-
lowing encoding:

JT,≺, κKf = Of κ

JT,≺, κKX = OX(κ ∧
∧

Y≺∗X
δY )

JT,≺, κK =
∧

X∈T
JT,≺, κKX

The encoding is structurally similar to the encoding of ordered default theories
into Æ> in [4].

Theorem 1. ` JT,≺, κK ≡
∧
X∈T OX βX .

Proof. The proof uses simple properties from the model theory of Æ>, cf. [12]. In
an Æ> model M all points agree on the truth value of every completely modal-
ized formula. We will hence use the notation M |= ϕ whenever a completely
modalized ϕ is satis�ed at some point in M . We use the following two facts in
the proof. Let M satisfy OX ϕ for an index X.

1. If M satis�es OX ψ, then ϕ ≡ ψ is true at every point in M .
2. If ϕ and ψ are purely Boolean, M satis�es bX ψ i� ϕ 6` ¬ψ.

We show, by induction on X, the more general result that for any Z ∈ T

`
∧

X≺∗Z
JT,≺, κKX ≡

∧
X≺∗Z

OX βX .
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The base case is trivial. For the induction step, it is su�cient to show that
M |= JT,≺, κKX ≡ OX βX for any Æ>-model satisfying both JT,≺, κKf(X) and
Of(X) βf(X). By 1, every such model M satis�es

M |= (κ ∧
∧

Y≺∗f(X)
δY ) ≡ βf(X) .

Thus M |= JT,≺, κKX ≡ OX(βf(X) ∧ δX). It only remains to show

M |= OX(βf(X) ∧ (bX IX ⊃ IX)) ≡ OX βX .

But since M |= Of(X) βf(X), it follows directly from the de�nition of βX and 2
that M |= bX IX i� βf(X) 6` ¬ IX , and we are done. ut

The theorem shows that the encoding of a nodeX and its information content
can be reduced to the OT-block

∧
X∈T OX βX within the logic itself, where at

each node X in the tree the formula βX is the proposition that the rational agent
will entertain at this level of trust.

Example 6 (Example 5, with information). The witnesses a, b, and c are inter-
viewed for their accounts of the accident scenario. We assign content to propo-
sitional variables as follows: p = The green car was veering; q = There was a
cat in the road; r = The red car was veering; s = The red car was speeding.
The following �gure records the witnesses' statements (left), and the resulting
post-evaluation propositions at each trust level decorate the fallback tree (3.).3

a : q ∧ (r ∨ s)
b : p ∧ ¬q
c : p ∧ r

f : p ∨ r3.

abc : (p ∨ r) ∧ (q ∧ (r ∨ s) ∨ p ∧ (¬q ∨ r))

ab : (p ∨ r) ∧ (q ∧ (r ∨ s) ∨ p ∧ ¬q)

ac : (p ∨ r) ∧ (q ∧ s ∨ (q ∨ p) ∧ r)

bc : p ∧ r

c : p ∧ r

p ∧ (r ∧ q) : a

a, b : ⊥

∅ : ⊥

b : p ∧ r ∧ ¬q
���

� ???
?

Noteworthy features:

� a and b may not both be fully trusted, but choosing either is consistent.
� The proposition s, which �gures as a disjunct in a's account, is eliminated

from the node bc onwards.
3 Formulae computed using The Logics Workbench, http://www.lwb.unibe.ch/.
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� For nodes a, b and ∅, the value ⊥ is displayed to emphasize their inconsis-
tency. These nodes will actually take values from the consistent fallback node
c, i.e., p ∧ r.

3.4 From information sources to doxastic agents

There is no intrinsic reason to use the language of propositional logic to represent
the information delivered by sources. This section addresses the use of multi-
modal languages for this purpose. The expressive power of such languages is
needed in cases where the sources deliver information about agents; typically,
about what the agents believe. To generalize the approach of section 3.3 we need
to extend the language of Æ> such that it extends the information representation
language.

The logic Æ> has been extended to a multi-modal language. An interesting
proof-theoretical property of this extension of Æ> is that it has a sequent cal-
culus formulation which admits constructive cut-elimination and hence cut-free
proofs; this is proved in [11] for a multi-agent language in which the beliefs of
each subject are represented relative to di�erent degrees of con�dence. A Kripke
semantics for the logic has been presented in [13].4

Let us assume that the modalites in the multi-agent language is de�ned by a
collection I0, . . . , Im of index sets, one for each agent. The indices in each index
set are partially ordered, while two indices in di�erent index sets are unrelated.

The notion of an OI -block transfers to the multimodal langage: An OIj -block
is a formula

∧
k∈Ij Ok ϕk. If each formula ϕk is Ij-objective, i.e. all occurrences

of a Ij-modality occurs within the scope of a modality which belongs to another
agent, the OIj -block is prime. An OI -block can now be de�ned as a conjunction
of OIj -blocks, one for each agent. Given these concepts the Modal Reduction
Theorem transfers to the multi-modal logic.

Let us �rst assume that the sources deliver information about the beliefs
of agents α1, . . . , αm without being agents themselves, i.e. they do not deliver
information about other sources, or about themselves, or about the observer
who collects the information. Assume also that the beliefs of these agents are
represented in the multi-modal system K45m, i.e. a sublanguage of multi-modal
Æ>, so that the I function now delivers K45m formulae.

The index sets for the multi-modal Æ>-representation are T, {α1}, . . . , {αm}.
The assumption that no αi are sources implies that we can use the same simple
functions for agreement and consolidation as introduced for propositional logic
in section 3.1. It is now straightforward to establish Theorem 1 for the language
at hand.

Example 7 (Modal information). A simple case in which sources provide formu-
lae in a modal language. Let the trustworthiness relation be given as in example
1, relation 3. Let the knowledge base be empty, and assign information to sources

4 The semantics has been given for a multi-agent language without con�dence levels.
An extension to the languge addressed in this section is straightforward.
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as below (left). The fallback tree shows the outcome of evaluation (right). Here,
trusting what a and b agree on (source unit ab) implies accepting that agent 1
has a full belief regarding p. Trusting both sources (node a, b) implies accepting
that 1 is inconsistent.

a : B1 p

b : B1 ¬p
f

ab : B1 p ∨ B1 ¬p

B1 p : a
���

�

b : B1 ¬p
??

?

a, b : B1(p ∧ ¬p)

∅ : ⊥

If the information sources are themselves agents, the situation is at once
much more complex, and we propose this to other researchers in the community
as an interesting and challenging application of multi-modal logics. One problem
is that we can no longer implement agreement and consolidation by means of
simple Boolean operations. In some cases we may use the notion of �group belief�
for agreement and �distributed belief� for consolidation (see e.g. [5]).

However, we can also use the full expressive power of multi-modal Æ> to
specify very complex formulae delivered by each agent, in which case these op-
erators are no longer su�cient for this purpose. We plan to address this in a
follow-up paper.

4 Related work

The present account of trustworthiness generalizes and clari�es the approach in-
troduced by John Cantwell [1]. Our approach improves on Cantwell's by making
a clear separation between the notion of trustworthiness on the one hand, and
information and belief on the other, which allows for the notion of trustworthi-
ness level to be separated from a given model. Furthermore, the present theory
gives informative results for various weak kinds of trustworthiness relations that
yield vacuous output on Cantwell's approach.5

In this paper, no attempt has been made to give a general account of the
basic non-relative notion of trust; for this, see Jones [6]. We intend to apply
the present theory of relative trustworthiness to Jones' analysis of trust in a
forthcoming paper. We also wish to explore the complex subjects of construction
and revision of trustworthiness relations in the future.

5 Cantwell incorporates his theory of trustworthiness into a theory of belief revision.
This is an application that we have not gone into.
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Abstract. This is a short report about the first contest of Multi-Agent
Systems (MASs) that are based on computational logic. The CLIMA
workshop series (which started in 1999) is a forum to discuss techniques,
based on computational logic, for representing, programming, and rea-
soning about Multi-Agent Systems in a formal way. Now in its it seventh
year, it was felt that organising a competition for evaluating MASs based
on computational logic is appropriate. The authors took on this task,
which turned out to be quite difficult under the given time frame. We
believe that this first competition is a (modest) first step towards (1) col-
lecting important benchmarks, (2) identifying advantages/shortcomings
and, finally, (3) analysing promising techniques of using Computational
Logic in Multi-Agent Systems.

1 Introduction

Multi-Agent Systems are beginning to play an important role in todays software
development: The International Journal of Agent-Oriented Software Engineering
(IDOSE)[1], the International Workshop on Agent-Oriented Software Engineer-
ing (AROSE)[2] and the International Joint Conference on Autonomous Agents
and Multi Agent Systems are just examples for that trend.

The development of MASs requires efficient and effective solutions for differ-
ent problems which can be classified into two classes: the problems related to
(1) the development of individual agents and (2) the development of their inter-
actions. Typical problems related to individual agents are how to specify, design
and implement issues such as autonomy, pro-active/reative behaviour, perception
and update of information, reasoning and deliberation, and planning. Typical
problems related to the interaction of individual agents are how to specify, de-
sign and implement issues such as communication, coordination, cooperation and
negotiation.



This competition is a first attempt to stimulate research in the area of MASs by

1. identifying key problems, and
2. collecting suitable benchmarks

that can serve as milestones for testing new approaches and techniques from com-
putational logic. While there already exist several competitions in various parts
of artificial intelligence (theorem proving, planning, robo-cup, etc) and, lately,
also in specialised areas in agent systems (trading agent competition (TAC)
[3] and agentcities competitions [4]), the emphasis of this contest is on the use
of computational logic in MASs. We believe that approaches and techniques of
computational logic are essential for the development of MASs for at least two
reasons: (1) logical approaches have proven to be very useful for specifying and
modelling MASs in a precise manner, and (2) the specification and models can
be executed.

We expect to promote the development of MASs by first identifying difficult
problems and then finding solutions by comparing different approaches from
computational logic for solving them. While this idea seems very appealing, it is
not an easy task to come up with a particular scenario that serves as a basis for
a contest. Such a scenario should be generic enough to be applicable for a wide
range of techniques of computational logic, but it should also be precise enough
so that different approaches can be tested and compared against each other.

2 Scenario description

This competition is organised as part of CLIMA and consists of developing
MASs to solve a cooperative task in a dynamically changing environment. The
environment of the MAS is a grid-like world where agents can move from one
slot to a neighbouring slot if there is no agent already in that slot. In this
environment, food can appear in all but one of these slots. The special slot,
in which no food can appear, is considered as a depot where the agents can
bring and collect their food. An agent can observe if there is food in the slot
it is currently visiting. Initially, food can be placed in some randomly selected
slots. During the execution, additional food can appear dynamically in randomly
selected slots except the depot slot. The agents may have/play different roles
(such as explorer or collector), communicate and cooperate in order to find and
collect food in an efficient and effective way.

We have encouraged submissions that specify and design a MASs in terms
of high-level concepts such as goals, beliefs, plans, roles, communication, coordi-
nation, negotiation, and dialogue in order to generate an efficient and effective
solution for the above mentioned application. Moreover, the MAS implementa-
tions should be based on computational logic techniques (e.g., logic program-
ming, formal calculi, etc.) and they should reflect their design in a direct and
intuitive way.

We are completely aware of the fact that this scenario can also be attacked
by completely different methods and approaches (e.g., based on machine learn-
ing, neural nets, etc.). In fact, we believe almost all scenarios can be modelled in
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various languages and programming paradigms. One important aim of this con-
test is to find out where exactly computational logic helps in solving particular
problems and where other approaches are superior.

The challenge of this competition is thus to use computational logic tech-
niques to provide implemented models for the abstract concepts that are used
in the specification and design of MASs. These implemented models should be
integrated to implement the above-mentioned application intuitively, directly,
and effectively.

3 Submission format

A submission consisted of two parts. The first part is a description of analysis,
design and implementation of a MAS for the above application. Existing MASs
methodologies such as Gaia[12], Prometheus[11] and Tropos[9] can be used (not
demanded) to describe the analysis and design of the system. For the description
of the implementation, it should be explained how the design is implemented.
This can be done by explaining, for example, which computational logic tech-
niques are used to implement certain aspects of the MAS (including issues related
to individual agents).

The second part is an (executable) implementation of the application. We
did not demand any particular way (data format, algorithm, mechanism) to
implement the system as long as it is implemented as a MAS and as long as
the environment is a 20x20 grid. Moreover, it should be possible to configure
the initial state of the environment to place food in arbitrary slots. During the
execution food should appear automatically every 20 seconds in a randomly
selected slot. The MAS will be run with 4 agents that are positioned initially at
the corners of the grid. The implementation should be executable on a windows
or linux machine.

3.1 Received Submissions

We have received four submissions for this first edition of the CLIMA contest.
From the received submissions, only one submission did use an existing multi-
agent methodology to develop a running system. Moreover, some submissions
explain explicitly which techniques from computational logic are used to develop
certain aspect of the MAS efficiently and effectively, while the use of computa-
tional logic techniques in other submissions is limited to the use of the Prolog
language for the system implementation.

The submission from Carlos Cares analyses the scenario and designs a MAS
in a systematic manner using Tropos, a well-known MAS methodology. The sce-
nario is analysed in terms of multi-agent concepts and features such as actors,
roles, beliefs, goals, plans, capabilities, commitments and resources. Based on
these concepts, a system is designed in terms of instantiations of these con-
cepts resulting a set of agents. In this submission, the Tropos methodology is
extended with a Prolog implementation phase that allows the implementation
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of the Tropos-based architecture in terms of Prolog data structures such as lists,
predicates, and rules.

The submission from Simon Coffey and Dorian Gaertner does not use an ex-
isting MAS methodology to develop their system. They provide directly a system
architecture consisting of BDI agents that sense the grid environment to update
their beliefs, evaluate their intentions, communicate with other agents, and se-
lect and execute actions. The agents are able to negotiate over their intentions
to improve the efficiency of food collection. They also introduce different roles
that agents can play such as the scouting role: a role for finding food. Based on
different agents roles, they discuss a second system that consists of two types
of agents: the agents that can only play the scouting role and the agents that
can find and collect foods. Although in the proposed system the agents are sta-
tic and can play only one role, they discuss the possibility of agents that can
play different roles and can change their roles dynamically. In this submission,
the designed system is implemented using Qu-Prolog that allows multi-threaded
execution of agents.

The solution of Robert Logie, Jon G. Hall and Kevin G. Waugh consists of
a purely reactive system of agents with no internal representation of the current
state. Their system resembles Brookes subsumption architecture and has the
notion of a role (or policy) at its core. Agents use certain roles and can switch
between them when the environment changes. They use the idea of pheromone
trails in order to find interesting and successful paths (their agents do not have
a memory). Although their system does not seem to use computational logic in
an extensive way, it has been motivated from research on normative reasoning in
deontic logic. An interesting idea is that for more complex systems, this might
lead to agents that develop and create new roles (in addition to those originally
specified).

The final submission, by Eder Mateus Nunes Goncalves and Guilherme Bit-
tencourt, concentrates on the notion of coordination between agents in a MAS.
Each agent maintains a knowledge base and updates it accordingly. The under-
lying notion is a high-level petri net. Agents start cooperating with the agent
closest to the food (once it has been found). The cooperation ends when the
food is delivered at the depot. Messages are FIPA compliant. One of the main
results is the influence of the appearance of new food (and the time it takes to
store food in the depot) to the impact of cooperation between the agents. If the
time interval for new food to appear is small with respect to the time it takes
to store it, than cooperation pays off.

4 Winning Criteria

The criteria used to evaluate submissions and to select the winners are as follows:

1. Original, innovative, and effective application of computational logic tech-
niques in solving specific multi-agent issues identified in this application.

2. The performance of the executable implementation. The performance of the
executable implementation will be measured based on the amount of food
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that is collected by the MAS in a certain period of time. All programs will
be run on the same machine (Windows/Linux double boot machine).

3. The quality of the description of analysis, design and implementation of
the MAS the elegance of its design and implementation, and the ease of
installation and execution of the program.

The winner of this competition will be decided shortly before the CLIMA
workshop and announced during the contest event of the workshop.

5 Conclusion

Given the very tight schedule (from the announcement to the submission dead-
line) we are more than satisfied with the four submissions. While these proceed-
ings are in print, we are installing the systems and run them for several scenarios.
The winner(s) will be announced at CLIMA VI in London.

We believe this contest will promote the use of techniques and approaches
from computational logic to the development and implementation of MASs. Al-
though the contributions for this contest may propose computational logic tech-
niques and approaches that are specific for this particular scenario (application),
they may be generalised and adopted to other MASmethodologies and program-
ming languages. In particular, we believe that this contest will stimulate the use
of computational logic techniques and approaches for research and design of pro-
gramming languages that support the implementation of MASs in an effective
and efficient manner.

There are several existing activities that aim at stimulating research and
design of programming languages for MASs. Example of such activities are the
International Workshop on Programming Multi-Agent System [5], the AgentLink
Technical Forum Groups on Programming Multi-Agent Systems [6], and the var-
ious seminars and books dedicated to Multi-Agent Programming [7, 10, 8]. Our
experience is that many of the existing programming languages for implement-
ing MASs, such as IMPACT, 3APL, CLAIM, Jason, and Jadex [7], are based on
techniques and approaches from computational logic. In these programming lan-
guages, computational logic techniques are used to model various mental atti-
tudes of agents such as beliefs and goals, planning components, and reasoning
components.
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for Agent Gathering Tasks
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Abstract. We describe an implementation of distributed, multi-threaded
BDI-style [RG95] agents cooperating efficiently in a food-collecting sce-
nario. Using ant-style pheromone trails and a pseudo-random walk procedure
they explore the world uniformly, and negotiate to allocate collection tasks.
Global information is disseminated via a publish/subscribe mechanism. The
system is implemented using the concurrent logic programming language
Qu-Prolog.

1 Problem description

For brevity’s sake, a full description of the problem is omitted here. However, in
addition to the constraints given in the competition specification, we have made
two further assumptions: that the agents can move only in the directions North,
South, East and West (i.e. diagonal moves are excluded), and that each agent can
only carry one item of food at a time.

2 Design

A multi-agent system is typically characterised by the distributed execution of com-
municative agents that are situated in an environment.

We decided to use multi-threaded, logic-based, autonomous pseudo-BDI agents
that are situated in an environment without central control. The environment pro-
cess seeds food into the world, maintains the pheromone trails1, sends percepts to
the agents when requested and interfaces with the GUI.

2.1 Architecture

We designed our agents using an architecture loosely based on Rao and Georgeff’s
Beliefs-Desires-Intentions (BDI) model [RG95]. Each agent has beliefs about the
state of the world including the location of food and the depot as well as beliefs
about claims other agents have made. When an agent claims a certain piece of
food, he informs the other agents about his intention to pick it up. Delivery of food
and searching are other examples of intentions. Desires in our implementation are
largely implicit, being limited to the built-in aim of each agent to collect and deliver
as much food as possible in the shortest number of moves.

Each agent consists of two primary threads and a dynamic database (figure 2(a)).
The knowledge thread receives percepts from the environment (sensing), updates
the belief store depending on how it perceived the world, re-evaluates the intentions
of the agent and communicates with other agents announcing certain events. The
action selection thread then uses the current beliefs and intentions to decide which
action to execute next. It informs the environment about its choice of action, which
updates the world state and sends new percepts to the agent’s knowledge thread.
1 described in Section 2.8



2.2 Agent Language

Actions, percepts, beliefs and intentions are all sets of Prolog terms:

Action ::= [pickup, putout, move(Direction)]

where Direction is a variable representing north, south, east or west

Percept ::= [depot_same_cell, food_same_cell, has_food, has_moved,
north(N), south(S), east(E), west(W)]

where N, S, E, and W are variables that represent cart, wall or a pheromone level

Belief ::= [at(X,Y), depot_at(X,Y), have_food, intends(Agent,
Intention)]

Intention ::= [collect_food(X,Y), deliver_food]

where X and Y represent coordinates. Note that searching is never explicitly in-
tended by the agent, but used as a default behaviour if no other intentions exist.

2.3 Action Selection

Agents choose their actions using teleo-reactive (TR) programs [Nil94], consisting of
a priority-ordered sequence of condition/action rules. A simplified version of the TR
program used is shown in Figure 1. This approach is particularly useful in scenarios
like ours, in which durative behaviours (e.g. explore) are desired. It is important
to note that at each percept/reaction cycle, the action chosen is only ever a single
atomic one, belonging to the agent’s set of allowed actions (defined above). For
example, while walk to(X,Y) appears to be a multi-step plan, it is in fact simply
a set of rules which choose the agent’s next atomic action; it must be repeatedly
invoked in order to arrive at (X,Y). Thus, the right-hand side of the rules in figure
1 are all either atomic actions, or programs which return an atomic action.

intends(deliver food) ∧ believes(agent at(depot))→ putout

intends(deliver food) ∧ believes(depot at(X,Y))→ walk to(X,Y)

intends(deliver food)→ explore

believes(at food)→ pickup

intends(collect food(X,Y))→ walk to(X,Y)

> → explore

Fig. 1. Simplified action-selection TR program

Note that the action selection program does not manipulate beliefs, alter the
intentions of the agent or handle negotiation in any sense; it operates solely on
the current intentions and beliefs of the agent, returning only an action. All agent
state manipulation is performed by the intentions thread (described in Section 2.4),
which runs in parallel to the action thread, ensuring a consistent set of beliefs and
intentions for the action selection program to use.
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2.4 Intention Selection & Knowledge Maintenance

The intention selection thread takes the form of a message-processing cycle. While
awaiting the next set of percepts from the environment, it listens for broadcast
messages and negotiation requests from other agents, updating its beliefs and in-
tentions accordingly. This is the only place in which modification of the agent’s
believes(...) and intends(...) dynamic predicates is permitted. For exam-
ple, if agent red receives a broadcast message informing him that agent blue is
claiming food at location (5,9), it will add the term believes(intends(blue,
collect food(5,9))) to its dynamic knowledge base.

When a set of percepts is received, the agent first updates its beliefs about
the world state using the new percepts. Since the set of percepts it can receive
is relatively limited, this is achieved with an explicit set of handling routines for
each type of percept. It then decides whether to send any negotiation requests, and
finally re-evaluates its intentions accordingly. It does so using a series of declarative
conditions, made possible by the backtracking operation of Prolog-style languages.
For example, the delivery cost function for a particular item of food is simply written
with two rules,

cost_of(food(X,Y),Cost) :-
believes(agent_at(AgX,AgY)),
believes(depot_at(DepX,DepY)),
manhattan(AgX,AgY,X,Y,C1),
manhattan(X,Y,DepX,DepY,C2),
Cost is C1 + C2.

cost_of(food(X,Y),Cost) :-
believes(agent_at(AgX,AgY)),
manhattan(AgX,AgY,X,Y,Cost).

where manhattan(X1,Y1,X2,Y2,D) gives the manhattan distance between two
points. This cost function is then called to find the optimum choice of food at
the start of each turn (assuming there is any known food). If this food is believed
to be claimed by another agent, negotiations are initiated with that agent. If the
negotiation is unsuccessful, the agent will claim the cheapest unclaimed food (or
retain whichever food it had previously claimed). Every new claim is broadcast to
the other agents, enabling them to contact the “owner” of any food they wish to
claim for themselves.
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Fig. 2. (a) Negotiation example and (b) architecture design
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2.5 Communication

Communication between agents utilises two of the main communication paradigms:
publish/subscribe, and point-to-point messaging. The former is used for global
knowledge sharing, while the latter is used for efficient negotiation between specific
agents, as well as agent/environment communication. Each agent places a subscrip-
tion for messages about food/depot locations and agent commitments at a remote
server. When one agent finds an item, or claims some known food, it will publish
a notification about this event to the server which in turn will inform all other
agents that have subscribed to this event. This allows for dynamic addition of new
agents to the scenario without having to change the running system. Negotiation is
achieved using asynchronous message-passing. This is more efficient than using the
broadcast system, since negotiation is always bilateral in our implementation; there
is no need for all agents to be party to the negotiation messages.

2.6 Negotiation

In order to most efficiently allocate the collection of known food to each agent, we
allow our agents to negotiate over the targets of their intentions. The agents have
a defined policy only with respect to individual negotiations, namely to minimise
the combined cost of delivery for the two negotiating agents. This is achieved by
examining each agent’s next-best option, and optimising accordingly. The implicit
global effect of this policy is to minimise the total delivery cost of all known deliv-
eries. This is the result of a series of bilateral negotiations; no single agent takes
responsibility for optimising the entire set of deliveries.

Figure 2(b) illustrates an example where negotiation can improve the efficiency
of food collection. It shows a snapshot of the environment state, in which agent A2

has just delivered some food, agent A1 has claimed and intends to pick up food F1

and some other agent that was already carrying food accidentally discovered and
broadcasted the existence of food F2. Without negotiation, A2 would claim F2 and
collect and deliver it in 30 steps while A1 drops off F1 in 18 steps.

Note that A1 would not volunteer to pick up F2 since this would increase his
personal delivery cost to 22 steps. We therefore allow A2 to send a bid to A1,
requesting permission to collect F1 instead. It sends its cost of collecting F1, plus
the delivery cost of its next-best option (in this case F2). A1 will then consider
the request, ceding responsibility for F1 if the total delivery cost after the swap is
reduced. The re-allocation allows agent A2 to pick up and deliver F1 in 10 steps at
the expense of a small increase in the other agent’s delivery cost. In terms of welfare
economics, both the egalitarian and the utilitarian social welfare is improved2.

2.7 Agent Roles

After initial experimentation with all agents performing as described above (i.e.
searching until they first find food, then immediately delivering it), it became obvi-
ous that except in the most food-rich environments, knowledge about food locations
was almost non-existent. The agents thus simply randomly walk until they first find
food, which they immediately pick up and deliver, giving no opportunity for task
optimisation. We therefore implemented a second type of agent, a scout. Upon find-
ing food, a scout will not pick it up, but will merely broadcast its location to the
gatherer agents, and continue searching. This can be viewed as a second implicit
desire, with the scout agent’s desire being to gather information rather than food.
2 We take utility to be the negated cost of delivery, so that a shorter delivery yields a

higher utility. The cost of delivery is the number of steps from the agent’s location via
the location of the food to the depot location.
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As implemented, the scout is statically determined; it may not switch to de-
livery mode. However, it is easy to envisage a scheme in which agents switch to
scouting dynamically, thus completing the full BDI repertoire of mental attitudes.
In a scenario in which all the agents are randomly searching, the first agent to hap-
pen upon food might switch to scout duty, combing the rest of the area while the
other agents collect the food it has discovered. In this manner, unexplored areas
(and hence concentrations of food) would be explored, rather than the first food
simply being delivered and forgotten about.

2.8 Exploration

Initially the agents do not know where the depot is located or which cells of the
grid contain food. They must therefore explore the world around them. Dividing
the world into quadrants and assigning each agent to a quadrant would be the most
efficient way to explore the world completely, but this ignores over-exploration of
repeatedly visited areas (i.e. the area around the depot). For this reason, a pseudo-
random walk technique is used for exploration, utilising trail markers to ensure that
agents prefer to explore cells that have not been as frequently visited.

A completely random walk based on Brownian motion would not be efficient
enough since it tends to over-explore some areas at the expense of others. We chose
to implement a more directed approach based on pheromones. Each agent drops a
fixed amount of pheromone each time it enters a cell, similar to the methods used in
ant colony optimisation ([DMC96], [GC05]). An agent can smell the concentration
of pheromone in its neighbouring cells and probabilistically decides to move in a
direction which is under-explored. If there are one or more unexplored adjacent cells,
it will always choose a move to one of these cells. This pseudo-random walking leads
to the uniform exploration of the world. It also compensates for over-exploration
of the area around the depot; the repeated trips of agents to this location mean it
would be heavily over-explored if a quadrant-based strategy were used.

However, there is a disadvantage to simply counting all the visits to a cell since
the start of the simulation. In an environment in which food is continuously appear-
ing, the goal of a search algorithm must be to ensure each cell is visited as regularly
as possible. In a system with permanent pheromones, a cell that has been visited
only once, but very recently, appears more attractive to explore than a cell that
was visited 10 times, 100 turns ago. In fact, the opposite is true, and the cell with
“stale” pheromones should be explored preferentially. For this reason, a pheromone
decay mechanism has been implemented and proved useful, whereby pheromone
values decrease over time according to a variety of formulae. This ensures that cells
which were over-explored in the past do not get unreasonably ignored.

A further advantage of random walking is its use in avoidance of deadlocks.
When two agents block each other’s paths they will randomly move out of the
way. While they may not successfully avoid each other instantly, due to the random
choice of direction, the avoidance routine inevitably resolves the deadlock, since it is
statistically impossible for both agents to choose the same move for ever. In addition,
this method is much simpler to implement than exhaustive characterisation of every
possible deadlock, along with explicit strategies for resolving them.

Most importantly, using this flexible movement behaviour our implementation
adapts very easily to unknown and even dynamically changing environments.

3 Implementation

Our design requires an implementation language that allows for multi-threaded
execution of agents. We chose Qu-Prolog [RW03] because it allows for easy, declar-
ative description of the higher-level reasoning involved in intention selection and
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negotiation. Its flexible system of dynamic predicate manipulation also provides
an unconstricted environment in which to construct and modify the simple agent
language we have used, while simultaneously being descriptive enough to allow the
lower level algorithms to be concisely expressed.

The publish/subscribe mechanism we described in Section 2.5 is realised using
broadcasting via an Elvin [SAB+00] server. Direct negotiation between agents makes
use of the Interagent Communication Model (ICM). Its communication server pro-
vides agent naming facilities and the means to encode, transport and queue symbolic
messages.

Effectively, we are using three forms of communication—point-to-point com-
munication for negotiations, broadcasting for events and knowledge sharing, and
indirect communication via the environment using pheromones for exploration.

4 Analysis/Conclusion

The foundation of the broadcast and negotiation techniques implemented is a good
supply of information about the environment. In scenarios where there is more
known food than the agents can collect at once, these techniques have a potential
to improve the utilisation of the agents, since the time spent conducting relatively
unguided searches is limited. However, this knowledge of food locations needs first
to be obtained, hence the introduction of a scout agent. The impact of the various
techniques implemented is briefly assessed here.

For our quantitative analysis, we fixed the depot at location (10,10) and ran the
simulation until 100 items of food had been collected and delivered. The agents were
still required to discover the depot on each run. Ten runs of the simulation were con-
ducted for each scenario. The average number of steps for one food delivery (µsteps),
the standard deviation of the number of steps (σsteps) and the average number of
successful negotiations per delivered food item (µneg) have been measured.

Table 1. Quantitative results when food is seeded every 20 seconds

Scenario µsteps σsteps µneg
4 gatherers (no pheromone, no negotiation) 73.7 3.32 n/a
4 gatherers (pheromones, but no negotiation) 55.7 1.27 n/a
4 gatherers (pheromones and negotiation) 56.4 2.07 0.20
3 gatherers and 1 scout (pher. and neg.) 55.6 1.1 0.29

This shows that adding guidance to the randomly walking ants with the help of
pheromones significantly improves their behaviour. However, adding negotiation
does not seem to improve the results. We believe this is due to the low rate at
which food is seeded into the environment. The negotiation usually improves a
combined delivery of two ants by about 10%. However, the ants spent the majority
of their time searching for food or the depot. Only about 10% of their time is spent
collecting and delivering and so the improvement achieved by adding negotiation is
only 10% of 10%, equivalent to 1% overall.

In the high seeding-rate environment (with food seeded every 7 seconds), having
a dedicated scout agent proves significantly detrimental to the team performance.
This is unsurprising, as with high rates of seeding, food is sufficiently abundant that
the agents have no trouble finding food on their random walk. The team with a scout
still performed better than would be expected of a team consisting solely of three
gatherers, however, experiencing only a 9% performance drop despite effectively
losing a quarter of the delivery capability.
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Table 2. Scout effect with varying seeding rates

Scenario Seeding µsteps σsteps µneg
4 gatherers high 28.9 0.74 0.22
3 gatherers and 1 scout high 31.6 1.28 0.18
4 gatherers low 56.4 2.07 0.20
3 gatherers and 1 scout low 55.6 1.1 0.29

In the low seeding-rate environment (with food seeded every 20 seconds), how-
ever, the benefit of the scout agent completely compensated for the loss of delivery
capacity, roughly equalling the delivery rate of four gatherers. In effect, the scout
provides sufficient global knowledge to allow the agents to employ their high-level
reasoning much more frequently, resulting in more efficient collection of the known
food. As the delivery agents leave trails every time they visit the depot, the scout
agent tends to explore the areas further from the depot, discovering concentrations
of food that the delivery agents are unlikely to find.

As predicted, the usefulness of the scout agent inevitably depends on the rate of
seeding. In an environment with a high rate of seeding, the food density is such that
it becomes more efficient to simply have all agents collecting, since they are likely to
find food soon after leaving the depot on their random search. Additionally, a scout
agent in this situation tends to over-explore the edges, drawing the gatherer agents
further from the depot than necessary. In a food-sparse (and thus information-poor)
environment, however, the scout becomes more useful despite the loss of one agent’s
delivery capacity.

While our preliminary results do not show a scenario in which a scout agent
provides a decisive advantage, they do indicate that there are situations in which a
definite benefit exists. As a future avenue of investigation, we believe that allowing
the agents to dynamically switch roles offers potentially superior results.
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Abstract. This short paper describes the design and development of a
simple agent system aimed at addressing the food gathering problem set
for the 2005 CLIMA contest. Our system is implemented as a collection
of reactive agents which dynamically switch between a number of be-
haviours depending on interaction with their environment. Our agents
maintain no internal representation of their environment and operate
purely in response to their immediate surroundings. The agents collec-
tively map the environment co-operating indirectly via environmental
markers and they use these markers to assist them in locating the depot
when they discover food. The required behaviour emerges from the in-
teraction between agents and the marked environment.

The application can be downloaded from:
http://219.1.164.219/∼robert/pwBlog/wp-content/CLIMAbuild.zip

1 Introduction

Jennings et al. [1] note that a major selling point of purely reactive agent sys-
tems is that overall behaviour emerges from interactions between component
behaviours and the agent’s environment. This inherent simplicity makes reac-
tive agents attractive but it also masks a number of difficulties. The most notable
are those of designing agents in such a way that they can take account of non
local information and in such a way as to be able to improve their agent level
performance over time. Jennings et al. further note that agents using a large
number of behaviours can quickly become too complex to understand.

Recent research in normative systems and, particularly, normative reactive
systems may provide the means of describing and constraining agent behaviour
in a manner which allows us to address this difficulty. For many problems in
a tightly bounded environment – problems such as industrial process control
or safety systems – reactive agents may be ideal and a fuller understanding of
their potential behaviour will be beneficial in allowing their use in increasingly
complex scenarios. This contest environment provides such an environment and
is, we feel, ideal for the application of reactive agents.



Reactive agents generally operate by having predetermined behaviours or
sequences of actions intended to deal with the various circumstances that the
agent may encounter. As circumstances change an agent may switch behaviours.
Our agent design involved identifying problems within the environment and de-
signing behaviours to address them. This switching between behaviours brings
a number of constraints. If an agent’s behaviour involves maintaining a record
of data and the agent switches to another behaviour, that does not maintain
this data, then this data may become outdated. In a dynamic environment such
internal world data may be dangerously out of date when the agent returns to
using it and maintaining the data my be expensive for a resource bounded agent
concentrating on other tasks. We avoid such problems by letting agents use only
very local data and data about their internal state or history.

2 The problem — a general approach

We approached the problem by identifying sub-problems which we could asso-
ciate with agent roles. The roles assigned were those of locating food and, when
food has been found, transporting it to the depot. Both of these roles involve
searching the environment, the former for food which may be at random loca-
tions and the latter the depot which remains in a fixed location. Clearly it is in
the system’s benefit to have all agents aware of the depot so when one agent finds
it some means of indicating its presence to others will be a valuable asset. We
have limited communications options by restricting our design to being purely
reactive and we limit each agent to being able to carry only one food unit.

We have assumed that the depot location is unknown initially but that it
remains in a fixed position throughout a run, when an agent discovers the depot
it discovers its permanent location. This leads to a minor difficulty, our agents
operate using only very local data and don’t know their absolute position in the
world 3 which means that they cannot remember an exact depot location. We
address this by letting agents leave local markers in the environment. Agents
use a random walk to search for the depot. When an agent finds the depot it
initialises a “dropper” which allows it to leave a trail of pheromone like weight-
ings on the cells that it visits after having been on the depot cell. Despite the
extreme simplicity of this system it allows agents acting only with local data to
co-operate in mapping their environment in a way which facilitates the task of
carrying food to the depot.

The depot location problem within food transport role is addressed by three
agent behaviours; depot-searching, the depot-marking and the depot-seeking. These
behaviours, respectively, involve a random walk looking for the depot cell, a ran-
dom marker laying walk searching for food and a directed pheromone gradient
following walk whilst carrying food back to the depot.

3 Co-ordinate values are only used as a means of keeping agents in bounds and dis-
playing user friendly data. Beyond ensuring that the agent doesn’t try to move out
of bounds they are not used in any of the agent’s operating decisions.
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The second search problem – that of finding food – cannot be approached
in the same way since food is deposited randomly by the system. Such random
placement precludes structured search behaviour by the agents. Food may well
appear in a location already searched. The specification indicates that food can
only be seen on a cell that an agent is visiting so this rules out giving food a
smell that agents can detect. We address this problem with a simple random
walk and there is one food-searcher behaviour assigned to the food locating role.
This behaviour may be concurrent with the depot-searcher and depot-marker
behaviours.

Searcher behaviours involve random walks and seeker behaviours involve trail
following. There is no food-seeker behaviour so food searching is always a random
process and its performance will not improve over time. Seeker behaviours involve
using environmental markers left by agents to track previously located objects
with persistent locations. It is expected that the performance of seeker type
behaviours will improve over time as the environment is more accurately mapped
during the random walk of food-searchers.

The food searcher and depot searcher behaviours can operate concurrently.
Considering the agent’s behaviour in this manner provides a convenient method
for analysing behaviour transitions, these are shown in figure 1.

Bonabeau et al. [2, page 26] describe a broadly similar process where ants in-
fluence or recruit other ants so as to guide them towards persistent food sources,
such recruitment based solely on pheromones is known as mass recruitment.
The depot-marking behaviour is an instance of this mass recruitment as depot-
searchers (agents that have yet to find the depot) make use of the pheromone
trails from agents that have already located the depot. We have also briefly ex-
perimented with other environmental marking methods but felt that these were
uncomfortably close to requiring global knowledge or data, something which we
are trying to avoid.

3 The agents

Our agents have two modules, a simple reactive core and a move manager. The
reactive core senses details of the agent’s immediate environment and takes ac-
tions depending on its percepts. The agent’s roles and component behaviours
have been briefly described in section 2. The agent’s “cycle” involves sensing
its environment, selecting a behaviour, executing that behaviour then making
either a directed or random move. Behaviour selection is very dynamic and an
agent may switch behaviours on each cycle through its core module. In this en-
vironment all behaviours either execute concurrently (such as food-searcher and
depot-searcher), or one is suppressed by historic actions (such as having located
and picked up food the food-searcher behaviour is suppressed in favour of the
depot-searcher behaviour).

Our agent’s pheromone tracking behaviour is very simple, finding the depot
triggers the agent’s depot-marking behaviour causing the agent to prime its trail
marker and reinforce any environmental markers in locations it passes through. It
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Fig. 1. Agent behaviour transitions.

will reinforce other agent’s markers but does not reinforce its own. Finding food
will trigger the depot-seeker behaviour causing the agent to stop marking and try
to get back to the depot by following marker gradients. The other environment
marking methods, mentioned in section 2 that we briefly experimented with were
of comparable complexity.

The move manager is coupled to agent core and simply makes sure that
the agent doesn’t move out of the world’s boundaries. This coupling is loose
in the sense that the agent doesn’t monitor what the move manager does and
merely requests a pheromone gradient directed move or a random move. Non
determinism caused by the move manager not executing a directed move is
handled by the agent’s operating in cycles, each cycle is a sense, select, act
sequence. This small source of non determinism is probably swamped by the
non deterministic aspects of food location in the environment.

4 The problem — logical aspects

Agents ought to take food to the depot and they ought to do this in as efficient
a manner as possible. Considering what agents ought to do allows us to adopt
a deontic view of the system but this brings difficulties. Horty notes[3, page 36]
that standard deontic logic partitions future worlds into sets of ideal worlds and
non ideal worlds. Agents either take food to the depot or they don’t, there’s no
notion of a good or bad way of doing this and, consequently, no notion of improv-
ing performance. Norms are typically a social phenomena [4] which makes them
intrinsically a multi agent concept but do they have a place in our system? Boella
and van der Torre [5] indicate that an important feature of norms is that they
allow for behaviour that deviates from ideal and this may allow us to consider
norms as a performance improving influence. Our agents are extremely simple,
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they have fixed transitions between behaviours (see figure reffig:transitions) and
no internal systems to allow considered choice, their operation appears to be
constrained rather than norm governed. Agents are constrained by their behav-
iour to drop food on the depot but they may or may not take the best route from
where the food was located. Our agents are always capable of taking food back
to the depot, a random walk either way would, in this bounded environment a
random walk would eventually locate the depot.

When every cell in the world has been marked the agents use a subset of
their available behaviours, the depot-searcher is no longer required and transi-
tions are only between depot-seeker and depot-marker/food-searcher behaviours.
We think that this can be described as an emergent norm which guides agent
behaviour away from the depot-searcher behaviour. If our belief holds and we
consider our system as a meta agent then this may be a very simple and possi-
bly degenerate example of of what Boella and van der Torre describe in [6]. Our
simple agents delegate the task of improving their performance to an emergent
norm and they contribute to its emergence.

5 Observations

Our system performance evaluation had two criteria, the directness of the route
taken by agents carrying food back to the depot and whether or not food accu-
mulated in the environment. Test runs were carried out by seeding the environ-
ment with a few food units then starting the agents. Initial agent performance
is rather poor, agents rely on random searches for both the depot and food.
Agents that have found food wander at random and don’t appear to be do-
ing anything useful whilst food continues to appear. When one agent finds the
depot and begins marking the environment other agents gradually move from
random depot-searching to pheromone gradient following depot-seeking. At first
this means following, in reverse, another agent’s random walk so as to reach
the depot. Over a period of time the gradient mapping spreads more widely
and agents begin taking more direct routes to the depot with a concomitant
performance improvement.

Agents will occasionally becoming trapped by a “livelock”. This livelocking
manifests itself when an agent appears to walk repeatedly over the same looped
path. This only occurs when a food carrying agent is following a pheromone gra-
dient and encounters local maxima. Because the agent follows gradients without
backtracking these local maxima may trap the agent. Livelock may be broken by
another agent passing through a cell adjacent to the loop and altering pheromone
levels sufficiently to allow the trapped agent to escape. The competition system
has a small number of agents and if there is a high food density then there is
a risk that all four will become livelocked especially where local maxima form
within a few grid squares of the depot, a location to which depot-seeker agents
are already drawn.
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Intuitively if there are non food carrying agents then there is a chance of
a livelock being broken. Dealing with this difficulty whilst maintaining a local
data only approach is an interesting problem.

6 Installing and running the application

The application can be downloaded from the link in the abstract. This is a zip
file which contains seven files, one executable, four DLLs which define agent
behaviour, a system configuration file indicating which agents to automatically
load on startup and a PDF with brief user instructions. Copy all of these files
into a directory on the target machine and run the executable. The program
will automatically load the agent DLLs specified in the configuration files and is
ready to run.

7 Next steps.

Despite their simplicity our agents do, what we consider, a good job at carrying
food to the depot and improving their performance over time. We have concen-
trated on the depot and not paid much attention to food location simply leaving
this to an unstructured, random search. Dealing with the occasional appearance
of livelock whilst maintaining a local data only approach presents an interesting
problem. Adopting a normative approach we could prohibit livelock. Saying that
agents ought not to livelock implies an avoidance capability. One approach is to
have “defender agents” [7] which look for possible livelocks and release trapped
agents. The difficulty of doing this using only local data is obvious. Our agents
are very simple but considering them as a normative system gives a rich view of
their interactions and raises a number of questions about how best to improve
their performance. If an agent finds food and is unable to pick it up then marking
that food location – in a similar manner to the depot – may intuitively seem to
be a good step but this may lead to a greater possibility of all agents becoming
livelocked.

Our system was developed solely for the CLIMA contest but it has opened
up a number of interesting areas to investigate. The observations [1] in section
1 seem to hold even for this very simple system. A normative approach may
provide a means of better understanding the interactions in reactive systems.
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Abstract. There is a recognized lack of Agent Oriented Methodologies to 
translate a detailed design to a software implementation; here we address this 
problem with a solution approach. Tropos is one of the most used 
methodologies to design agent systems and we use it to show a design for the 
Food Collecting Agent Problem. Our solution includes autonomous behaviour, 
beliefs, multiple roles playing, communication and cooperation in a simple 
way. We propose a method to generate a Prolog implementation from a Tropos 
detailed design, adding a step allowing relevant decisions being incorporated at 
design time. Besides we show how to get the Prolog implementation from this 
detailed design. Our experience shows that this proposal is an intuitive, direct 
and effective way to get a Prolog implementation for an agent system. We end 
the paper with illustrations about our collecting team in action. 

1   Introduction 

Nowadays there is a recognized lack of Agent Oriented Methodologies (AOM) at 
the implementation stage [1, 2]. Tropos [3, 4] is one of the most used AOM, 
however, in spite of all its virtues, its implementation stage does not have enough 
guidance for declarative software implementations [5]. In this paper we address this 
situation and propose a method to get a Prolog implementation starting from a Tropos 
design. To illustrate our method we use the Food Collecting Agent Problem (FCAP) 
as a case study, which is about a grid-like environment where agents can move from 
one slot to a neighboring slot if there is no agent already in the target slot. In this 
world food can appear in a randomly way in an empty slot. There is a special slot 
where the agents must collect the food, named the depot. In the next section we show 
briefly the stages of Tropos and our design for the FCAP, in section 3, an additional 
design step oriented to get a Prolog implementation is proposed and finally we show 
how to convert this output into a computer program.  



2   Using Tropos for the FCAP 

Tropos [3, 4] is an agent-oriented methodology for building software systems. It is 
adequated to describe both the social (organizational) environment and the system 
itself. According to [5], Tropos covers from early requirements to implementation 
with a different clear focus on each stage: (1) Early requirements focus on social 
context; (2) Late Requirements focus on system-to-be; (3) Architectural Design, 
focus on systems components; (4) Detailed Design and (5) Implementation, both 
focus on software agents. 

Tropos uses the concepts of actors, which can be organizational, human or 
software; positions, roles and agents, as specializations of actors; goals and social 
dependencies for representing the commitments or agreements of actors (dependees) 
to other actors (dependers). The type of the dependency depends on the intermediary 
element (dependum) between actors. It can be goal (hard or soft), plan or resource. 
Thus the basic structure of social representation is the dependee-dependum-depender 
relationship. In the figure 1 and in the figure 2 we have illustrated the graphical 
representation of Tropos constructors according to their use. For further details about 
Tropos see [5]. 

In Tropos, at the Early Requirements stage, the analysis of the environment must 
be done. Since in the FCAP case study does not have a social context, we omit this 
stage. 

At the Late Requirements stage the system-to-be is analyzed and the functional 
and non-functional requirements are specified. For FCAP we recognize two main 
actors, the food provider (FP) and the collector team (CT). There is a main 
dependency that represents the need of the CT from the FP for food, either initial or 
produced, but also the FP has constraints for the behavior of the CT in the food 
environment. Although there is an evolution of diagrams inside of this stage, we 
show the final output in the figure 1.  

 

Fig.1 The output of the Late Requirements stage 
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In the Architectural Design stage the global architecture of the system is analyzed, 
new actors are incorporated and their main capabilities are identified. In our case we 
have added a teamMember position that represents all member of the team. Moreover 
we have decided to tackle the problem with the roles collector (for gathering food and 
disposing it in the depot) and explorer (for looking for food in the grid). Finally we 
have delegated in the ruleGuard role the goal to keep an adequate behavior. When we 
specify that the position teamMember covers the ruleGuard role, means that all 
members of the team must play this role. In figure 2 we show the output of the 
Architectural Design. For simplicity we have omitted the positive contributions from 
the Team Member, Collector, Explorer and Rule Guard goals to the main softgoal of 
the Collection Team.   

At the Detailed Design stage, each actor is individually analyzed and each goal of 
the Architectural Design is decomposed to specify the actor capabilities. Thus, for the 
ruleGuard role, we have designed capabilities to access the own position, to pick up 
food, to know empty neighbor slots and to move just into these slots. For the 
teamMember role we have identified a belief about the food environment, this belief 
can be updated with agents interaction, thus the cooperation among team is based on 
sharing their beliefs. Moreover we have provided direct access to the position of the 
depot and we have designed the capability to advance forward a target point in the 
grid.  For the collector role we have the capabilities of disposing food in the depot, 
moving to the depot, moving for a guessed food position (based on its belief) and, in 
the case of no food information, looking for it in unvisited slots. We have designed a 

 

Fig.2 The output of the Architectural Design stage 
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major strategic, which specify that collectors have different search spaces according 
the collectors quantity and the size of the food environment. 

Finally for the explorer we have designed the capability of moving sequentially by 
the grid, and the necessary data resources to support this capability have been 
identified. In the figure 3 we show a partial view of the Detailed Design output, we 
illustrate this stage with the Rule guard and Team member roles, for simplicity we 
have omitted the relationships and softgoal contributions among the actors. The 
simplicity of the explorer role, based on a sequential moving over the grid, allows 
focusing on less classical design aspects. In the next section we show our extension 
for the detailed design of the collector role. 

3   Extending Detailed Design for Prolog Implementation 

In this section we explain how to extend the Detailed Design stage to get a declarative 
implementation. We propose to replace the AUML activity diagrams used in Tropos 
by scenario sequences. These have been used at the requirements stage in a web-
based software system [6]. We think that it is a simple way to specify sequences 
when they are needed. In Prolog these sequences must have the convenient order to 
prove the logical goals. This has relevant logical and efficiency effects hence it is 
very convenient to have a representation of these decisions at design time. Besides we 
propose goal and plan root elements be implemented like Prolog. In the figure 4 we 
show a scenario sequence for the collector role, here the design indicates that the first 
goal to be proved is put food in the depot, but this means to check that the agent is 
over the depot and has food in the buffer, otherwise the second goal, go to the depot, 
should be proved, etc. 
For goal and plan root elements we propose to specify the programming activation 
time, thus we propose four implementation attributes, namely at begin, at end, at call 

 

Fig.3 Detailed design for Rule Guard and Team Member roles 
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and always. At call means that the goal or plan is invocated from another goal or plan. 
At begin and at end indicate that the selected goal or plan should be proved just one 
time, at start of run time or at the end. Always means that the goal or plan should be 
permanently proved. If there is a multi thread Prolog implementation it is suggested 
that each goal or plan with the always attribute be a different thread. 

Finally we propose to make the decisions about data representation. The design 
elements, which require having a data representation, are resource and belief. In 
Prolog we have two main choices: a data structure (generally a list) or the knowledge 
data base (KDB) included in Prolog. In our case, we have decided to represent the 
food environment with predicates (KDB) and the rest of resource and belief elements 
with lists.  

 

At implementation time we have a set of recommendations to translate the 
extended detailed design. First, make the instantiation of the problem with the 
predicates agent, play, position, isa, cover, etc., i.e. the actor types and actor 
relationships from Tropos. For FCAP we have generated a specific instantiation with 
five agents, a Food Provider agent (fp), an explorer agent (ca), and three collectors 
(en, xa and ge), we show this from lines 28 to 41 in figure 5. Second, to implement 
resource and belief elements as part of the define predicate, identifying the name of 
the role as first argument, and a data structure which define the resources (e.g. lines 
182 to 184 in figure 5). Third, to group root elements (goal and plan) under the 
identified activation times, each activation time is a predicate that needs the actor type 
(atom) and the agent name (variable); this is illustrated from lines 185 to 192 in the 
figure 5. Fourth, to program the goals and a plan using a set of predicates that act 
over the defined data structures and clauses. This step motivates the reuse of already 

 

Fig.4 Partial Extended Detailed Design for FCAP 
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programmed predicates but is not an automatic step because the specific clauses 
depend on the semantic of the goal or plan. For example we show, in figure 5, the 
amI and getResource predicates that implement the shareGrid plan (lines 452 to 455).  

 
And fifth, we have made the goals that allow the access to the set of begin, end, 

and always predicates, namely runBegin, runEnd, and runAlways (without 
arguments). It is very important to note that the definition order of agents will be the 
calling order, thus if we run runBegin, it will be executed first the fp begin and the 
last one will be the ge begin (according to lines 28 to 32 in figure 5). These logical 
goals are generic and could be used in any agent system implemented in Prolog. 

The resulting system generates an output that we run under a web browser. We 
have set the system with an 8x8 food environment and fifteen seconds for a running. 
We illustrate the resulting system in figure 6 where de depot is the dark slot with the 
number 0 at start and 6 at the end. The food is into light slots and the agents are the 
slots with the strings ca, xa, en and ge. 

 

 

Fig. 6. Running the resulting agent system 

 

Fig.5. Direct implementation of the detailed design 
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5   Conclusions 

In this paper we have proposed a specific way to get a Prolog implementation from 
a Tropos design. Although we have used the FCAP, the approach is a generic 
developing proposal based on the atomicity of the detailed design. However a set of 
different projects should be carried out to get stronger evidence about its utility. 
Moreover this approach requires a set of generic predicates which do not have a 
design representation in each specific problem. However, when they have been 
developed, the programming is intuitive and direct. Thus a relevant part of the code 
could be generated automatically and the rest could be sufficiently documented for 
programming aid. 

About FCAP we have designed a solution using multiple roles playing (Team 
member, Rule guard plus Collector or Explorer). The agents cooperate in the 
solutions sharing information about their belief of the world. Besides, the common 
behavior is grouped in the Team member role, being an efficient solution to the 
problem. Our experience indicates that this proposal is an intuitive, effective and 
efficient way to implement agent-oriented systems. 

Acknowledgement 

This work has been done in the framework of the research project UPIC, ref. 
TIN2004-07461-C02-01, supported by the Spanish Ministerio de Ciencia y 
Tecnología. Carlos Cares wants to acknowledgment to MECE-SUP FRO0105 Project 
of the chilean government and the University of La Frontera, who supports his stand 
at Universitat Politècnica de Catalunya. Besides we want to thank to Francesca Toni 
and Paolo Torroni for the conceded grant to expose our report at CLIMA 2005. 

References 

1. Dastani M., Hulstijn J., Dignum F., Meyer J.:Issues in Multiagent Systems Development. 
Third International Conference AAMAS04, Columbia, USA, July (2004), 920-927. 

2. Hoa, K. and Winikoff, M.: Comparing Agent-Oriented Methodologies, In the proceedings of 
the Fifth International Bi-Conference Workshop on Agent-Oriented Information Systems, 
Melbourne, (at AAMAS03), July (2003). 

3. Giorgini P.,Perini J., Mylopoulos J., Giunchiglia F, Bresciani P.:Agent-oriented software 
development: A case study. In Proceedings of the Thirteenth International Conference on 
Software Engineering – Knowledge Engineering (SEKE01), Buenos Aires (2001). 

4. Perini A.,Brisciani P.,Giunchiglia P., Giorgini P., Mylopoulos J.: A knowledge Level 
Software Engineering Methodology for Agent Oriented Programming. In Proceedings of the 
Fifth International Conference on Autonomous Agents, Montreal, Canada, May (2001). 

5. Sannicoló, F., Perini, A., Giunchiglia, F.: The Tropos modelling language. A User Guide, 
Technical report DIT-02-0061, University of Trento, February (2002). 

6. Liu L. and Yu E.:Designing Web-Based Systems in Social Context: A Goal and Scenario 
Based Approach, Lecture Notes in Computer Science Vol 2348, Springer-Verlag, Berlin 
Heidelberg New York (2002), 37-51. 

287



���������	��
����������������������� ��
��!�#"$�%����&'��!'���	���!(��!)�
*+����&-, �.����&

/1032547698;:<2>= ?7@7= AB2>?DCFEGA H58JILKG2>?M8;A 0NCF=BOPIPQB254�RS2�TMOL:U:�25A V5EJ=B4<:

WMXZY\[^]	X\_a`G_<bUc>d WMe\fhgi_<bkjlfhmon.p>q	YJc>e�mUc�[�c�mUc5bkfherc
s1tuY�]	t1vGmkp>w.c5mkfhpxeyc>e\`SY;nJjzmk_�w�j�su_�{rc�blmkw�_�e�m

|x|>}>~i} ]o� }x} X�dhp>bkf�c5e\�x{3p>dhf�j�]�YG[�]���bUc>��fhd
� _a`J_�bD�;�x���5�u`\c>j�� vJq�jl�x� �Gb

����������r�>�x�F� e�mk�Gf�j���p>bk�3�5��_ `G_�jl��bkfh�3_�jzmlbUc5mk_��>f�_�j�qPp>b�wFvGdhmkf¡]oc>�>_�e�m¢��p�p5bU`Gfherc�]
mkfhpxe �>� �G_�bk_�c>`G_a£�vrc�mk_���p�p5bU`Gfherc�mkf�p>e�w�_ac>eGj¢cMjznJjzmk_�w¤{3_<blq�p>bkw.c5e\��_�f�eG��bk_ac5jl_x�
� eFmk�\_ w.c>fhe�jzmlbUc�mk_��>n��>� �\_�e.c�c5�x_�e�m	�ac>e ¥ m�c5��m���nFc>e�nDbk_ac>jlp>e¦��f¡m	�<�Gp�pxjl_ mk�\_
c5�x_�e�m1w�p>bk_u�ac5{rc5�\dh_7f�e�mk�\_u_�e;g;f¡bkpxeGw�_�e�m�mkp�_�§J_���vJmk_Mmk�\_�jl_Dc5��mkfhpxe¦�r¨��\_ubk_�]
jlvGdhmkj©jl�\pa�Nmk�\_�jzmlbUc5mk_��5nD_�ª��ac5��n��a_�jl{3_���fLc5dhdhnD� �\_�e7mk�G_�_�e;g;f¡bkpxeGw�_�e�m©fhe\�<bk_ac>jl_
mk�G_�e\_���_�jljlfhmon.q�p>bMc�bk_ac5��mkfhpxe �

« ¬\�®3¯B°�±�²D³©®B´k°�

µuQB2�8J0BKi8JA\:�8;¶G2>?FEJ·B:�8;OPAB2x0¹¸�O�:�Qº8»R=BIL:<OL¼z8J¶J2>AG:8J½B½B4�EG8GV�Q�V58JA¹·¦2¾2x8J?<OLIP¿ÀIPEG?U:.OLÁ�8JA
8J032xÂG=¦8�:<2»V�ErEG4�03OPA 8;:<OPEJAº½B4�E3V�2x?<?�·¦25:k¸12>25AÃ8;¶J2>A\:�?SV58JAÄABEJ:y·©2»2>?U:�8;· ILO�?UQ 2>0¢Å�µ	E^25Ær¼
½BILEG4<2�:<QB2�4<2x8;IM½¦E\?<?<OP·BOLIPOL:<OP2>?�E;ÁD89R�=BIL:<OL¼z8J¶J25A\:�?U:<4�8�:�25¶G¿JÇ	:<QB2'8;¶J2>A\:�?.OPAº:�QB2»?UE3V�OP2�:k¿
R= ?U:y·©2»8;·BIP2¾:�E^V5E\EG½¦2>4�8;:<2¾OPAÈ8^V�ErEG4�03OPA 8;:<2>0¹¸u8i¿JÅ�ÉlAº:�QB2»Ê74<:<OLË¦V�O�8;IuÉlA\:<2>ILIPOL¶G25A V52
ILOL:<2>4�8;:<=B4�2JÇZ?<25KG254�8;I�4�2>?<2>8;4�V�Q9½B4�EJ· IL2>RS?.¸�QB254�2S½B4<EG½¦E\?U2x0À¸�Q 254�2�:�QB2>?<2¾V�ErEG4�03OPA 8;:<OPEJA
?k:�4�8;:<25¶GOL2x?�V58JA�·©2.OPRy½ IL2>Ry2>A\:<2>0»8JA 0�:<2>?U:<2x0¢ÇB2GÅ ¶¦ÅLÇB4�EJ·©E;:7?<E3V5V�2>4>Ç34�2>?�V�= 2�8J4<2�?<=B4�KJ25OPIL¼
IP8JA V�2%8JV�:<OPKrO�:�OL2x?5ÇZ25:�VJÅ�Ì�AB2%V�EGRyRSEGA^8J4U:�O�Ë¦V5OP8JI�25ArKrOL4�EJA Ry2>A\:�V5EJA ?<O�?k:�?�E;Á�8�¸MEJ4�I�0ÀOPA
8�¶G4<O�0�ÁÍEJ4�RS8;:>Çr:�Q 8�:78;¶G25A\:�?u?<QBEJ= IP0'2�Æ3½BIPEJ4�2�:<EyË A 0'4�2>?<EJ=B4�V�2x?5Ç\ABEJ4�R%8;IPIL¿¾8G?<?<E3V�O�8�:�2>0
¸�O�:�Q'ÎkÁÍE\E30\ÏaÅ¦µuQ 2O�032>8�E;Á�8;IPI	:<QB2x?U2�½B4<EG·BIP25R%?7O�?7:�E�RS2>8G?U= 4<2�QBE�¸Ð:�QB2½©254<ÁÍEJ4�R%8;A V52
E;ÁM:<QB2¾8J¶J25A\:�?5Ç�OPA�:�QBO�?.V58G?U2y:<Q 2¾ÂG=¦8;A\:<OL:k¿9E;ÁMÁÍErE309:�Q 8�:.O�?.V�EGILIP2>V�:<2x0¢Ç¢OLA¦V�4�2>8J?<2S¸�O�:�Q
V�ErEJ4�03OPA 8�:�OLEGAZÇrOoÅ 2JÅPÇB¸�Q 8;:uO�?u:�QB2�OLRS½ 8GVa:7EJÁ�:<2x8;RÑ¸1EG4<Ò�Å

ÉlAN:<QBO�?�V�EGAG:�2�Ær:>Ç©¸M2�Q 8iKG2032>KJ25IPEJ½©2>0À8�?<E;ÁÓ:k¸u8;4�2iÔ�:�Q 8�:�?UOPR= IP8;:<2>?F8¾¶G4<O�0N¸MEJ4�IP0ZÇ
¸�O�:�QÕ:k¸12>A\:k¿^IPOPAB2>?�8;A 0¹:k¸M25A\:k¿¹V�EGIL=BRSA ?>Ç�¸�QB254�2%ÁÍErE30ºV58JAÄ8;½B½©2>8J4�8;:y8N4�8;A 0BEJRSIL¿
V�QBEG?<25AÕV58G?U2�E;Áu:<QB2�¸1EG4<I�0¹8�:4�25¶G=BI�8;4�:<OPRS2�OPA\:<254�K�8;I�?5Å�ÖBEG=B48;¶G25A\:�??UQBEG=BI�0ÕV�ErEJ4�03OL¼
A 8�:�2S:<QB2>OL48GVa:�OLEGA ?�OLA^:�QB2%EJ4�03254�:�E9V�EGILIP2>V�:F:�QB2%R%8�Æ3OPRyOPR%8;I�Â\= 8JA\:<OL:k¿9E;ÁMÁÍErEr0^OPAÕ8
¶JOPKJ25AÄ½¦2>4<OPE30ÕE;Á�:�OLRS2JÅ�ÊDA\¿Õ8J¶J25A\:�:<Q 8;:Ë A 0 ?y89ÁÍErEr0º=BABOL:>Ç�?UQ EJ=BI�0Ä032>½¦E\?U2�O�:yOLA\:�E
8»¶JOPKJ25AÕ?U:<EG4�8J¶J2%V58G?U2GÅ�µ�EN2>K�8;IP= 8�:�2S:<QB2�V5ErEJ4�03OLA¦8�:<2¾?U:<4�8�:�25¶GOL2x?�¸12¾V>8;AÕRSE303O�ÁÍ¿�:<Q 2
25ArKrOL4�EJABRS2>AG:�V�EGA 03OL:<OPEJA ?�:�E�032�:�254�RyOPAB2M:<Q 2M·©2�:<:<2>4 RSEJRS25A\:�:<E�= ?<2M:<QB2�?U:<4�8�:<2>¶J¿GÅiµuQ 2
?UEJÁÓ:k¸M8J4<2�¸u8J?�OLRS½BIP25RS25A\:�2>0%OPA'×�Ø�Ø�ÇJ=¦?UOPAB¶EG·3Ùk2>V�:�EJ4�OP25A\:�8;:<OPEJAZÅ\µuQB2�8J¶J25A\:�? 8;4�27OPR�¼
½BIL2>RS25A\:<2x0¾·r¿%8.ÒrABE�¸�IP2>03¶G2�¼z· 8J?<2>0S?<¿r?U:<2>R»ÇG¸�QBE\?U2�4<= IL2x?18J4<2725Æ3½BILO�V�OL:<IP¿¾V�E303OLË 2x0%OLA\:�E
:<QB2'?UEJÁÓ:k¸M8J4<2%R%8;OPAÕ½B4�EJ¶G4�8JR'Å	ÊD?y8N· 8J?<2�V>8J?<2JÇZ:�QB2�½©254<ÁÍEJ4�R%8;A V52%¸�O�:�QBEJ=B:y8;Ar¿¹V�EJ¼
EJ½©254�8�:<OPEJA9?U:<4�8�:�25¶G¿�O�?�V�EJA¦?UO�03254�2>0ZÅ ÉlA9:�QBO�?FV>8J?<2JÇ :<QB2S8;¶G25A\:�?�?U2x8;4�V�Q»ÁÍEJ4�ÁÍE\E30�8;IPEJAB2GÇ
Ú ¨��\_�jlp5qPmÛ��c5bk_7�ac5eS�3_7`Gpa� e\dhpxcx`G_�`�qPbkp>wSÜ
��mlmk{¦Ü ÝxÝa������� `Gc>j�� vGqPjl�x� �Gb<Ý�Þ\_a`J_�b<Ý5��d�fhw.c;� jzbk�>� mUc�ba� �x�x�



¸�O�:�QBEJ=3:M:�8JÒrOLAB¶OLA\:<Ey8JV>V�EJ= AG:�:<QB2FE;:�QB254u8;¶G25A\:�?>ÅGÊ�?18.Ë 4�?U:MV5ErEJ½©254�8�:<OPEJA¾?U:<4�8�:�25¶G¿¸M2
½B4<EG½¦E\?U2%?<EJRS2%8JV�:<OPEJA ?F:�E'·©2%:�8;ÒJ2>A�¸�Q 25AÕ8;A¹8;¶G25A\:�Ë A 0B?�ÁÍErE30^OLA^:�QB2%¸M8i¿9:<E»:<Q 2
0325½©E;:xÅ

� �������N	��´U¯B°��
��	�®�����¤¯¦´U±�� ° ¯��U±

µuQB2Õ25ArKrOL4�EJA Ry2>A\:»V5EJA ?<OP?U:�?»EJÁy8Ã¶J4�O�0¢Ç78ÃRS8;:<4�O�Æ ¸�O�:�Q :k¸M25A\:k¿ IPOPAB2>?N8JA 0 :k¸12>AG:k¿
V�EJIP=BRSA ?>Å�µuQB2�OPA\:<2>4�?<2>V�:<OPEJA ·©2�:k¸M2525A 8ÄIPOPAB2^8JA 0 8ÃV�EGIL=BRSA OP?'V58JILIP2>0 8��������5Å7ÊM:
2>8JV�QSRSEJRS2>AG:xÇG2x8JV�Q%8;¶G25A\: O�? IPErV>8�:�2>0SOPA%2�ÆB8JV�:<IP¿�EGAB2DV58G?U2GÅ\Ì�AB2DV>8J?<2�OP?1V�QBEG?<25AS:�E.·©2
:<QB2�0325½©E;:uV58G?U2GÇJ¸�QB2>4<2F8;IPI©V5EJIPIL2xVa:<2x0SÁÍErE30¾?UQ EJ=BI�0%·©2F?U:<EG4<2x0¢ÅGµuQB2F?UOPR= IP8;:<OPEJA¾E3V5V5=B4�?
OLA�V5¿3V�IP2>?>ÇGOÛÅ 2GÅLÇG:<Q 2D:�25RS½¦EG4�8JI¦= ABO�:MOP?M8V5¿3V�IP2JÅ\ÉlA�8V5¿rV5IL2GÇ\8JA�8;¶G25A\:1V>8;A¾½©254<ÁÍEJ4�R EGAB2JÇ
8;A 0�EJABIP¿%EJAB2GÇ38JVa:�OLEGAZÇ\:<Q 8;:uV>8;A�·¦2�25OL:<Q 254�8RSE�KG25RS25A\:�:�Ey8JA�8G0iÙU8JV525A\:uV>8J?<2JÇ\EJ4M:<Q 2
25RSOP?�?<OLEGAÀE;Áu8'Ry2x?<?�8;¶G2JÅ©ÉlABOL:<O�8;IPIL¿GÇ�:<QB2%8;¶G25A\:�?�8J4<2yILE3V>8�:<2x09OPA^:<QB2S¶J4�O�0ÀV�EG4<A 254�?�8JA 0
:<QB2.V>8J?<2�0B25½©E;:7O�?uILE3V58;:<2x0�OPA':<QB2.V525A\:<2>4�E;Á�:�QB2�¶J4�O�0¢Ç3OLA»½©EG?<O�:�OLEGA��! #" Ç$ %"'&aÅ

Ê�V5V�EG4�0BOLAB¶�:<ES:�QB2�25ArKrOP4<EGABRS25A\:�4<=BIP2>?>Ç3EJA 2�ÁÍErE30'=BABOL:�8;½ ½¦2x8;4�?�8;=3:�EJR%8�:�OPV>8;IPIL¿¾8;:
25KJ2>4<¿

n
V�¿3V�IP2>?>Ç;¸�QB2>4<2

n
O�?�8.?<OLR�=BI�8�:<OPEJAS½ 8J4�8JRS2�:<2>4>Å;µuQ 272�Æ3½©254�OLRS25A\:�?�?<QBE�¸12x0�:<Q 8;:

:<QB2?U:<4�8�:�25¶G¿�2)(¾V>8JV�OL:k¿�K�8J4<OP2>?u¸�OL:<QN:�QB2.½ 8J4�8JRS2�:<2>4�K�8;IP=B2JÅ¢ÌD:<QB2>4�?7V5EJA ?U:<4�8;OPA\:�?u¸M254�2
V�EJA¦?UO�03254�2>0�:<E%V54<2x8�:<2�8y½B4�EJ·BIP25R RyEG4<2�8G032>Â\= 8;:<2F:<Ey:<Q 2�R=BIL:<OL¼z8J¶J2>AG:78J½B½B4�EG8JV�Q�ÅrÊDILI
?UOPR=BI�8�:�OLEGA ? ¸M254�27½©254<ÁÍEJ4�RS2>0%= ?<OPAB¶�8.:<OPRy2�OLA\:�254�Ki8JI¦EJÁ¢:k¸12>A\:k¿y?<2>V5EJA 0B?>ÅJÉlA�:<QBO�?1¸M8i¿GÇ
¸12�:�4<2x8�:�¸�O�:�Q98y4<2x?U½©EJA ?<2�½ 8�:<:<2>4<AZÅ¦µuQB2.8;¶G25A\:7V58;ANV>8;4�4<¿%EGABIL¿�EJAB2�ÁÍErE30»8�:D8�:<OPRS2JÅ
Ì�A V�2�8;A�8J¶J2>AG:uV�EGILIP2>V�:<2>0�8.ÁÍErE30¢ÇrOL:�V>8;A¾EGABIP¿%IL2x8iKJ27OL:�OLA�:<QB2�032>½¦EJ:>Å3µuQB254�2DO�?MABES03O�¼
4<2xVa:�V�EJRSR�=BABO�V58�:�OLEGAZÇi8;IPIrV5EJRSR= ABOPV>8�:�OLEGA.:<4�8*(¾V�OP?�V58J4<4�OP2>0�EG=3:�·r¿.8FV�EGRyR�=BABO�V58;:<OPEJA
RS8JA 8;¶G254xÅ#+ Q 25AS8;A�8J¶J2>AG:�AB2>2>0B?	:<E�?<25A 0�8DRS2x?<?�8;¶G2JÇ>:<QBO�?�RS2>?�?<8J¶J2�O�?�:<4�8;A¦?URSOL:U:<2x0�:�E
8SRS8JOLIP·©EiÆ�ÇB8JA 0�:<QB2�V�EJRSR�=BABO�V58�:�OLEGA�R%8JA 8;¶G2547032>ILOPKJ2>4�?uOL:�:<ES:�QB2.RS2>?�?<8J¶J2�4�2>V�2>OLKG254xÅ
Ê7A98;¶G25A\:DV58JAN4<2xV�2>OLKG2�?<25KG254�8;I¢RS2>?�?�8;¶J2x?5Ç3· =3:DOL:FV58JA»½ 8;4<:<O�V�OP½ 8�:�2�OLANEGABIP¿�EGAB2.V�ErEJ½B¼
254�8�:<OPEJA�½B4<E3V52>?�?18;:M2x8JV�Q%:�OLRS2JÇ3OÛÅ 2JÅPÇB03=B4�OLAB¶�EJAB2�V�ErEG½¦2>4�8;:<OPEJA¾½B4�E3V�2x?<?>ÇJ:�QB2�8;¶J2>A\:MV58JA
ABE;:72>AB¶G8J¶J2FOLA\:<E%8yAB2>¸ V5E\EG½¦2>4�8;:<OPEJA�½B4<E3V52>?�?5Å

µuQB2D?<E;ÁÓ:k¸u8;4�2�¸M8G?�OLRS½BIP25RS2>AG:�2>0%OPAS:<Q 2�×�Ø�Ø ½B4�EJ¶J4�8;RSRSOPAB¶�IP8JAB¶J= 8J¶J2-,. )/zÇJ= ?<OLA ¶
8;AÃEJ·3Ùk2xVa:U¼zEJ4�OP25A\:<2x0Ä8;½ ½B4<E\8JV�QZÅ�Ê�:<EJ:�8JIMEJÁ�?<25KG25AÃV�I�8J?�?U2x?�¸M254�2'OLRS½BIP25RS25A\:�2>0¢Å�µuQ 2
V�I�8J?�?U2x?�8;4�2102� O3&54�687#9;:#9;68<	0�OLA 0BOPV>8�:<2x?�8�½©EG?<O�:�OLEGA%OLAS:�QB27¶G4<O�0�=2� OLO>&@?A6A6CB50GV�EJA\:�8;OPA ?�:<Q 2
ILO�?k:.EJÁM½©EG?<OL:<OPEJA ?�OPA^:<QB2%¶G4<O�0À¸�Q 254�2�:�QB2SÁÍErE30�O�?�IPE3V58�:�2>0�=D� OLOPO>&FEHGI7#7%JLK8G80�V5EJA\:�8JOLA¦?
V�EJA¦?k:�4<= V�:<EG4�?�ÁÍEG4ZRS2>?�?<8J¶J2x?¢¸�O�:�Q03O$M©2>4<2>A\:�½¦2>4UÁÍEG4<R%8;:<OPKJ2>?#=1� OLKL&NEOJL9;P;Q56IR@05= ?<2>0.·\¿�:<Q 2
25ArKrOL4�EJABRS2>AG:�:�E�R%8;A¦8;¶J2�:�QB2�8J¶J2>AG:%S ?DRS2>?�?<8J¶J2>?#=C�ÍKL&UTVPW6CX%Y@0¦OPRS½BIP25RS25A\:�?D:<Q 225ArKrOL¼
4<EGABRS25A\:�V5ILE3V�ÒZ=[�ÍKrO3&U\)<Z:%G^]�_`JLX'G80ZKJ2>4<OLË 2>?F8;A¦0ÀK�8;IPO�0B8�:�2>?D:<QB2%8;¶G25A\:#S ?F8JVa:�OLEGA ?FOLA�:<Q 2
25ArKrOL4�EJABRS2>AG:xÇ5·©2>?<OP0B2>?�½B4�E�K\O�03OPAB¶�:�QB21OPAB½B=B:�OPA3ÁÍEJ4�R%8�:�OLEGA�ÁÍEJ4	:<QB2u8;¶G25A\:�?#='� K\OPO>&NabK8GI<Z:10
½B4<E�KrO�032>?�:<QB2D8J¶J2>AG: OPA\:<2>4<A 8JIBK�8;4�OP8J·BIP2>? 8JA 0y:<QB2�8JVa:�OLEGA ?�OPA%:<Q 2725ArKrOL4�EJA Ry2>A\:>Ç;OPA V�IP= 0r¼
OLAB¶SRSE�KJ2>RS25A\:�?�8JA 0�RS2x?<?�8;¶G2>?M2�ÆBV�Q 8JAB¶J2x?5Å

µuQB2�R%8JOLA�½B4<EG¶J4�8;R»Ç¦V5ILOPR%8BÅ V5VJÇ¦OPRS½BIL2>RS25A\:�?F:�QB2ÁÍEG=B4�8;¶G25A\:�?�8;A 09:<QB2>OL4�OPAG:�254�8JV�¼
:<OPEJA ?	¸�O�:�Q�:<Q 2�25ArKrOP4<EGABRS25A\:�8;4�2 OPRy½ IL2>Ry2>A\:<2>0ZÇx·©2>?<O�032>?�½B4<E�KrO�03OPAB¶u:<QB2MOPAG:�254<Á 8JV52 ¸�O�:�Q
:<QB2�25Æ\:�254�OLEG4>ÅBµuQ OP?�OPA\:<2>4UÁ 8GV�2�O�?�OLANV5EJRSR%8;A 0r¼zIPOLAB2FÁÍEG4<R»ÅBÉlA»25KG254�¿�V�¿3V5IL2GÇ3:<QB2.?<¿3?k:�25R
=B½©0 8�:<2x? :�QB2D2>ArK\OP4�EJABRS25A\:�?U:�8;:<2JÇ\OÛÅ 2GÇJ:�QB2�?<OLR�=BI�8�:<OPEJAS:�OLRS2GÇJ:�QB2�V>8J?<2>? ¸�OL:<Q¾ÁÍE\E30¢ÇG:<Q 2
8;¶J2>A\:�?�½¦E\?UOL:<OPEJA¦?5Çx:<Q 2MAr=BR�·¦2>4�E;Á ÁÍErE30B?�V5EJIPIL2xVa:<2x0¢Çx:<QB2uAr=BR�·¦2>4�E;ÁBÁÍErE30= ABO�:�? 8;IP4�2>8J0B¿
?k:�EJ4�2>0¾OPA�:<QB2.032>½¦EJ:78;A 0�:<QB2�Ar=BR�·¦2>4MEJÁ�ÁÍErE30�= ABO�:�?7V�EGILIP2>V�:<2x0¾OPA 03OPK\O�03= 8JILIP¿¾·r¿¾2x8JV�Q
8;¶J2>A\:�8JA 0�:<QB2�½©EG?<O�:�OLEGA ?u¸�QB2>4<2F:<Q 25¿�¸M254�2�V�EJIPIP2>Va:�2>0¢Å

289



ÖBEJ4F?UOPRS½BIPOPV5O�:k¿GÇB:<Q 2½B4�EJ¶G4�8JR ¸u8J?�OPRS½BIL2>RS25A\:<2x0NOLA�8S:<EJ:�8;IPIP¿'?<2>Â\=B2>AG:�OP8JI�¸u8i¿JÅ©Ê
RyEG4<2�4�2>8JILO�?U:<O�V�8;½B½B4�EG8GV�Q�¸MEJ= IP0»V�EGA ?<OP032>4�Ë KG2.03O M�254�25A\:D½ 4<E3V�2x?<?<2>?>ÇBEGAB2�ÁÍEJ4DÁÍEJ472x8JV�Q
8;¶J2>A\:8;A 0^EJA 2SÁÍEJ4�:�QB2¾25ArKrOP4<EGABRS25A\:>ÇZQ E�¸12>KJ254F:�QB2�?<2>Â\=B25A\:�OP8JI�8;½B½ 4<E\8JV�QÀ4�2>?<½©EJA ?<2
¸M8G?�?<8;:<O�?kÁ 8GVa:<EG4<¿S¸�OL:<Q':<Q 2.V�EJA¦?k:�4�8JOLA\:�?�0B2>?�V�4�OL·©2>0�OLA':�QBOP?�?<2>V�:<OPEJAZÅ

� ��������°u°��F�Z¯��	®B´N�5�	�M®3¯
��®I����

/�8JV�Q 8;¶J2>A\:�25A¦V58;½¦?U=BI�8�:�2>?'8ÄÒrABE�¸�IP2>0B¶J2�¼z· 8G?U2x0 ?U¿3?U:<25R»Åu@72>KJ254<:<Q 25IP2>?�?5Ç1:<QB2¹R�=BI�:�O�¼
8;¶J2>A\:D?U¿3?U:<25RÑOP?D8SQBEJRSEJ¶G25AB2>EJ= ?MEGAB2JÇB¸�Q 254�2.8;IPI¢:<QB2�8;¶J2>A\:�?uQ 8iKG2�:<QB2.?�8;RS2�ÒrABE�¸�IL¼
2>03¶G2.8;·©EJ=3:�:�QB2.03EJR%8JOLAZÅ ÉlA'2x8JV�QNV�¿3V5IL2GÇ3:<QB2.8J¶J2>AG:�O�?78;IPIPE�¸12x0¾:�E%½¦2>4UÁÍEG4<RÑEJABIP¿¾EJA 2
8JVa:�OLEGAZÇB:�Q 8�:�V58JAN·¦2.2>O�:�QB254�8SRSE�KJ2>Ry2>A\:7:<E�8¾AB25¸ V>8J?<2JÇBEG4�8%RS2>?�?�8;¶J2�2>RyO�?�?UOPEJA»:�E
8;ABEJ:<QB2>478;¶J2>A\:>Ç\:<QB4�EJ= ¶JQ�:<QB2�2>A\KrOP4<EGABRS25A\:�R%8;OPIL·©EiÆ¢Å

ÉlA¹8'Ë¦4�?U:?k:�4�8;:<2>¶J¿JÇ�:�QB254�2%O�?�ABE9V�ErEG½¦2>4�8;:<OPEJAÀ·©2�:k¸M252>A^:<QB2�8J¶J2>AG:�?5Å¢/18JV�QÕ8;¶G25A\:
?U2x8;4�V�Q�ÁÍEJ4�ÁÍErEr0OLA¦0325½©25A 0B25A\:<IP¿JÅ;µuQB2MÒrABE�¸�IP2>03¶G2>?Z·¦8J?<2>?�8;4�2�·B=BOPI�0= ?<OPAB¶D:�QB2MRy25:<QBE30r¼
EJIPEJ¶J¿�032>?�V�4�OL·©2>0SOPA ,���/zÇJ¸�QB2>4<278��DOL¶GQ3¼��Z25KG25I
��25:<4�OBAB2�:MOP?�= ?<2>0�:<E0B2>?�V�4�OL·©2�:<Q 2D8;¶G25A\:
Ò\A E�¸�IL2x03¶J2GÅ µuQBO�?���2�:�4<O	AB2�:�V>8;A»·©2�?<2525ANOPA»:<Q 2�Ë ¶J= 4<2  GÅ ÉlA»:<Q OP?7Ë 4�?U:�?U:<4�8�:�25¶J¿GÇ3:<Q 2
:<4�8;A ?<O�:�OLEGA

t5
03Er2>?uA E;:72�Æ3O�?k:xÅ �

k

Tell(k, null)
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Tell(k, have_food)
Action(Go_To_Position(depot)) Action(Search_Food())
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Action(Search_Food())
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